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Preface

In this monograph we present univariate and multivariate classical analysis
advanced inequalities. This treatise relies on author’s last thirteen years related
research work, more precisely see [15]-[61], and it is a natural outgrowth of it. Chap-
ters are self-contained and several advanced courses can be taught out of this book.
Extensive background and motivations are given per chapter. A very extensive list
of references is given at the end.

The topics covered are very diverse. We present recent advances on Ostrowski
type inequalities, see Chapters 2-9; on Opial type inequalities, see Chapters 10-16;
Poincare and Sobolev type inequalities, see Chapters 17-20. Also we present Hardy-
Opial type inequalities, as well as Ostrowski like ones, see Chapters 21-22. Then we
present some work on ordinary and distributional Taylor formulae with estimates
for their remainders and applications, see Chapters 23-24. Finally in Chapters 25-29
we study Chebyshev-Gruss, Gruss, Comparison of Means inequalities.

Our book’s results appeared for the first time in our published articles men-
tioned above, and they are mostly optimal, that is usually our inequalities are
sharp and attained. They are expected to find applications in many areas of pure
and applied mathematics, such as mathematical analysis, probability, ordinary and
partial differential equations, numerical analysis, information theory, etc. As such
this monograph is suitable for researchers, graduate students, and seminars of the
above subjects, also to be in all science libraries.

The preparation of book took place during 2008-2009 in Memphis, Tennessee,
USA.

I would like to thank my family for their dedication and love to me, which was
the strongest support during the writing of this monograph. Also many thanks go
to my typist Rodica Gal for an excellent and on time technical job.

January 1, 2010

George A. Anastassiou

Department of Mathematical Sciences
The University of Memphis, TN
U.S.A.
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Chapter 1

Introduction

Here we describe the material contained in this monograph.

Our results are mostly optimal, i.e. sharp, attained inequalities. We give also
applications.

The exposed results are brought for the first time in a book form.

CHAPTER 2: Very general univariate Ostrowski type inequalities are given,
involving the || - ||oc and || - |lp,p > 1 norms of the engaged nth order derivative,
n > 1. In establishing them, several important univariate identities of Montgomery
type are developed.

CHAPTER 3: We generalize Ostrowski inequality for higher order derivatives,
by using a generalized Euler-type identity. Some of the produced inequalities are
sharp, namely attained by basic functions. The rest of the estimates are tight.
We give applications to trapezoidal and midpoint rules. Estimates are given with
respect to Lo, norm.

CHAPTER 4: We present a general multivariate Euler type identity. Using it
we derive general tight multivariate high order Ostrowski type inequalities for the
estimate on the error of a multivariate function f evaluated at a point from its
average. The estimates are involving only the single partial derivatives of f and are
with respect to || - [|p, 1 < p < co. We give specific applications of our main results
to the multivariate trapezoid and midpoint rules for functions f differentiable up to
order 6. We prove sharpness of our inequalities for differentiation orders m = 1,2,4

and with respect to || - ||co-
CHAPTER 5: Very general multidimensional Ostrowski type inequalities are
presented, some of them are proved to be sharp. They involve the || - ||o and || - ||»

norms of the engaged mixed partial of nth order n > 1. In establishing them, other
important multivariate results of Montgomery type identity are developed.

CHAPTER 6: The classical Ostrowski inequality for functions on intervals is
extended to functions on general domains in Euclidean space. For radial functions
on balls the inequality is sharp.

CHAPTER 7: The classical Ostrowski inequality for functions on intervals es-
timates the value of the function minus its average in terms of the maximum of its
first derivative. This result is extended to functions on general domains using the
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Lo norm of its nth partial derivatives. For radial functions on balls the inequality
is sharp.

CHAPTER 8: Here are presented Ostrowski type inequalities over spherical
shells. These regard sharp or close to sharp estimates to the difference of the
average of a multivariate function from its value at a point.

CHAPTER 9: The classical Ostrowski inequality for functions on intervals es-
timates the value of the function minus its average in terms of the maximum of
its first derivative. This result is extended to higher order over shells and balls of
RY, N > 1, with respect to an extended complete Chebyshev system and the gener-
alized radial derivatives of Widder type. We treat radial and non-radial functions.

CHAPTER 10: Here we generalize Opial inequalities in the multidimensional
case over balls. The inequalities carry weights and are proved to be sharp. The
functions under consideration vanish at the center of the ball.

CHAPTER 11: Here we give Opial type weighted multidimensional inequalities
over balls and arbitrary smooth bounded domains. The inequalities are mostly
sharp. The functions under consideration vanish on the boundary.

CHAPTER 12: Various L, form Opial type inequalities are given for Widder
derivatives.

CHAPTER 13: Various L, form Opial type inequalities are presented for a linear
differential operator L, involving its related initial value problem solution y, Ly, the
associated Green’s function H and initial conditions point xy € R.

CHAPTER 14: Various L, form Opial type inequalities are shown for functions
valued in a Banach vector space. We give applications in C.

CHAPTER 15: Various L, form Opial type inequalities are given for semigroups
with applications.

CHAPTER 16: Various L, form Opial type inequalities are shown for cosine
and sine operator functions with applications.

CHAPTER 17: Various L, form Poincaré like inequalities, forward and reverse,
are given for a linear differential operator L, involving its related initial value prob-
lem solution y, Ly, the associated Green’s function H and initial conditions at point
T € R.

CHAPTER 18: Various L, form Poincaré and Sobolev like inequalities, forward
and reverse, are presented involving Widder derivative.

CHAPTER 19: Various L, form Poincaré and Sobolev like inequalities are given
for functions valued in a Banach vector space. We give applications on C.

CHAPTER 20: Here we present Poincaré type general L, inequalities regarding
semigroups, cosine and sine operator functions. We apply inequalities to specific
cases of them.

CHAPTER 21: Various L, form Hardy—-Opial type sharp integral inequalities
are derived involving two functions.

CHAPTER 22: A sharp multidimensional integral type inequality is presented
involving nth order (n € N) mixed partial derivatives. This is subject to some basic
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boundary condition satisfied by the involved multivariate function.

CHAPTER 23: Important estimates of the remainder in Taylor’s formula are
given. We treat both univariate and multivariate cases.

CHAPTER 24:We derive a distributional Taylor formula with precise integral
remainder. We give applications of it and estimates for the remainder.

CHAPTER 25: Here we present Chebyshev—Griiss type univariate inequalities
by using the generalized Euler type and Fink identities. The results involve the
functions f, g, f™,g(™ n € N, and are with respect to || - ||, 1 < p < oc.

CHAPTER 26: Here are presented Griiss type multivariate integral inequalities.

CHAPTER 27: Here we give Chebyshev-Griiss type inequalities on RY over
spherical shells and balls by extending some basic univariate results of Pachpatte
[206].

CHAPTER 28: We present tight multivariate Chebyshev—Griiss and comparison
of integral means inequalities by using a general multivariate Euler type identity.
Our results involve the functions f, g and their high order single partials and are
with respect to || - ||p, 1 < p < cc.

CHAPTER 29: We describe a general multivariate Fink type identity which
is a representation formula for a multivariate function. Using it we derive general
tight multivariate high order Ostrowski type, comparison of means and Griiss type
inequalities. The estimates involve L, norms, any 1 < p < oo.

Our presented results are expected to find applications in many areas of pure
and applied mathematics, such as mathematical analysis, probability, ordinary and
partial differential equations, numerical analysis, information theory, etc.
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Chapter 2

Advanced Univariate Ostrowski Type
Inequalities

Very general univariate Ostrowski type inequalities are presented, involving the
I |oc and || - ||p, p > 1 norms of the engaged nth order derivative, n > 1. In proving
them, several important univariate identities of Montgomery type are given. This
chapter follows [24].

2.1 Introduction

In 1938, A. Ostrowski [196] proved the following important inequality:

Theorem 2.1. Let f: [a,b] — R be continuous on [a,b] and differentiable
on (a,b) whose deriwative f': (a,b) — R is bounded on (a,b), ie., ||f'|lec :=
SUDye (a5 |f/(1)] < +00. Then

<

b
o [ f0a—r@) < |7+

5”({)_72)2] ~(b—a)||f’||oo, (2.1)

for any x € [a,b]. The constant % is the best possible.

Since then there has been a lot of activity around these inequalities with impor-
tant applications to Numerical Analysis and Probability.
This chapter is greatly motivated and inspired also by the following results.

Theorem 2.2 (see [16]). Let f € C""1([a,b]), n € N and x € [a,b] be fized, such
that f*)(x) =0, k=1,...,n. Then it holds

1 oo ((x —a)" 4 (b - x)“ﬁ)

<
~ (n+2)! b—a

b
5%;/1ﬂw@—f@) (2:2)

Inequality (2.2) is sharp. In particular, when n is odd is attained by f*(y) :=
(y — )"t - (b — a), while when n is even the optimal function is

f)=ly—z["t* - (b—a), a>1.

Clearly inequality (2.2) generalizes inequality (2.1) for higher order derivatives of
f-
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One of the goals of this chapter is to give a generalization Theorem 4.17, p. 191
of [85], see here Theorem 2.13 later. We would like to mention that result.

Theorem 2.3. Let f: [a,b] — R be continuous on [a,b] and twice differentiable
function on (a,b), whose second derivative f”: (a,b) — R is bounded on (a,b).
Then

1 f() — f(a) a+b
‘f(:v)—m [ ra- LE 1D (o 22
1] | (z—2t)2 1 9
=3 l@_ip It
b—=a)? If" e < %(b —a)?, forall x € [a,b]. (2.3)

In this chapter we present very general Ostrowski type inequalities in the one
dimensional case. Involved integrals here are also of Riemann—Stieltjes form. Along
the way to establishing these results, we show several important side univariate
related results, generalizing Montgomery’s identity ([188], Ch. XVII, p. 565), see
Section 2.2.

2.2 Auxilliary Results
We present the following results we need, which by themselves are of independent
interest.

Theorem 2.4. Let f: [a,b] — R be n-times differentiable on [a,b], n € N. The nth
derivative f™): [a,b] — R is integrable on [a,b]. Let x € [a,b]. Define the kernel

, a<s<mr,
b—a
P(r,s) :=
s—b res<b
b—a’ T
where r, s € [a,b]. Then
1 b
01t f0) = s [ o)
n—2 (k) b) — (k) a b b k
_Z <%) . A /a P(x751)HP(S¢,S¢+1)'dSldSQ
k=0 —_—— i=1

(k+1)th—integral

b b n—1
bk :/ / P(z,51) [ [ P(sirsi01)f™ (sn)dsrds - - ds,
@ a i=1

=: 02,71. (24)
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—1
Here and later we make the conventions that [[ e =0, [[ e =1.
k=0 i=1

Proof. Applying integration by parts twice we obtain Montgomery identity ([188],
Ch. XVIL, p. 565)

b b
f@) = = [ fendsi+ [ Plas)f (s

Doing the same for the derivative of f we have

Pl = s [ Fonitsn s [ Plow o onyiss
That is
Plon = 10D 4 [ b o)t
Similarly for f” we get
e

— f(a b
f”(Sg) = # +/ P(Sg, S3)f”/(83)d83.

And in general we obtain

F2b) — £ (a)

(n—1) —
f (Snfl) b—a

b
+/ P(sp—1,50)f "™ (s,)dsy,.

We observe that

J e e T

b b
—|—/a /a P(x,51)P(s1,52)f"(s2)dsadsy.

That is
flz) = ﬁ /ab f(s1)ds1 + (W) /ab P(x,s1)ds

b b
—|—/a /a P(x,51)P(s1,52)f"(s2)dsadsy.

Next we see that

/ab/abp(x,sl)P(sl,sg)f//(s2)d82dsl
- (w) /ab /ab P(xz, s1)P(s1,s2)ds2ds1

bbb
—|—/ / / P(x,51)P(s1,52)P(s2,53)f" (s3)dssdsads;.
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Hence we get

=5 /bf(sl)dsl (P52 [ P
+( b—a )/ / (@, 51)P(s1, 52)dsadsy

+/ / / P(x,51)P(s1,52)P(s2,83)f" (s3)dssdsads;.
Therefore in general we derive

f(x)

b—a/bf (s1)ds1 + (W) /bP(:v s1)dsy

(f/(bl)a )// (,81)P(s1, s2)ds2ds1

(fﬁ bl)J—iw )/ / / P(x,51)P(s1,52)P(s2, s3)dssdsadsy
(PO [ [ f et s

- _ (n72
4o q (f (bl))_f (a )/a /a P($751)EP(Si;SiJrl)dsnfl"'dsl
—_———

a

+

_|_

+

n—1

b b
+/a /a P(x,sl)HP(si,si+1)f(")(sn)dsn---dsl.

i=1
nth—integral
The last equality is written briefly as follows

-t e (1)

b b k
/ / P(x,Sl)HP(Si,SH_l)dSldSQ"'dSk_H

N , =1
(k+1)th—integral
1

/ / (z,81) P(s;, Si+1)f(n)(8n)d81d82 - odsy. (2.5)
So we have proved (2.4). O

A special very common case follows.

Corollary 2.5. Under the assumptions and notations of Theorem 2.4, additionally
assume that

f(k)(a):f(k)(b)7 k=0,1,....,n—2; whenn > 2.
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Then we get
1 b
01 = f(z) — h—a ; f(s1)ds1
b b n—1
- / coo | Pz, s1) - H P(siysiv1) - [ (sn)ds1---ds, =02, (2.6)
@ @ i=1
forneN, z € [a,b].
Proof. Directly from (2.4). O

Next we generalize Montgomery’s identity for Riemann—Stieltjes integrals (see
also in [102] a related but different result).

Proposition 2.6. Let f: [a,b] — R be differentiable on [a,b]. The derivative
f': [a,b] — R is integrable on [a,b]. Let also g: [a,b] — R be of bounded variation,
such that g(a) # g(b). Let x € [a,b]. We define

g(t) — g(a)

g(b) —g(a)’ Gst=w
P(g(x),g(t)) = . "

g —-g

o) —glay "0

Then

1 b b ,
@) = oy [, S0+ [ Pla@g)swan @)

Proof. Here f is continuous on [a, b], and g of bounded variation on [a, b]. Then
f is Riemann—Stieltjes integrable with respect to g, and it holds
b b
/ f(w)dg(l“)Jr/ g(@)df (x) = f(b)g(b) — f(a)g(a).
Also it holds that g is Riemann—Stieltjes integrable with respect to f. Here f is

differentiable on [a, b].
By the above we obtain
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Also we have

Hence we derive that

1 b 1
1= gy [ 000+

T b
- [ / (9(t) — g(a) (1)t + / ((t) - g(b))f’(t)dt] |

a

So we have established (2.7). O

For twice differentiable functions we obtain the following general Montgomery
type identity.

Proposition 2.7. Let f: [a,b] — R be twice differentiable on [a,b]. The second
derivative f": [a,b] — R is integrable on [a,b]. Let also g: [a,b] — R be of bounded
variation, such that g(a) # g(b). Let x € [a,b]. The kernel P is defined as in
Proposition 2.6. Then

fle / 1) 90 —9(@)
(/ Plg(x), o ) (/f tldgu)

b b
+ / / P(g().g(t) - P(g(t). (1)) - f"(t)dndt.  (2.8)

Proof. Apply (2.7) for [/, we get

ft / F(t)dg(t) / Pg(t) g(t)) " (t2)ds.
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Therefore it holds

b
/ P(g ) f (1)t = / Pg(x), g(t))

l / f'(t1)dg(t1) / P(g (t),g(tl))f”(tl)dtll dt

- ng(a))'/ P(g(z),9(t)) - (/ f’(tl)dg(t1)> dt
b
+/ P(yg(z),9 (/ P(g (tl)dt1> gt
b
- ng(a))' (/ P(g(:v),g(t))-dt> : </ f'(tl)dg(t1)>

b b
+ [ [ Plata).o®) - Pl gt ()
Using the last equality along with (2.7), we have proved (2.8). O
At the greatest generality it holds

Theorem 2.8. Let f: [a,b] — R be n-times differentiable on [a,b], n € N. The
nth derivative f: [a,b] — R is integrable on [a,b]. Let also g: [a,b] — R be of
bounded variation, such that g(a) # g(b). Let x € [a,b]. The kernel P is defined as
n Proposition 2.6. Then

1) = Gy — gty / Flsdg(on) + s
f(kH) (s1) d9(81)>

n

k=0

b b k
| [ Pe@.s) TT P atsi00)) - dsads - dsia
N , =1

(k+1)th—integral

+ / / P(g(a:),g(sl))EP(g(s»,g(si+1>>f<"><sn>dsl---dsn. (2.9)

Proof. Similar to Proposition 2.7. O

Another important special case follows.

Corollary 2.9. All as in Theorem 2.8. Additionally suppose that

b
/ f(kﬂ)(sl)dg(sl) =0, k=0,1,...,n—2; whenn > 2.
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Then

M= (o) = o= /f Jg(s1)

b b
:/~/Pwmwmﬂmwmwmwwmwmmm

= M2,na (210)
forneN, z € [a,b].

Proof. From Theorem 2.8. (]

A similar multivariate result comes next.

Theorem 2.10. Let Q be a compact convex subset of R¥, k> 2; x:= (z1,..., 1)
and O = (0,...,0) € Q. Let f € C(Q) and suppose that all partial derivatives of
f of order one are coordinatewise absolutely continuous functions. Then

1 k 1 pl af
:/0 f(iflft)dﬁ‘|‘Z!Ej‘/0 A tl%j(tlhx)dtldh
+ZZWJJ/ / 2, > ftlm)dtld@. (2.11)

=1 j=1

Note. Parameterized integrals as above are met in Radon Transform Theory and
in Computerized Tomography.

Proof of Theorem 2.10. Set g,(t) := f(tz), == (v1,...,7%), © € RF k > 2,
0 <t < 1. Then g,(0) = f(0), g»(1) = f(x). Integrating by parts we obtain that

9-(1) = /O o (t)dt + /O tg (t)dt.

Here we have

of
/ — .
0= 3w
Therefore
1 k
of (tx)
/ f(tz dt+/0 t(;x 9o )dt
So that

z) = /Olf(tla:)dtl +§:$¢/01t1 <3f(t133)

Next apply (2.12) for % to obtain

of ' of f(ta)
axj( x) = /0 o - (t22) dt2+2xz/ to—tt 8%8% dt.

) dt;. (2.12)
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Hence

of [t of b, Y 9% f(tatia)
tlaxj (tiz) = tl/o %j(tgtlx)dtg—kg;tlxzfo tgmdtg.

Furthermore it holds

1 . .
/O 8fa(;ix)dt _/0 t1 </0 %(tgtlx)dt2> dty

1k 1 2
(9 f(tthl‘)
E 22 _ . 2.1
+/0 £ tll’ (/0 t2 8;@8;@ dtQ) dtl ( 3)

Consequently by (2.13) we obtain

k 1 k 1,1
_ of (i) _ _ of
E :%/0 t1 ( oz, ) dty = ;:1 xJ/O /0 t1 oz, (titox)dtadt;

j:l
b9 f(titam)

+ij 1(E1 . tgmdtg dtl

k

of

= T t1=——(t1taz)dtadt

2_:1/0/0 g tntar)dady

P& 02 f t t a:)

+ szja:/ / t3ty T oty (2.14)

j=11i=1

At last combining (2.12) and (2.14) we have established (2.11). O

Corollary 2.11. All as in Theorem 2.10. Additionally suppose that

/ / tl tltgl‘ dtldtQ = O all] = 1, .. .,k‘.

Then

k k
/ftlx dt; = ZZ xj/ / t2t2 tltzx)dtldtg, (2.15)

foranyx € Q; 0 € Q.
We will use the next

Lemma 2.12. Let f: [a,b] — R be 3-times differentiable on [a,b]. Assume that "
is integrable on [a,b]. Let x € [a, b].

Define
s—a o<
b—a’ =0
P(r,s) =
s —
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Then
b
6‘173 :: (7f(b) f(a))/ P({E,Sl)dsl
b—a
— ( )/ / P(x,s1)P(s1,82)ds1dsa
:/ / / P(.T,S]_)P(S]_,SQ)P(SQ,S3)f///(83)d81d82d83 219273. (216)
Proof. By Theorem 2.4. t

2.3 Main Results

We present an Ostrowski type inequality.

Theorem 2.13. Let f: [a,b] — R be 3-times differentiable on [a,b]. Assume that
[ is bounded on [a,b]. Let x € [a,b]. Then

0t [ o= (M) (o (57))

C(b-a)
S e (PR

- A, (2.17)

where

1 1 1
A= [abac4 - §a2b3x + §a3bx2 — ab’z® — §a3b2x

+ %abez + a®b?2? — a®ba® — %aw5 — %be
+ éxG + %azx‘L + §b2x4 + %b?a4 — §a3x3
—§b3x3 3b3a3+ 152 4,2 %b4x2
+ %b‘*ag - %bcf - 1—25a65 - éa% - éb% + g—g + sg : (2.18)
Inequality (2.17) is attained by
f(x) = (z—a)®+ (b—x)?, (2.19)

in that case both sides of the inequality equal zero.
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Proof. Since ||f"||cc < 400, by (2.16) we obtain

|91 3| = |92 3| < ||fm||OO / / / |P Z, 81 (81,82)| . |P(SQ,83)|d51d82d83

— !bfi’L(;% / [p(z, s1)| (/ Ip(s1,s2)| </ Ip(82,53)|d53> d32> dsi,

(2.20)
where
(rs)'— s—a, a<s<r
P 8) = s—=b, r<s<b;rséeElab
We see that
b 2 2
so—a)*+(b—s
/|p(52,33)|d33: (52 ) 2( 2) .
Furthermore we find with some calculations that
N2 )2
/|P81782 < 5270) —;(b 52) >d82
a+b ) a+b\\> 7 .
=3 l6<31 < 5 )) +3(b—a) <31—< 5 )) —|—§(b—a) :
To finish calculating the integral in (2.20) we find
1 a+b\\*
FACEIICCS)
a+b 7 4
+3(b— ( ( 5 )) g(b—a)ldsl
1 a+b\\*
_E (s1—a)|6|s1— 5
a-+b 7
1 [t a+b\\"*
e A [6<Sl—< )
a+b\\> 7
+3(b — a)? (81—< )) —|—§(b—a)4] dsy
= A
Consequently we have
1" s
|61,3] < - A. (2.21)

(b—a)®
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/abP(a:,sl)dsl = <3: - (a;b» . (2.22)

Furthermore We obtam

/ / (x,51)P(s1, s2)ds1ds2

Next we find that

a? 2 +8a

-1 [( b)) —(atbe— +52 +8 b)}. (2.23)

Therefore we derive
O3 = f(x) (b / f(s1)ds1
(b) — f a+b f'(0) = f'(a)
(=) - (50) - ()
a? 2 +8a

[(x2+(a+b)2)—(a+b)x— (6 +5g +8 b)]. (2.24)

So we have established inequality (2.17). O

We have an interesting special case.

Corollary 2.14. All as in Theorem 2.13. Additionally suppose that f(a) = f(b),
and f'(a) = f'(b). Then

b
G | s - s@) <

Other Ostrowski type results follow:

"
1 e

b —a (2.25)

Theorem 2.15. All as in Theorem 2.4. Additionally assume that || f(™]|c < +00.
Then

b b n—1
60m] < £ o - / / Pso)| - T 1P(sirsisn)ldsy - dsn. (2.26)
a a i=1

Theorem 2.16. All as in Proposition 2.6. Additionally suppose that || f'||c < +00.

Then
1 b
@) — 9(@) INCTCE

Theorem 2.17. All as in Proposition 2.7. Additionally assume that || f"||cc < +00.
Then

) <1 oo - / P(g(x), g(t)lde.  (2.27)

‘f(“”)‘ /f )isl®) = =

(/ P(gle). ) </f t1d9t1>
<||f”|oo-</ / |P<g<x>,g<t>>~P<g<t>,g<t1>>|-dt1dt>. (2:29



Advanced Univariate Ostrowski Type Inequalities 17

Theorem 2.18. All as in Theorem 2.8. Additionally suppose that || f(™||o < +00.

Then
n—2 b
xr) — S S . (k 1) S S
‘f() /f 1)dg(s1) — GO —g@) g()) kz_o</af+(l)dg(l)>

(/ / 51)) - HP(Q(Si)a9(5i+1))d81 - dSpy
i=1

b b n—1
§||f<”>|oo-</ / Pla(o):g(su)l- T 1Plolo0):olsir)ldss )

(2.29)
Theorem 2.19. All as in Theorem 2.10. Additionally assume that
0% f
Yij 1= < 400, foralli,j=1,... k.
J 8331(933] 50

Then

k
/ f tlx dtl Z{E / / tl— tltgx dtldtg
j=1
k k
DN fwil |zl i | - (2.30)

i=1 j=1
Next we present L,, p > 1, Ostrowski type results.

Theorem 2.20. All as in Theorem 2.4. Additionally assume that ||f™)]|, < 400,
p>1. Herep,q: %—i— % = 1. Then

|91,n| < ||f(n)H;D/ / |P €, 81 (H |P 8175z+1 )

N|P(sn—1,®)|lqds1ds2 - - - dsp—1. (2.31)

Theorem 2.21. All as in Proposition 2.6. Additionally assume that || f'||, < +o0,
p>1. Herep,q: %—i— % =1. Then

1 b ,
|f(33)— m/a F@)dg@)| < Ny - 1P(g(), g())lq.e- (2.32)
Here || - || q,+ means integration with respect to t.

Theorem 2.22. All as in Proposition 2.8. Additionally assume that ||f" ||, < +o0,
p>1. Herep,q 'l—i—l =1. Then

1)~ Gy [, 00~ Gy
: < / bP(g(:C), g(t))dt) ( / f/(tl)dg(tl)>‘

< 1l - / [P(g - 1P(g(E), g(t) g, - dt. (2.33)
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Theorem 2.23. All as in Theorem 2.8. Additionally suppose that ||f™)], < 400,
p>1. Herep,q: l + l =1. Then

‘f(:v

n

G0 —9(@) / o)~ oy
(/ D)) d981> (/ / o)
P(g

(8i),9(si+1)) - ds1- "d5k+1> ‘

|
N /-\

:1” M

1

< 1, [/ / (g (ﬁw sz+1>>|>

: ||P(g(8n71)7 g(sn))”q,sn : dSIdSQ e dsn1:| . (234)

3

Finally we present L; Ostrowski type results.

Theorem 2.24. All as in Theorem 2.4. Additionally suppose that || f™||; < +oo.

Then
n—2
|91,n|<||f(")|1-</ /|szl <H|P s, 5041) )

NP (sn=1,9)|loo - ds1ds2 - - -dsnl). (2.35)

The interested reader can consult with [10], which is a further study on this
basic chapter.
Theorem 2.25. All as in Proposition 2.6. Additionally assume that || f'||1 < +o0.
Then

< 1 - 1P (g (), 9(8))lloo.t- (2.36)

1 b
|f(m)—7(g(b)_g(a)) | rwsto

Here || - |loo,t is taken with respect to t.

Theorem 2.26. All as in Proposition 2.8. Additionally assume that ||f"||1 < +oo.
Then

0 G / 0490 ~
|

s ) (o

< 17 (/ 1P(g )l - 11P(g(), (tl))||oo7t1'dt>- (2.37)
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Finally we give

Theorem 2.27. All as in Theorem 2.8. Additionally suppose that ||f™||; < +oo.
Then

1

1

b
(ﬁ@—g@»blf“”@“”‘<mw—m@>
n—2 b b b
'§:</)ﬂ“”®ﬁ@@ﬂ>-</~~/1P@uhﬂa»

JIP@@ng@HQMawT~d%H>\

b b n—2
<nﬂ”m-</-~/WP@@»Ma»w<IUP@m»m%H»Q
a a i=1

||P(g(8nfl)ag(sn))||oo7sn . dsl e dsnfl) . (238)
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Chapter 3

Higher Order Ostrowski Inequalities

We present a generalization of Ostrowski inequality for higher order derivatives, by
using a generalized Euler-type identity. Some of the produced inequalities are sharp,
namely attained by basic functions. The rest of the estimates are tight. We give
applications to trapezoidal and midpoint rules. Estimates are given with respect to
Lo norm. This treatement is based on [35].

3.1 Introduction

We mention as motivation to our work the great Ostrowski inequality [196]:

-y [ swa| < |1+ O] 1), ](b—a)ﬂﬂ .)
=P ="

where f € C'([a,b]), z € [a,b], which is a sharp inequality, see [16]. Other motiva-
tions come from [10], [24], [16], [98] and [121].

We use here the sequence {Bj(t),k > 0} of Bernoulli polynomials which is
uniquely determined by the following identities:

B,(t) = kBy_1(t), k>1, Bot)=

and
Bi(t+1) — Bi(t) = kt" ', k>0.

The values B = Bg(0), k > 0 are the known Bernoulli numbers. We need to
mention

1 1
Bo(t) =1, Bi(t)=t-3, Bg(t)th—Hg,

3 1 1
Bs(t) =t — =t + =t, Bul(t A I A j—
3(1) 5t T 5t (1) = + 30

5 5 1 5 2 1
Bs(t) =t — —t* + t3 — ~t, and Bg(t) =t =35 + St* — — + —.
5(t) 2t +3t b an 6(t) +3 5 T 1

Let {Bj(t),k > 0} be a sequence of periodic functions of period 1, related to
Bernoulli polynomials as

Bi(t) = By(t), 0<t<1, Bi(t+1)=Bi(t), teR.

21
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We have that Bj(t) = 1, Bj is a discontinuous function with a jump of —1 at each
integer, while B}, k > 2 are continuous functions. Notice that By(0) = By(1) = By,
k> 2.

We use the following result.

Theorem 3.1. Let f: [a,b] — R be such that f*=Y, n > 1, is a continuous
function and f)(x) exists and is finite for all but a countable set of x in (a,b) and
that £ € Ly([a,b)). Then for every x € [a,b] we have

b T (h— )kt T —a
o) = 5 [ rwaes X O m (20 )0 - 14
a k=1 ’

n (b—nﬁ /[mb] an(§:Z> _B,j(lf:;)]f(")(t)dt. (3.2)

The sum in (3.2) when n =1 is zero.

Proof. By using Theorem 2 of [98], Exercise 18.41(d), p. 299 in [158] and Problem
14(c), p. 264 in [224]. And that (=1 as implied absolutely continuous it is also
of bounded variation. O

If £("=1) is just absolutely continuous then (3.2) is valid again. Formula (3.2) is
a generalized Fuler type identity, see also [171]. We set

b
An(e) = f(z) — — / F(t)dt

b—a

n—1 _a k_ —a
-2 0 k!) Bk<b_a)[f(’“‘“(b)—f("‘”(a)], z€[a,b]. (3.3)

k=1
We have by (3.2) that

)
An(z) = a’_%_l /[a,b] [B(H) _ B;(Z:;)] Fomd. (3.4)

In this chapter we give sharp, namely attained, upper bounds for |A4(x)| and
tight upper bounds for |A,, ()|, n > 5, x € [a,b], with respect to Lo, norm. That
is generalizing (3.1) for higher order derivatives. High computational difficulties in
this direction prevent us for shoming sharpness for n > 5 cases.

3.2 Main Results

We give

Theorem 3.2. Let f: [a,b] — R be such that f*=Y, n > 1, is a continuous
function and £ (z) exists and is finite for all but a countable set of x in (a,b) and
that f™ € Loo([a,b]). Then for every x € [a,b] we have

Ane) < C= (/ B (=) -5 (=) \dt) FICINEE

Proof. By Theorem 3.1. t
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Performing the change of variable method in the integral of (3.5) we derive

Corollary 3.3. All assumptions as in Theorem 3.2. Then for every x € [a,b] we
have

A < ([

Note. Inequality (3.6) appeared first as Theorem 7, p. 350, in [98], wrongly under
the sole assumption of f(™ € L. ([a,b]). Also in the rest of [98] the complete
assumptions of our Theorem 3.2 are missing, whenever it applies.

Using Cauchy—Schwartz inequality we find that

/01 B,(t) —Bn(i—a> dt < </01(Bn(t) _B”G:Z))zdt)

_ \/E;‘:L))Qllen|+B%<”;:Z), n>1, (3.7)

r—a

Bn(t)—Bn<b

—a

)‘dt) 1F™| 0o, n>1. (3.6)

1/2

the last comes by [98], p. 352.

We give
Corollary 3.4. All assumptions as in Theorem 3.2. Then for every x € [a,b] we
have
(b—a)" (n!)? x—a
A (z)| < Boy| + B2 —— ™o, n>1. 3.8
@) < S (Bl + B2 (5= ) | 17 m2 1 (39)
Here we elaborate on (3.6) and (3.8). We introduce the parameter
)\::i:z, a<az<b. (3.9)
We see that
A=0 iff z=aq,
A=1 iff z =0,
and
a+b
A = — 'ﬁ‘ =
' 2
Consider
pa(t) := Ba(t) — Bs(\) = t* — 263 +1% — AT 4 2)\3 — )2 (3.10)

We need to compute

L0\ = /01 pa(®ldt, 0<A<1. (3.11)
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Lemma 3.5. We find

16)° 14 1
—TA NN — <A<1/2
5 o 3 +30’ 0sAs1/2,
Li(\) = (3.12)
165 263 1
- P M- 1/2<)a<1
3 +9 3 +3 0’ /2 < X<,
which is continuous in A € [0,1]. We obtain
1
L =NL(1) = —
1 7
. 7© 1
L (2) 240 (3.13)

Proof. Here all calculations are done by Mathematica 4. The equation p4(t) = 0
has four real roots,

(1—V1+4x—122)

N =

7’1:1—>\, 7"2=>\, r3 =
and

T4 =

(1+ V1 +4x—422).

N =

We find the following orders:
i) if 0 < A <1/2, then
r3 S0<ry <71 <1<y,

and
ii) if 1/2 < A < 1, then

r3<0<r; <rp <1<y

So we have pa(t) = (t —r1)(t —r2)(t — r3)(t — ra), t € [0,1]. We easily derive that
when 0 < X\ < 1/2, py(t) is greater equal zero over [\, 1 — A] and smaller equal zero
over [0,A] and [1 — A, 1].

Similarly when 1/2 < A <1 we get that ps(t) > 0 over [1 — A\, A] and p4(t) <0
over [0,1 — A] and [A,1]. Therefore when 0 < A < 1/2 we have

0 1—-X 1—X
LW = [ mdes [ podes [

A
while when 1/2 < A <1 we have

A A
L) = /1 Y ()it 1 / pa(t)dt + /1 palt)dt,

—A 1-X

proving (3.12) after the computations are done. O
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Using basic calculus we obtain

Lemma 3.6.

1 3 )
in Ly ) =14 - ) =14l - ) ==— =0.0195312 .14
Jtin L) 4(4) 4(4) 256 01953125, (3.14)
and
1
(N =1 =I1,(1)= — =0. . 1
max, 4(A) = 14(0) = I4(1) 30 — 0-033333 (3.15)

Consequently by Lemmas 3.5 and 3.6 we get

Theorem 3.7. Assumptions as in Theorem 3.2, case of n = 4. For every x € [a,b]
it holds

b—a)
@) < Co )59 (3.16)
where I14(X) is given by (8.12) with X\ = $=%. Furthermore we have that
b—a)?
@) < L)L, vee o) (317)

Optimality is achieved in

Theorem 3.8. Assumptions as in Theorem 3.2, case of n = 4. Inequality (3.17)
is sharp, namely it is attained when x = a,b by the functions (t — a)* and (t — b)*.

Proof. We have

Auta) = 8ty = (IO S C28 () - 2 [ s a9
So by (3.17) we have
Au(@)] = [Aq(b) < L= p 3.19
|As(a)] = [A4(b)] < an [ oo- (3.19)
Let f(t) = (t —a)* or f(t) = (t — b)*, then
Aa(a) =140 = Lo s (3.10),
proving that (3.19) is attained. That is proving (3.17) sharp. O

The trapezoid and midpoint inequalities follow.

Corollary 3.9. Assumptions as in Theorem 3.2, case of n = 4. It holds

<f(a) +f(b)) _(b—qa)

2 12

b—a)
< OOy, (3.20)

the last inequality is attained by (t —a)* and (t — b)*, that is sharp.

b
(1) = ') = 5 [ e
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Furthermore we obtain

a —a b
f( ;’b>+(b24 )(fl(b)_f/(a))_bia/a F(t)dt

7
<
— 5760

(b—a)* | £D|oe. (3.21)

Remark 3.10. We do obtain the trapezoidal formula

As(a) = Ag(b) = Ag(a) = Ag(b) = (f(a) + (b)) _ (b—a)

2
(b B a)3 " " 1
+ () — (@) —

We also find the midpoint formula
a+b) a+b\ . (a+b b-a), ., ,
8 (50) =80 () =1 (550) + S50 - )

—a)? b
— %(]w/(b) - f"(a)) — biaA ft)dte. (3.23)

Using (3.8) and Mathematica 7 we get

(f'(b) = f'(a))

12
b
— / Ft)dt. (3.22)

Theorem 3.11. Assumptions as in Theorem 3.2, cases of n =5,6. It holds

|As(a), 5
(b—a) (5)
< Va7 . 3.24
‘A5<a;b)’ < Taavasol (8:24)
and
1 101 61 £(6)
< — ) (b— ,
1B6(a)] < g1 ooz (0 — @)1 (3.25)
with

a+b 1 [7081 6
< — )| o :
As< 5 )‘ < 26050V 7125 © — " IF P lleo (3.26)




Chapter 4

Multidimensional Euler Identity and
Optimal Multidimensional Ostrowski
Inequalities

We develop and establish a general multivariate Euler type identity. Using it we
derive general tight multivariate high order Ostrowski type inequalities for the esti-
mate on the error of a multivariate function f evaluated at a point from its average.
The estimates are involving only the single partial derivatives of f and are with
respect to || - ||, 1 < p < co. We give specific applications of the main results to the
multidimensional trapezoid and midpoint rules for functions f differentiable up to
order 6. We show sharpness of the inequalities for differentiation orders m =1,2,4
and with respect to || - ||s. This treatment relies on [38].

4.1 Introduction
We mention as motivation to this chapter the great Ostrowski inequality, see [196],
[16], [21], [24].
Theorem 4.1. It holds
N s )

‘ /fdt‘ Rk

where f € C'([a,b]), z € [a,b], which is a sharp inequality.
The author proved also in [17], [21] the following result:

Theorem 4.2. Let f € C""!([a,b]), n € N and x € [a,b] be fized, such that

f®(z)=0,k=1,...,n. Then
Lo 11" Do (@ =)™ + (b= 2)™?
m/af(y)dy_f(l") < (n+2)! ( b—a )

The last inequality is sharp. In particular, when n is odd it is attained by f*(y) :=
(y — x)"*L - (b — a), while when n is even the optimal function is

f)=ly—z["t* - (b—a), a>1.

] (b= a)f'lle;

Recently the author in [35], proved

27
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Theorem 4.3. Let f: [a,b] — R be such that f*=Y, n > 1, is a continuous
function and £ (z) exists and is finite for all but a countable set of x in (a,b) and
that f™ € Loo([a,b]). Then for every € [a,b] we have

Aoy < Lm0 ( [l (=) B:(Z%{j)'dt) 150 e

An(z) = f _a/ £(0)
- i -5, <”§:Z)[f<“><b> ~ 5 (@), @ € fo, b,

with By(t) the Bernoulli polynomial of degree k > 1. Here {Bj(t), k > 0} is
the sequence of periodic functions of period 1, related to Bernoulli polynomials as
Bi(t) = Bi(t), 0 <t <1, Bi(t+1)=Bj(t), t € R.

We give also

Corollary 4.4. All assumptions as in Theorem 4.3. Then for every x € [a,b] we

have
Ay < L2 ([

Note. The last inequality appeared first as Theorem 7, p. 350, in [98], wrongly
under the sole assumption of £ € L. ([a,b]).

Theorem 4.3 and Corollary 4.4 along with [35], [98] are the greatest motivations
for the Euler identity method we use in this chapter. Further motivation is given
by (see also [17], [21])

xr—a
B, (t) — B, dt ) 1f ™o, n > 1.
()= B, (5= ) o) 1 s >

s

Theorem 4.5. Let f € C! < [az,bz]>, where a; < b;; a;,b; € R, 1 =1,...,k,

Il
-

2

=

and let @ ¢ = (zo1, ..., Tok) € [ai, bi] be fized. Then

1

-
Il

by b
- / / f (21,...,26)dz1 - dzi, — f(T o)
H b; — a;)

=1

Sy

=1

oo

The last inequality is sharp, here the optimal function is
k

f*(Zl,...,Zk) = Z |Zi _$0i|ai, a; > 1.

i=1
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Theorem 4.5 generalizes Theorem 4.1 to multidimension.
We also mention (see [17], [21])

Theorem 4.6. Let Q be a compact and conver subset of RF, k > 1. Let f €
C"1(Q), n € N and Ty € Q be fized such that all partzal derivatives fo 1= a:(f,

where o = (aq,...,ar), o €EZY,i=1,...,k, |a|] = Zai:j,jzl,...,nfulﬁll
i=1

fa(o) —0 Then
Dn+1(f) - = n —
To@ J, 7 = 10| < gy [ 07 - Foll) a3,

where
Dpia(f) = o |m‘aX Il falloo
and
k
17 = Tolle, = |2i — zoil.
i=1

As a related result we give

Corollary 4.7. Under the assumptions of Theorem 4.6 we find that
1 —\ = —
ey L S~ 17

e (e 2] e

Furthermore, the last inequality is sharp: when n is odd it is attained by
k

f*(Zl, ceey Zk) = Z(ZZ — in)n—H’

i=1
while when n is even the optimal function 18
flz1,.. 0, E |zi — mos|" T, a; >

Theorems 4.5, 4.6 and Corollary 4 7 motivate this chapter in the multivariate
setting. Here we develop a very general Multivariate Euler type identity, see The-
orems 4.14, 4.15, 4.18, 4.21. Based on this identity we prove some general tight
multivariate Ostrowski type inequalities, see Theorems 4.32, 4.33, 4.34, 4.35, 4.60.
Then we give lots of specific and important applications of Theorems 4.32, 4.33,
4.34, see Corollaries 4.36—4.59. There are produced many multivariate Ostrowski
type inequalities for differentiation orders m = 1,...,6, mostly related to multi-
variate trapezoid and midpoint rules. When we impose some basic and natural
boundary conditions, then inequalities become very simple and elegant, see Corol-
laries 4.56 — 4.59. The surprising fact there is, that only a very small number of sets
of boundary conditions is needed comparely to the higher order of differentiation of
the involved functions.

At the end we establish sharpness of the inequalities with respect to || - ||oo and
for differentiation orders m = 1,2, 4, see Corollaries 4.61-4.69.
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4.2 Background

We will use

Theorem 4.8 ([171, p. 17]). Let f € C™([a,b]), n € N, z € [a,b]. Then

b
f@) = 7 [ £+ 601(0) + Ra(a), (@.1)

where for m € N we call

N (b —a)k rT—a
Pm(z) = Z (b k!) 1Bk<b— a) [f(kfl)(b) — f(kfl)(a)]

k=1

with the convention ¢o(x) =0, and

Ro(z) == —(b_n% /: [B;(Z_‘i) - Bn<z:2)]f(")(t)dt. (4.2)

Here Bi(x), k > 0, are the Bernoulli polynomials, By, = By (0), k > 0, the Bernoulli
numbers, and Bi(z), k > 0, are periodic functions of period one, related to the
Bernoulli polynomials as

Bj(z) = Bg(x), 0<z<1, (4.3)
and

Bj(x+1) = Bi(z), z€R. (4.4)
Some basic properties of Bernoulli polynomials follow (see [1, 253.1]). We have

1 1
Bo(ﬁ) = ].7 Bl(x) =T — 5, Bg(ﬁ) = (E2 — T+ E,

and
Bi.(z) = kBg_1(x), k€N, (4.5)
Bp(z +1) — Bp(z) = ka1, kE>0. (4.6)
Clearly By =1, BY is a discontinuous function with a jump of —1 at each integer,

and B}, k > 2, is a continuous function. Notice that B,(0) = B(1) = By, k > 2.
We need also the more general

Theorem 4.9 (see [35]). Let f: [a,b] — R be such that f*~V n > 1, is a
continuous function and f) (z) exists and is finite for all but a countable set of x
in (a,b) and that f™ € Ly([a,b]). Then for every x € [a,b] we have

b (b — )kt T—a
o) = s [ rwaes YOS m (20 )00 - s
@ k=1 ’

R N (= Y

The sum in (4.7) when n = 1 is zero. If f(®~1 is just absolutely continuous

then (4.7) is valid again. Formula (4.7) is a generalized Euler type identity, see also
[98].
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4.3 Main Results

We make
Assumption 4.10. Let f and the ezisting %, allt=1,....m; j=1,...,n, be
J

n
continuous real valued functions on [][as, b;]; m,n € N, a;,b; € R.

i=1
We give
Proposition 4.11. All as in Assumption 4.10 form =n =2, x; € [a;, b;], i = 1,2.
Then
1 by b
T1,X2) = 81, 89)ds1dsy | + To(xs) + Th(z1, x2),
flar.as) = s (/ [~ porsapis 2> (2) + Ta(w1, 22)
(4.8)
where
1 T — Qg b1
Ty .= 1T = B _
= Talen) = s () ( [ttt f(sl,amdsl)
bg—ag /bl/b2 — a2 «f T2 — S2 o*f
- B dspd
b1 —a1 bg — a2 2 bg — a2 8 2(81782) 1452,
(4.9)
and
r1 — aq
Ty :=Ti(x1,22) 1= Bl(b )(f(bh@)—f(al,xz))
1— a1
(b1 —ay) /bl T1— a1 Lfw—s1) )\ O3S
- B - B d
+ 2 a1 2 b1 — a1 2 bl—al 833% (81,$2) o1
(4.10)

Proof. By Theorem 4.8 we have

1 b
Flon, @) = 37—

ai

f(s1,22)dsy +Bl(bl )(f(blva) — fla1,22))

(b1 —a1) /b1 1 — aq L[ T1— 51 82f
et Y B (=) _p )
i 2 a 2 b1—a1 2 bl_al a 2(81;x2) S1
1M

f(s1,22)ds1 + T (21, 72). (4.11)
And also we obtain

f(s1,22) =

1 b as

f(s1,82)ds2 + B (b2 _— ) (f(s1,b2) = f(s1,a2))

(ba — az) /b2 Tg — ag « T2 — 52 32f
- = B — B d
+ 2 as 2 bg — a9 2 b2 — ag 8332 (81’ 82) 52

(4.12)

by — az
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Thus we derive

1 b 1 bz
p— d
flx1,z2) b a /a1 b —as /., f(s1,82)dsa

+B1(b a2>(f(31,b2)—f(31,a2))
2 — a2
(b2 — az) ’ T2 — ag
* TAQ <32<b2_a2>
_ 2
- B; (5522 — 22)) g—xg(sb SQ)dSQ}dSl + Ty (z1,m2),  (4.13)

O
We continue with

proving the claim.

Proposition 4.12. All as in Assumption 4.10, casen =3 and m € N, x;
1=1,2,3. Then

by bo bs
f(@1,20,23) = 57— / / / <sl, 52,53>dsld52d33
U
+ T3

(x3) + To(z2, 23) + T1 (21, 22, 3),

S [aiv b1]7

(4.14)
where
m—1
1 (bs — &3) -1 T3 —as
Ty :="T: B
3 3(333) (bl — al)(bg — ag ; k k b3 — as
b b k— 1 k—1
1 2 (9 9
</ / <6 1 (51, 82,b3) — 8x—,€_{<81,827a3)>d81d82>
- (b3 —as)™ /bl/bQ/bS‘ <x3—a3>
m!(bl—al 2—&2 bs — as
T3 — S am
_B* (bj ai)) #(81,82783)d81d82d83, (415)
- 3
Tg :

m—1

b2 — ClQ -1 T2 — A2 b ak_lf
T: E B — b
2(72,3) b1 ) 2 k(b2 — a2> </a1 k1 (s1,b2,23)

2
5k71

bg—ag /bl /b2 T2 — a2
- — d B,
8$§_1 (817a27x3 Sl) + m' bl _al) ., .,

1 5 ba — az
To — 89 8mf
- B —_— d d
(bz - az)) Oxy' (51, 52,3) 82> .

(4.16)
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and

m—1
b — k—1 _
Ty =T (21, 22,23) = (b = a1) Bk<x1 &1)

k=1 k! b —a
akflf 5k71f
<W(51,$2,$3)— W(ahxz,m)
(by —a)™! /b1 T1—ax « [T1—51\\0"f
—_ B, - B — (81, %2, x3)ds1.
+ m) a b1 —ay M\ by —ay 3x71n (81 2 xB) 51
(4.17)
When m =1 then the sums in (4.15)-(4.17) are zero.
Proof. Applying Theorem 4.8 we have
1 by
f(x1,22,23) = b —ar f(s1,22,23)dsy + Th (21, 2, x3). (4.18)
ay
Furthermore we find
1 b
f(817x2)$3) = b f(81782)$3)d82
2 — a2 Jq,
m—1
(bg _ a2)k71 <CC2 _ a2> 5k71f 5k71f
+ B $1,b9,23) — —— (81, a9,
k; o (s —a ) | armr (1020 w) = oy (1,02, 73)
(by — ag)™ ! /b2 T2 — az « (T2 — 52\ \O"f
-1 B'm _Bm T ) ) d
+ m! as bg — az bg — az 5‘%7271 (81 52 3:3) 52
(4.19)
and
1 bs
f(s1,82,23) = 5 f(s1,52,53)ds3
3 — 03 Joq
m—1
(bg _ ag)k_l (3:3 _ a3> ak—lf 8k—1f
+ B S1,82,b3) — ——=(s1, S2,a
2:: A k bs — a5 8;10];*1( 1,52, b3) 696’;71( 1,52, 03)

k=1

(bs —az)™! /b3 3 — a3 « (T3 —s3\\O"f

T A ~ Bl e |52, 53)d53.
i m! as bs — as m bs — as axgl (51 52 53) S3

(4.20)
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Putting the above together we derive

1 b 1 bz
flx1,z2,23) = / f(s1,52,23)ds2
1 a2

by — a1 ba — ag
m—1
52—02 e (arz—a2><8’“lf ok-1y )
+ B 51,bo, x3) — ——= (51,09, T
; b —as 6:5’5*1( b2, 73) 35812@—1( 1,02, 23)
+ M/bg B, (2=
m! s by — as
J— 87?’7.
- B, (Zz_ Zj)) Wn{(sla 82,$3)d82}d81 + 11 (4.21)
2
1 by bo
= (b1 —a1)(bs — az) / f(s1, 52, 23)dszds,
m—1 _ b o1
1 (bg—ag)k 1 <x2—a2) / 19 f
* B ——=(51,b2,23)ds
(b1 —a1) kZ:l k! k by — as @ 8m§_1( 1,b2,73)ds1
b k—1 m—1 b b
s (b2 — az) ' : Ty — ag
_ (b2 —az)™ ™" .
a 5xl2cfl (817a27$3)d51> + m!(bl — al) /a1 /a2 by — ag
— am
_ B* <§22—_ 22)) 8775(31752;333)&92) ds; + 1. (422)
2

So far we have

f($1,$2,5€3)
_ 1
~ (b —a1)(

b1 ba
b P / f(Sl,SQ,Jig)dSstl +T2(332,333)+T1(331,332,$3).
2 — U2

(4.23)
Finally we conclude that

f(951,5€2,$3)

1 by ba 1 bs
N 51,82,S dS
(b1 —a1)(ba — a2) /al /a2 bs — a Ja, f(s1,82,53)dss

m—1
(bg _ ag)k_l T3 — ag 8k—1f ak—lf
+ Z A By bs — a3 ) \ 9ok (s1,82,b3) — W(Sla S2,a3)

A [, (o) |
)

$3—S3

—B* 81, S, S3)d83‘| dsodsy + 1o + T (424)

b3—a3
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by bo bs
= — / / f(Sl, S92, S3)d81d82d83 +T5+Ts + 17, (4 25)
(bi — a;)

—

i=1

proving the claim. O

We further present

Proposition 4.13. All as in Assumption 4.10, case of n = 4 and m € N, z; €
[a;,bi], i =1,...,4. Then

1
[y, 29,23, 24) = —— /4 f(51, 82,83, 54)ds1dsads3dsy
[T (b — a) 7 L lew0]
i=1
4
+> T (4.26)
j=1
Here
m—1
1 (by —aqg)kt g — Gy
Ty =T, = B
4 4((E4) Z k' K b3 — a4

3
[1(bi — a;) k=1

1
ak—lf 8k—1f
</3 [ai?bi] (5;521 (817 52,83, b4) - WF(81, 52,53, a4)) d81d52d53

(by — ag)™ 1 / <$4 - &4)
& ) ] [as,bi] by — a4
. =1

[1(b;i — ai)m! ~ =
* - am
— Bm <§: — 2;1 >> 5&62{ (81, S92, 83, S4)> d81d52d83d84, (4.27)

m—1

1 (bs — ag)k~1 T3 — a3
Ty :="1T: = B
3 3(3,24) (by — ay) (b2 — az) Z k! F b3 — a3

k=1

b1 pb2 k— 1 k—1
0 0
(/ / (8 =1 (51, 82,b3,74) — #(817827a37x4)) d81d82>
(bs — az)™ /bl /b2 /bs (m —a3)
(b1 — 0,1 bQ — 0,2 bs — as

— B:fn <233 : 22 >> gmg{ (81, S92, 83, x4)> d81d82d83> s (428)
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Ty = To(x2, 3, 74)
m—1
1 (bg — ag)kil ({EQ — a2>
= B
(bl—al) <]€2_; k' k bg—ag

bi / gh—1 ok—1
X (/ (830—,@]10(31,1?2,3337334)— Wf(sl’az’m?”m))dsl

2

+(2—a2 </b1/b2<< <2_a2>
m! bl — a1 b2 — as
* To — S92 5mf
Bm(b2 —az)) oy (81’82’9”3’“)) dsld‘”)’ (4.29)

Tl = Tl(mla 3]'2,333,334)

and

m—1

b— _ akfl
_Z ! a1 Bk<$1 al)( k?{(b1,$2,$3,$4)

bi —a1 ) \ 9z7

8k—1f (bl _ al)m—l b1 T —aq
— SNV B
al.]f_l (a17x2)$3)$4)> + m' /al <b1 _a’l)

r1— S am
_ B* <ﬁ>> 83:71{ (81,(E2,!E3,{E4)d81. (430)

When m =1 then the sums in (4.27)-(4.30) are zero.

Proof. By Theorem 4.8 we have

1 b
f(@1, 22,3, 24) = r— f(s1,22, w3, 24)ds1
m— 1 k—1
z1—a) (0" f

+ b1, 29,23,

> o (bl_m)(amfl(l 2022, 20)
_—ak_lfa To, T3, T bl_gl /b1 B e

5fo 1 1,42,43, 4 o m b]_—a,l

xr1 — S1 8mf
— B —_— d 4.31
m<b1 _a1>> 8%7{1 (51,332,333,334) S1 ( )
1 b
— m f(sl,x2,$3,$4)d81 +T1({E1,{E2,{E3,{E4). (432)
ay
Similarly we obtain
1 b2
f(51,$2,$3,$4) = b2 — as f(sla 82,x3,$4)d82
m—1
(bo — ag)"! (xz - a2> <5k1f
+ Z Bk (81 b2 I3 {E4)
' _ k_l b) b b
b1 k! bg ag 8x2
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8k*1f (bg — ag)mil b To — a2
_ - I By,
8%5_1 (817 a27x37x4)) + ml /az (bQ . >

— B, (zz:;z)) %(51,52,x3,x4)d32, (4.33)
f(s1,82,23,24) = bgiag " f(s1, 82,83, 24)ds3

4 7:2_:_11 (b3 —]:!3)1@71 B, (Z’ : ZS) (gzglf (s1,52,b3,4)

- (2];;,;1_]10(31,52,@3@4)) + 7@3 _nﬁ)m_l /(:3 <Bm<ﬁ>

- B, (%)) 225(81,82783,254)65837 (4.34)

and finally

f(s1,52,83,24) = b i " . f(s1,52,83,54)ds4

N 7:2_11 (bg —ka!zl)kfl B, <ng : Zj) (g;ji{(sl, 52,53, b4)

- e - B [ (22)

- Br*n<§::ji>>%(51752,83784)%4- (4.35)

Consequently, by using the above we derive

f($17x27x3,$4)

1 by 1 by
) / [( f(815827x3)$4)d82

(bl_al bg—a2)
m— 1 k 1 1
Q_ClQ To — a2 a f
B b

8k*1f (bg — ag)mil b To — a2
- J B,
8%5_1 (817 a27x37x4)) + m' /az (bQ . >

_B:fn <x2 — SQ)) gmg{ (517 S2, I3, {E4)d52

d T 4.36
bQ — ag S1 + 1 ( )
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by b
(bl _ al)(b2 _ a2 (/ f(31752,$3,$4)d81d52)
m— 1 o1
by — az To — Qo ok—1f
3 ——7(s1,b
bl—al Z k<b2_&2)<A <axk_1(817 2,!E3,x4)

k=1
8k—1f > 2-0;2 'm 1/b1 /b2 ( < 2—0,2)
— ——(81,a2,%3,74)ds1 | +
axlgil( 102,75, )81 m!(by — a1) by — as
T2 —s2\\O"f
= Bm dsydsy + T 4.37
<b2—a2>>5x’2”(51’52’$3’$4) s1as2 + 11 ( )

1 b1 b2 1 b3 ;
(b —a1)(b2 — az) /a1 /a2 bs —as J,, J51,52, 83, m4)ds

m—1
ba — k—1 _ k-1
n Z (b3 ];3) Bk(m a3)< _f(shs%b&m)

py by —az ) \ 9zb™"
8k*1f (b3 — a;;)”“l b xr3 — as
-z J B,,
83:]571 (81,82,@3,%3)) +7m! /a?’ <b3 —a3>
- B:’I <§33 : 22)) 273{(517 S92, 83, $4)d53> d81d52> + 15 + T7. (4.38)

That is, we found that

3
1
flz1, 2, 23, 24) = S E— /3 f(s1, 52,83, 24)ds1dsadss + ZTJ' (4.39)
H (bz - ai) il;ll[ai’bi] j=1

i=1
At last we observe that

f(x17x27x37x4)

1 1 by
= / b f(s1,82,53,54)dsa
H [ai,bi] \ 94 — 04 Jay

3 3
1:[1(6 —a;) "
m—1
(bs — Cl4 Ty — ay ok=1f oy
+ Zl Bk ( b4 — a4) (5;521 (817 52,53, b4) - 8‘%271 (81) 52,53, Cl4)
n (by —aq)™ 1 /b4 B, Ty — Q4
m! ay b4 — a4
T4 — S omf 3
-B,, < b: &j )) 927 (51,82, 83, 84)d84> dsidsadss + Z T; (4.40)
B 4 i=1
1 4
=0 /4 f(s1,52,53,54)ds1dsadszdsy + Z T, (4.41)
H (b1 - Cli) il;[1[ai7bi] j=1
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proving the claim. O

We finally give the following general Multivariate Euler-type identity in

Theorem 4.14. All as in Assumption 4.10 for m,n € N, z; € [a;b;], i =
1,2,...,n. Then

(bi — a;) 7 L losbi]

(2

1 n
flar,@a,. .. my) = nifn f(s1,892,...,8,)ds1dss - - - dsp, +ZTJ"
=1
=1

(4.42)
where for j =1,...,n we have

m—1
1 b'_a' k—1 Ti— A
Tj = Tj(xj,xj+1;---amn) = j—1 {Z (J klj) Bk(bj_aj)
(IT (b —ay)) “E=t C

i=1

ak—lf
X %_1 (T(sl,s%...,sj_l,bj,a:j_,_l,...,xn)
1 [a:.b:) \OT;

=1

ak—lf
—W(Sl,s% sy Sj—1,05, 541, ,$n)>d81 . --defl
T

J

)" T — a;
+m{/ﬁl[am ((Bm (H)

i=1

(=8 \\O"f
_Bm<ﬁ>> 83:;“ (81,82,...,Sj,(EjJrl,...,$n)>d81d82---de}.

(4.43)

When m =1 then the sum in (4.43) is zero.

Proof. Theorem 4.14 is true for n = 3,4, see Propositions 4.12, 4.13. Assume
that Theorem 4.14, is true for n, see (4.42), (4.43). Then we prove it for n+1,n € N.
We have

1

flxi, @, ... Ty, Tpy1) = ni/n f(s1,-.,8n, Tnt1)dsy, ... ds,
[T (b — a;) 7 I lad]

=1

+ ZTJ’ for j=1,...,n,
j=1

where
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(-1
( II (bi —as))

=1

Ti— a; oF-1f
B, 22—~ /7 (—s,...,s-_,bl,xl ey Ty Ty
k(bj —aj>< ]Hl[ai7bi] awé?,l( 1 j—1,Y5, Lj4+1 +1)
i=1

ak 1f
W 23 Sj—15Q5,Tj41y---53Tn, Tntl dSl...de_l
J
+ (b —a;)™! / Bm<xj - cw‘)
=t T [as,bi] bj —a;

m'( H (bl — ai)) i=1

i=1

— B* <ﬁ>> ox™ f( ~,5j7$j+1,~-.,xn,$n+1>>d81...d8j}.
J

But it holds

1 bt
f(Sl---75n;$n+1) = bi/ f(Sl,...,Sn,S7L+1)dSn+1
( n+1 — a’n"rl) Ap41

m—1
(anrl - anJrl)kil Tn+1 — Onp41
+ > By,
k=1 N

bn+1 An+41

lak Lf( 31,. sn,an) ak—lf]( )
S1y+++3Sn, Qn41

n+1 airnJrl
m—1 b
( n+1 — anJrl) / ntl B Tn+1 — An+41
A
An41 bn+1 — Qp+1

% Tn+1 — Sn+1 8mf(51; ooy Sny S7L+1)
- Bm d8n+1.

anrl — On+41 8x;n+1

m—1
1 b; —a;)k1
Tj = Tj(xj,xj+1,...,xn,xn+1) = —{Z M

Thus we get

f(xla T2yen- 73:?173:77,4—1)
1 1 brt1
~ /n bi/ f(Sla"'7Sn78n+1)dSn+l
I (b — as) ’_Hl[ahbi] (bnt1 — @nt1) ani1
i=1 -

bn+ 1 An+41

m—1
(anrl - anJrl)k_l Tn4+1 — Ap41
+ kz A B _
=1

akilf(sla vy Sny anrl) _ akilf(sla ey Sny CLnJrl)
k—1 k—1
83jn+1 axn—!—l
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Bm (anrl - an+l>
bn+1 — An+1

_B:n(anrl — Sn+1)‘| 0 f(sla-..;5n75n+1)dsn+1}d81...,dSn +ZTj'
=1

+

(bn+1 - an+1)m71 /bn+1
a

|
m: ntl

bn+1 — Qn41 833?4.1

Hence
1 n+1
f(ﬁl, e aanrl) = n—!—li /H—l f(Sl, ey Sn+1) dSl ce d8n+1 + Z Tj,
H (bz - ai) 'il;ll [ai.b:] J=1
=1
where

TnJrl(iCnJrl) = dnt1 i = | Gl
n+ — Un+

k—1 k—1
{/n [8 f(s1,-- s 8nbnr) 0 f(sl,...,sn,anﬂﬂdsl dsn}}
I1 [abi] dxpy Oy}

+

—1
(bn+1 - a77,+1)m B x77,+1 — Qp41
n+1 m
1:[1 [ai,bi]

n
1 — an41
m!(H (bi - a¢>) bt nt
i=1
Tn+1 — Sn+1 8mf
—-B} S1y++38n,Sna1 | |ds1 ... dsnia
b — ox™m
n+1 Ap+1 iEnJrl

Thus is proving the claim. O

Next we rewrite the last theorem.

Theorem 4.15. All as in Assumption 4.10 for m,n € N, z; € [a;b;], i =
1,2,...,n. Then

E,J;(a:l,ajg, cosy) = f(x1, 20, .., Tp)

- > A;=> By (4.44)
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where for j =1,...,n we have
m—1
1 bz—azkfl €Ti— Q;
Aj = Ay (@5, w41, ) = — {Z b k,j) Bk(bf_a].)
(H(bi_@i)) k=1 ’ J J
i=1
8k—1f
X (%Hl[al . <a$k ]_(515827"'7Sj—17bjamj+1a"'7xn)
i=1
8k—1f

—(81, 825443851, Q5,Tj41,--- ,xn)) dSl s de_1> }, (445)

xj — aj
) Bm< J J>
/ﬁ [@i,bi] << bj — aj
i=1

g )m—1
Bj = Bj(xj,xjﬂ,...,xn) = (b‘;l—‘]){

=1

_Bm<[);—7%>>5 m(sl,SQ,...,Sj,ﬂ}j+1,...,xn)>d51d82"'d8j}.
(4.46)

When m =1 then Aj =0, and 1Ty =B, j=1,...,n
Remark 4.16. Notice above that T; = A; + B, j =1,...,n. Also we have that

\Ef, (1,22, ., x0)| <> |Byl. (4.47)
Also by denoting
A= f(xl,---,xn)—n;/n f(s1,...,8,)dsy---dsp (4.48)
il;ll(bi — ) Ll
we get
Z (1451 + 1B;)). (4.49)

Later we will estimate Aj;, Bj.
A general set of suppositions follow

Assumption 4.17. Here m € N, j =1,... . n.We suppose

1) f: []las, bi] — R is continuous.

2) o Jz are existing real valued functions for allj=1,... ,n;0=1,...,m— 2.
J
3) For each j = 1,...,n we assume that g:T_l_Jf(xl,...,a:j_l,-,xj+1,...,a:n) s a

j
continuous real valued function.
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4) For each j =1,...,n we assume that g;(-) == %(ml, ey L1y Ljgdy e Tn)
exists and is real valued with the possibility of being infinite only over an at
most countable subset of (aj,b;).

5) Parts #38, #4 are true for all

—.

($1,...,$j,1,$j+1,...,xn)E [ai,bi].

.
Ryl
S

6) The functions for j=2,...,n; £=1,...,m—2,

Jj—1

—— 8€f ——
qj oyttt ::W .,.,.’...7.7xj,$j+1,...7xn
Ty
i1 n
are continuous on [] [a;,b;], for each (xj,zjq1,...,2n) € []]ai, bs].
i=1 i=j
7) The functions for each j =1,...,n,
J J j
— omf [ ——~—
SDJ ERERE T IR ::%—m '7'7'7"'7'7$j+17"'7xn E-Ll (H[aiabi]>a
J i=1
n
for any (xj41,-..,2n) € [ [as,bil.
i=j+1

We present
Theorem 4.18. All as in Assumption 4.17. Then (4.42) and (4.44) are true again.

Proof. Use of Assumption 4.17, Theorem 4.9 and it is similar to the proof of the
so far results of this chapter. O

Remark 4.19. The results of Propositions 4.11, 4.12, 4.13 are still valid under
Assumption 4.17 for their cases.
Some weaker general suppositions follow.

Assumption 4.20. Here m € N, j = 1,...,n and only the Parts #1, #2, #6, #7

of Assumption 4.17 remain the same. We further suppose that for each j =1,...,n
and over [aj, bj], the function
8m—1
8;5’.”*1 f(ﬁl, ey L1,y Ljgdy e ,{En)
J

is absolutely continuous, and this is true for all

($1,...,$j,1,xj+1,...,{En)E [ai,bi].

—.

-
Sl
S

We give
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Theorem 4.21. All as in Assumption 4.20. Then (4.42) and (4.44) are still true.

Remark 4.22. The results of Propositions 4.11, 4.12, 4.13 are again valid under
Assumption 4.20 for their cases.

We proceed with the estimates of our remainders in (4.42) and (4.44).

We need to make

Remark 4.23. We are operating under the Assumptions 4.10 or 4.17 or 4.20. We
observe for j =1,...,n that

|Bj| < Ty, (4.50)
where
r, - (bi—laj)m’l </J Bm<zj —aj) _B:n(f;j —Sj)‘
- a;,b; j — 4y j — aj
m!(TL (b: — a:)) 11 lasbi] j — dj i~ 4
i=1
X @(81,82,...,Sj,xj+1,...,$n) dSl---de>. (451)

Here we assume

J J

am
_n{ REN /) NS P ) ELoo< [aiabi]>
8;vj i=1

n

for any (zjq1,...,2,) € [ lai,bi], any x; € [a;,b;].
i=j+1
Thus we obtain

4. \ym—1 . e,

FJ S (bz+ﬂ</] Bﬂ(?j] a]) _B;L(Z:J SJ) dSl"'de>
— b i — Qaj i — Q4
m'(H (bz _ai)) il;ll[a“bl] / ’ ’ ’

i=1

Y —
%—m ERC R RRRIEREE 7 B R P
J

_ (b —::Lg!')mfl </:J

J

Ty (4.52)

00,}121 [ai,b;]
=1
de)

Ti—a; Ti— S;
Bm J J — B* J J
<bj—@j) m(bj—@j>

, T (4.53)

J
8mf ,_/Ax
N ST T
5;vj

(by letting

(4.54)
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we have)
_ (bj —ay)"
B m!
! i [ A<
: </ |Bim(Aj) — Bm(tj)|dtj> S | T T (4.55)
0 Ty j
00311;11[04“1)”
< (b —ay)"
- m)!
1 R TN =S
. (Bm(/\j) —Bm(tj)) dtj 8—m R B PR ) (456)
’ B 11 fa.bi]
1i:1 1507
(using [98], p. 352 we get)
(bj —az)™
N m)!
(m!)? RN 2N ES
. —Bm B2 Ty L4l e ln
<\/(2m)!| 2m| + m(bj—aj) oz Titl ! j
oo7i1;[1[ai7b¢]
(4.57)

‘We have established

Lemma 4.24. Suppose Assumptions 4.10 or 4.17 or 4.20. Let B; as in (4.46). In
particular suppose that

o f [ A< d
gom | T ¥ | € Leo [[laibi] |,
Lj i=1
for any (zj41,...,2zn) € 1] lai,bs], all 5 = 1,...,n.  Then for any
i=j+1
(j,xjq1,...,2n) € []]ai, b;] we have
i=j
(bj —a;)™ (m!)? xj—aj
|Bj| = |Bj(xj,@js1,. - s n)| < 2 m!J (2m)!|B2m|+B?n(ﬁ)
s (A<
%—m R B PR 47} 5 (458)
J J
oo7i1;[1[ai7b¢]

forallj=1,... n.
We continue with

Remark 4.25. Continuing from Remark 4.23. Let pj,q; > 1: p%- + qij = 1;
7 =1,...,n, with the assumption that

ﬁ( B )EL ﬁ[b]
83}3’“ s Lj+1y--+5Tn q; a;, 0; y

=1
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n

for any (zj41,...,2n) € ] las,bi], z; € [a;,b;]. From (4.50) and (4.51) we get

i=j+1
|Bj|<<bj_—a_j>m-l</_ Bm(xj—aj>
J—l )) ljl[aivbi] b] - aj
Py 1/p;
d51 s 'de)

m'(H (bz — a; i=

=1

T — 5.
_ B* J J
m(%-%)

o 1/q;
am J
X /j 8xn{(81,...,Sj,xj+1,...,33n) dSl"'de (459)
1‘1;[1[11“1)” J
m— i—1 1/p; b
(bj —a;)™t [} N
=2 ([t —a) B (%)

i=1 j

i=1

j — aj

87?’7. f

m
3xj

(4.60)

(---,xj+1,...,xn) j
qj?li[l[ai’bi]

> pjd8j>1/pj
_(bma)" <le(bi —ai)>1/q" </01 1B ()))
)

— B (t;)|P dt; (4.61)

We have derived

Lemma 4.26. Suppose Assumptions 4.10 or 4.17 or 4.20. Let B; as in (4.46) and
pj,q; > 1: pij + qij =1;7=1,...,n. In particular we suppose that

ﬁ( x; xn) €L ﬁ[a' by
833;’1 s Lj4lye e ydln q;j iy V1 ’

i=1
for any (xj41,...,2n) € 1] lai,bs], for all j = 1,...,n. Then for any
i=j+1
(xj,Tj41,-- - Tn) € [1]ai, bi] we have
=]
1Bj| = |Bj(xj, @41, .-, Tn)|
o mek g Va4 o
< Gi—a)” ¥ aj,) i H(bi —a;) / B, <L aj)
m: el 0 bj — U,j
Pj 1/p; 8mf
— Bm(tj) dtj) a—m( . ,xj+1, “ee ,Jjn) j (462)
) 4, 11 [aibi]

i=1
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When p; = q; = 2, then we obtain

b —aj)™ 3 = s m!)2 Tj — a;
|Bj|§ % <H(bz—al)> (\/%'BQWJ‘FB%L([)]_C%))

i=1
X |

The inequalities (4.62), (4.63) are true for all j =1,...,n.
At last we make

omf

m
ox j

( 7xj+1a'--amn) (463)

J
2, 1 [ai,bs]
=1

Remark 4.27. Continuing from Remark 4.25. Assume for j =1,...,n that

om J
8‘%”{( CH L+l '33371) € Ll <H[a17bl]> ’

J i=1

for any (xj41,...,2n) € H?:jﬂ[ai,bi], any x; € [a;,b;]. Then from (4.50) and
(4.51) we obtain

By < i~ aj)™ !
7= J=1 . i,bi]
m'( H (b1 — Clz)) il;ll[a“ )

i=1
amf
— ey S Tia .., Ty)|dST - dS;
‘396;” (815 y S5y Lj+1, y L ) S1 SJ>
T; —Qj; €T: — S
. Bm(J J)_B:;l<] j)” (4.64)
H bi = a; bj —a; o0,[a;,b;]
_ (bjj—_laj)m_l Bm(? - aj) _ B;(Zj - 8j>
m!([TZ; (b — as)) j — aj j — Qj so.fas.b;]
8777,
—7'7{'( R RS I -73777,) (465)
ox” j
J L1 fas,b:]
by [98], p. 347 P Cas
(00 1980 47)_(bs o™ HBm(t) —BmGJ aj)H
Z R
m'(]:ll (bz — 0,1)) J J 0,[0,1]
87nf
W( S Tjb1se s Tn) ) : (4.66)
J 1,‘1;[1[ai,bi]

From [98], pp. 347-8348 we have:

i) case m = 2r, r € N, then
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. = B0 -2 (=)
- 2r - 2r\ 7
5/ ll0o,]0,1] bj —a; 00,[0,1]

2727‘B2r _ B2r <xj — a“j)
bj — aj

Tj —

b

oo

= (1-27)|Ba | +

; (4.67)

it) case m =2r + 1, r € N, then

Ti—a; T —aj
- (=2, - (32)
7~ 5/ lloo,]0,1] i~ @5/ llo,[0,1]

2(2r +1)! xj—aj )|
= Baria <bj —o, ) (4.68)

i11) special case of m =1, then

xT; — a; xT; — a;
B = (3=32)| =m0 -2 (322
H bj—aj /o 0.1] bj—a;j /o 0.1]

z; — (#) } (4.69)

+

T2

We have proved
Lemma 4.28. Suppose Assumptions 4.10 or 4.17 or 4.20. Let B; as in (4.46),

ji=1,...,n. In particular we suppose for j =1,...,n that
om f !
W( NP I ,$n) € Ly <H[al,bl]> s
for any (zj11,...,2n) € ] lai,bi]. Then for any (z;,zjt1,...,2,) € [][as, b
i=j+1 i=j
we have
b —a;)™ L ||o™f
|‘BJ|:|'B.7(x.77x.7+177x"’b)|S (;71 J) Hamm("'ﬂxj+17"'7xn) j
m (T (b — ai)) "7 R
i=1
|| B (£) —Bm(u>H . (4.70)
bj —a; ) |lco jo,1]
The special cases follow:
1) When m = 2r, r € N we have
(b _ a‘)Qrfl a2rf
|B;| < inlj 83:2T(,,.,xj+1,...,xn) ;
@I (b —a)) 7 b fest
i=1
—2r —2r Lj —aj
xﬂu2>%m¢ Bar — B )H. (4.71)
bj — aj
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2) When m =2r+ 1, r € N we obtain

(b _ &')2T 82r+1f
|BJ| < ! jilj 8332»T+1 (---,333‘4.1,...,33”) ;
(27" + 1)'( H (b1 — az)) J L 11 [aq,bi]
i=1 =t
2(2r + 1)! xT;— a;
e+ e ()| -

3) When m =1 we get

1 i+ b
|B|< Ha C Tkl Ta)|| =+ xj_<“J_;LJ)‘ )
H mJ 1, 1;[1[0,,; ,bi]
- (4.73)
We need
0
Definition 4.29. Let @ = (v1,...,79) € [[[ai,bi], 8 € N, where |7 :=
=1

Vai+ - +al. Let F: H ai,b;] — R be continuous. We define the (first) modu-
lus of continuity of F by

8l

wi(F8) = swp  |F(F)=F(7), (4.74)

for all § > 0.

Notice 4.30. Under Assumption 4.10 we have valid that

akflf akflf

P) k—1 (817"~7Sj717bj7xj+17"'7xn)_W(Sla'"7Sj717aj7xj+17"'7xn)

z; L

8k—1 J
< w agck_{<---,xj+1,...,xn),bj—aj sallg=1,...,n; k=1,...,m— 1.
J
(4.75)

We give

Lemma 4.31. Suppose Assumption 4.10. Let A; as in (4.45), j =1,...,n. Then
for any

(xj, Tjtls--- ,xn) (S H[ai, bi]
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we have

m—1 k-1

b
A = Ay gz, w) < 3 B
k=1

5k71 J
W <Wk{ s ,33j+1,...,$n),bj —U,j),fOI‘ allj = 17...,77,. (476)
J

Putting together all these above auxilliary results, we derive the following mul-
tivariate Ostrowski type inequalities.

Theorem 4.32. Suppose Assumptions 4.10 or 4.17 or 4.20. Let Ef (x1, 22, ..., 2,)
as in (4.44) and A for j=1,...,n as in (4.45), m € N. In particular we suppose
that

o f i
W(""xﬁlv'“’m") € Lo (H[aiabi]>7

J i=1

for any (zjq1,...,2n) € [ [ai,bi], all j=1,...,n. Then

i=7+1
|EL (21,...,2,)]
1 n
:MmmMPT———ﬂ Pt s)dsy - ds — 3 A,
[T (bi — a;) 7 I [anbi] =1
=1
1 < (m!)? x
— b m ~———|Bay| + B2, | 2—2
=l = [( J a’J) <\/(2m)'| 2 | + b5, bj —q,
I"f (s
o™ ( STl Tn) J . (4.77)
j 0071:1;[1[(17:71)1']
Proof. By Theorems 4.15, 4.18, 4.21 and Lemma 4.24. |

Next comes

Theorem 4.33. Suppose Assumptions 4.10 or 4.17 or 4.20. Let E,J;(xl, ce )
as in (4.44), m € N. Let pj,q; > 1:
assume that

L1 1.5 j
st =Li=1...n In particular we

o f !
axm(...,xjurl,..., ELqJ <Hal, z)
J i=1

for any (zjq1,...,2) € [ [ai,bi], forallj=1,...,n. Then
i=j+1
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1
m
bj —aj;

"
qJ ’il;ll[ai ’b’i]
(4.78)

Ef (21, 20)| < % ; [(bj —a)" (ﬁ(bi N "’1')>_Q% (/0

=1
pj 1/p; m
dtj) oy

m
axj

_Bm(tj) ("'7xj+1a"'axn)

Whenp; =q; =2, all j =1,...,n, then

1 j—l —1/2
\ES (21,..., 20, gR l H(bi—ai)>

i=1
T —
B m 32 Ty
0
Ha (i1, @)|| 1 (4.79)
2>‘H [ai’bi]

=1

Proof. By Theorems 4.15, 4.18, 4.21 and Lemma 4.26. ]

Finally we have

Theorem 4.34. Suppose Assumptions 4.10 or 4.17 or 4.20. Let Ef (x1,...,x,)

as in (4.44), m € N. In particular we assume for j =1,... ,n that
ﬁ( x; Zn) €L ﬁ[a' b;]
aﬁt;n’ 1y T 1 a iy 0i s
for any (zj41,...,20) € [Ti2; 4, [ai, bi]. Then

1 n b, — m—1
|ES (21,...,2,)] < poo [(jil %)
i=1 (Hl(bi—al))
(FET N | X = I
LI [a:.b:] 7 %5/ lleo,]0,1]

(4.80)

The special cases are calculated and estimated further as follows:
1) When m = 2r, r € N, then
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52

)
17 .l;Il[ai’bi]

B (21, ., 20)]
b —a. 27’ 1 aQrf
2T'Z{ J <H8m2r(,..,xj+1,...
ai))
$j —aj
bj — aj '

|:(1 - 2727‘)|B2'r| + ‘22TBQT - BQT(

(4.81)

(bz‘ -
:1

) When m =2r+1, r €N, then

2r+1 »rn 3j
Ox; 1,‘H1[ai,bi]>

|Egr+1($l7 e 7*/'E’I’L)|
. 2r a2r+1f
H (...,ijr]_,..
(4.82)

Z{ Jj— 1
27"—!—1' H(b )

=1
2(2r+1)! B Tj — a;
2r1(] — 2-2r) 2r+1 b, — a; :

) {@w)

And at last

) When m =1, then
+Tn)

17'i1i[1 [ai ’bl]‘|

ij

i=1
o (37

Proof. By Theorems 4.15, 4.18, 4.21 and Lemma 4.28
The final general Ostrowski type estimate follows:
Theorem 4.35. All as in Assumption 4.10, m,n € N, z;
,n. Then

0
H—f(...,ﬂjj_,_l,...

\Bf (21,...
(4.83)

} D

[ai,bi], 7;:1,27...,

Here Bj is as in (4.46), for j =1

1
f(xla 73377,)_ ,,7’7/” f(81752;---7577,)d31d32"'d8n
,ljl(bi - ai) 'il;ll[ai7bi]
n n [m—1
(bj —aj)F 1
<D IBl+Y | > k|j By,
j=1 j=1Lk=1
Ti— Qi 8k71f
< j_ J)W1<a k_l( 7$j+17"'7xn)7bj_aj)‘|. (484)
T
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Estimates for B; are given by Lemmas 4.24, 4.26, 4.28.

Proof. By Theorems 4.14, 4.15 and Lemma 4.31, see also Remark 4.16, (4.48),
(4.49). O

4.4 Applications

Here we apply Theorems 4.32, 4.33, 4.34. We give
Corollary 4.36. Suppose Assumptions 4.10 or 4.17 or 4.20, case m = 1.
J
i) Assume aanj(. C Tl &) € Log <H ([ai,bi])) , for any (xzj41,...,25) €

i=1
IT [aibi], allj=1,...,n. Then
i=j+1
1
f(xl,xg,...,xn)—ni/n f(s1,...,8n)dsy -+ dsn
[T (bi = a;) 7 1L o0
i=1
<i (b —ap) (/=4 (=% L 2
4 J 7 12 bj —aj 2
j=1
0
X 8—f(...,xj+1,...,$n) p ‘| (485)
Lj oo,»];ll[ai,bi]
ii) Let pj,q; > 1: pij + qij =1;7=1,...,n. In particular we suppose that
of !
%(...,xj_i_l,...,mn) Equ H[a“bi] 5
J i=1
or any (Tji1,...,Tp) € a;, b, forall j=1,...,n. en
[ (zj+ ) Hl[ bil, forall j =1 Th
i=j+
1
f(irhx?a"'axn)_ni/n f(817"'78n)d81"'d8n
[1(b; — a;) 7 1L, los:bd]
i=1
n s T 1 pj 1/pj
_1 ; .
S O U = e
= =1 0 j J
0
X ' a—f(...,$j+1,...,xn) p . (486)
i a5+ 11 [aibi]

i=1

Whenp; =q; =2, all j =1,...,n, then
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1
f(mlv '7x7l) n /77. f(817 7Sn)d51 dSn
[T (b —a;) 7 1L [abd]
=1
" = 1 T a 1\?
< — = J i
S| (Voo \Te o) (i (252-3) )
X ‘ ﬁ( <y T4, ,$n) ; . (487)
Iz 2.1 fos b
iii) Here assume for j =1,...,n that
of J
a—wj( N P ,{En) e Ly (H[al,bz]> R
i=1
for any (zjq1,...,2n) € ][] las,bi]. Then
i=j+1

- (32)])

Notice 4.37. We have for j =1,...,n:

Tj — aj

A = 1 iff z;=0b, (4.89)
1 i +0b;
/\j = 5 lﬁ xj = %

We continue with Corollaries to Corollary 4.36.

Corollary 4.38. Suppose Assumptions 4.10 or 4.17 or 4.20, Case m = 1, all
X :aj,j: 1,...,71.
i) Assume

of !
—(..,aj41,...,an) € Lo H[ai,bi] , allj=1,...,n.

ox;
J i=1
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Then

1
f(al,ag,...,an)—ni/n f(s1,...,8,)dst -+ dsp
)/l

[T(b: —a
i ] } (4.90)
OO,l;[l[ai,bi]

i=1
n. In particular we suppose that

9f
833j

(...,aj+1,...,an)

< \/Tﬁ{i {(bj - a;)

j=1

ii) Let pj,q; > 1: pij—f—qij =1;j=1,...,
af J
8—9@-(”"%“’”"&”) € Ly, (il:[l[ai,bi]> ,
forallj=1,...,n. Then

1
f(ala~..7an)_7/n f(817'~-78n)d81"‘d8n
H[azb]

I (b~ a9
i—1

w r(by—a)) W (jljl (b — i)~
- Z[ (pj +1)1/ri

j=1
>< ‘

Whenp; =q; =2, all j=1,...,

of
Ja o (4.91)

a’j+17"'7an) i ‘|
qjynl[ai?bi]

i=

n, then

f(s1,...,8n)ds1 - -dsn

1
f(alﬂ"'van)_ni/n
H (b - al) il;ll[ai7bi]

n j—1
< 5 (S| (Ve /| T-0)
=1 i=1
J_ D (1.92)
27i1;[1[ai’bi]
iii) Here assume for j =1,...,

0
af J
—— (s aj41,...,an) € Ly Il[aubi] .

x
7
9 J i=1

[y

(...,a/jJr]_,...,a/n)

X

Q

<

n, that

Then
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1
f(al,...,an)—nifn f(s1,...,8,)ds1 - dsy,
[T(bi — a;) 7 I leebi)
i=1

1 & —ai+1
<5 M of (@1, an)|| : (4.93)
2= Oz, LT fasbi]
=1 (l:ll(bl _ai)) fi=1 it

Corollary 4.39. Suppose Assumptions 4.10 or 4.17 or 4.20, case m = 1, all

€ :bj,j:].7...,n.
i) Assume

forallj=1,...,n. Then

1
f(bla7bn)_7/n f(817'~-78n)d81"‘d8n
11 [a:,bs

i(...,bj+1,...,b,1) (4.94)

J .
007_1_[ [a'i7bi]‘|
i=1

ii) Let pj,q; > 1: 1% + = 1, 5=1,...,n. In particular we assume that
J J

J
ﬁ(...,ijrl,...,bn) S qu (H[ai,bi]> ,

ox;
J i=1

forallj=1,...,n. Then

1
f(bl,...,b,»—ni/n F(51s o sn)dsy -+ dsn
11 —a;) il;ll[ai’bi]
i=1

n Jj—1 1
—1/p; -+ e
< (pj + 1)V (b —ay) ~® (H(@—m))
j=1 i=1
9]
a—f(...,bj+1,...,b7l) , . (4.95)
Ty a3, I1 [a:.b:]
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Whenp; =q; =2, all j =1,...,n, then

1
f(b17 . 7b ) iy
H (bl — Qg
i=1
\/g n
—?Z (vbj—aj/ 11 ) ,
J=1 27i1;[1[a,i7bi]
(4.96)
iii) Here suppose for j =1,...,n that
o J
3_9{]( c 7bj+17 s 7bn) S Ll <H[ai,bi]> .
i=1
Then
1
f(bl,abn)_nif f(817,..75n)d81...d8n
110 = a) /1o
Io~] (L+0b; - of
- 52{ )‘ax (7bJ+laabn) j } (497)
= U0 o

=1

Next come the multivariate midpoint rule inequalities.

Corollary 4.40. Suppose Assumptions 4.10 or 4.17 or 4.20, case m = 1, all

T = U’J+b ] _ 1

) ASSume

8f aj+l+bj+1 an+bn j |

— ... Loo 'L,bi 5 ll :17...’

5£Uj< ’ 2 ’ ) 2 S il;[l[a ] all j "
Then

b b by )
f(al—; 1,a2—2'_ 2,...,a —2'_ >_ n /n f(s1,...,80)ds1---dsp
1:[1 (bi — a;) 7 11 [as.bi]
af ( aj+1 +bj+1 an+b )H
et 108
< 2\/_2 ‘(% 2 OOH[al ; (4.98)

ii) Let p;j,q; > 1: p% + qij =1;7=1,...,n. In particular we suppose that

af aj+1+ bj+1 an + by, J
8%(..., 5 e = € Ly, | []lai b ) .

=1
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forallj=1,...,n. Then

a1—|—b1 an"'bn
f 9 sty 92 — n
I,

[\J|F—‘

n Jj—1 a5
leﬁl (b —ay) W <H(bi—‘“)>

_f( Aj41 + b]Jrl an + bn)
0

5 e (4.99)

When p; =q; =2, all j =1,...,n, then

f a1 + by an + by,
5 5

x ﬁ(...,“j+1+bj+1,...,“"+b") ) . (4.100)
Zj 2 2 2,11 [ai,b:]
i=1
iii) Here assume for j =1,...,n that
af aj+1+ bj+1 an + by J
.. L i, bil | -
axj(, gt ) et [Tl
Then
b n bn
f(al—; 1,...,a _2|_ )— — /n f(s1,...,8,)ds1 - dsp,
[1(b: — ag) /12
=1
<1 i _f i + bjt1 an + by
=22t || 0g; T N
= (T - JICER
i=1
(4.101)
Next we treat the case of m = 2 and only for the norms || - ||, || - ||2, and
specifically for A\; =0, 1, %, 7 =1,...,n. The multivariate trapezoid rule estimates

follow immediately.

Corollary 4.41. Suppose Assumptions 4.10 or 4.17 or 4.20, case m = 2, all
Zj :aj,j: 1,...,71.
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i) Assume

all j=1,...,n. Then

Ko = ‘(f(ahCLQa"'7an)+f(blaa27~'~7an))
5 1=
2
1
—ni/n f(s1,...,8n)dsy -+ dsy,
[T (b —a;) 7 1L [anbd]
i=1
1< 1
+§ Z ]_17 -1 (f(Sl,SQ,...,Sj_l,bj,aj+1,...,an)
j=2 (1:[1 (bz - a/i)) i:1[ai’bi]
- f(slv vy S5—1,05, 0541, - - aan))dsl e de—l}:| }‘
1 ~ 0% f
S — Z[(bi—aj)Q —2(...,aj+1,...,an) J :|} (4102)
2\/@{j_1 O’ oo I1 fas.b4]

ii) Suppose

02 f d
%?(...,ajJrl,...,an)ELg il;[l[ai,bi] R
allj=1,...,n. Then
K>

o0 f

@(...,CI,J;H_,...,CLn)
J

< 2#@{2 [CEOG (H(b ) o

j=1 i=1

2, 'ﬁl[ai’bi]] }

(4.103)
We continue with trapezoid rule estimates.

Corollary 4.42. Suppose Assumptions 4.10 or 4.17 or 4.20, case m = 2, all
€ :bj,j: 17...,TL.
i) Assume
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allj=1,...,n. Then

Ao
= f(b17~..7bn)+f(alab27...7bn)_ 1 / f(Sl'.' 8)d81d8
i ﬁ(bi—az) iljl[ai,bi]
i=1
1 n )
_ 5{ lﬂi{[l b (f(s1,-- 851,05, bj41, - bn)
=2 L(TT (b — ay)) U Tl

- f(slv" '7Sj—1aajabj+1a' 7bn))d51 : de_l}] }’

1 - 0% f
< — bi —a;)?|| =% (.. bjs1,...,bn) A . (4.104)
2\/% {;( J j) 833?( h oo,»ll[ [ai,bi]}
ii) Assume
02 !
—'];l(...,ijrl,...,bn)ELg H[ai,bi] ,
5;vj i=1

all j=1,...,n. Then

Jj=1 =1
82
X 87'];(...,[)]‘4_1,...,()” J ]} (4105)
J 2,‘1;[1[ai,bi]

The multivariate midpoint rule estimates follow.

Corollary 4.43. Suppose Assumptions 4.10 or 4.17 or 4.20, case m = 2, all

a;+b; .
j:—J;],]:l,...,n.
i) Assume
52f< aj+1 + byt an+bn) <j
2 ) ) ) ) )
3xj 2 2 b

all j=1,...,n. Then

a1 +0b a, + by,
Mg::}f<l2 1,..., 5 )
1
—ni/n f(s1,...,8n)ds1 - -dsn
(bi — ag) 7 1L, [esbd]
=1
1 { - [ || 0% f aj11+bj1 an + by
< — Z(bj—aj) S| yeees ) .
8v/5 =1 5% 2 2 oo,li[l[ai,bi]

(4.106)
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ii) Suppose

an aj+1 + bj+1 apn + by, !
8—;53<’ ) yeeey ) >€L2 ZZl[CLZ,bl] 5

allj=1,...,n. Then

My < — Z (bl—a-)3/2<ﬁ(bv—a-))_l/2
2 > 8\/5 J g 0 7

j=1 i=1

o2 f

2
5;vj

j ]} (a.107)
2’1'1;[1 [ai.b:]

We continue with trapezoid and midpoint rules inequalities for m = 3.

aj+1+bj+1 a77,+bn
ceey 5 Sy B)

Corollary 4.44. Suppose Assumptions 4.10 or 4.17 or 4.20, case m = 3, all
rj=a;,j=1,...,n.
i) Assume

o3 f j
a—l?(...,aj_‘_l,...,an)ELOO H[a“bz] ,

i=1
all j=1,...,n. Then

K flar,...;an) + f(b1,a9,...,a,)
3¢ 5
1
—ni/n f(s1,...,8n)dsy - dsy
(0~ an) /M
i 1 2, (b — aj)k1
- Z j—1 {Z - k!J B (0)
withJJ:‘:llcy&l il;ll(bi —a;) k=t
5k71f
X </1 <W(817"'78jlabjaaj+17"'7an)
'il;ll [ai ’bi] J
5k71
— 8—]’37{(81’ ceey sj_l,aj,ajH, e ,an))dsl . 'de_1> }}
Tj
1 - 3f
< Z{(bj—aj)f* — (e ngts )| ]
121210 | = O o0, 11 [as.bi]
(4.108)
ii) Assume
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allj=1,...,n. Then

1 n 5/2 j—1 —1/2 53f
K3 < b —a; b; — a; —
< s [ (o) |5
(...,aj_,_l,...,an) J (4109)
27i];[1[ai7bi]

Corollary 4.45. Suppose Assumptions 4.10 or 4.17 or 4.20, case m = 3, all
€ :bj,j:].7...,n
i) Assume

53f J
@(...,ijrl,...,bn)ELoo H[ai,bi] s
j 5
allj=1,...,n. Then
(f(bl,,bn) —|—f(a1,b2,...,bn))

A3 =

_7/71 f(s1,...y8n)dsy - dsy
1T [as,bs]

=1 . as 1
withjj:k;ﬁl Zl;ll(bz @i
8k—1f
X - 81582 ++,8i—1,05,0541,...,b
</H1[al b <8xk 1( 1,92 j—1,Y5, V541 n)
i=1

8k—1
— aw—k_']lc(sl,SQ,...,Sj_l,aj,bj+1,...,bn))dsl"'de_1> }}‘
J

3|03 f
< (b; — Z (o bivt, .. by ) . (4.110
= 19 /—21 Z [ CLJ &U;Jg( 7+1 ) Oo’f[ [ai,bi]] ( )

ii) Suppose

> f d
87?(...,(”4_1,... n ELQ <Zl:[1a1, i

all j=1,...,n. Then

1 n 5/ Jj—1 -1/2
\/mj; l(b] _a’j) <H(b1 _al)>

(oo bjitse e by) (4.111)
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Corollary 4.46. Suppose Assumptions 4.10 or 4.17 or 4.20, case m = 3, all

Tj = aj+b ] = 1
i) Assume
agf aj+1+ bj+1 an + by J
— a ... ... LOO i? bl )
03 ( T2 T )€ g[a ]

all j=1,...,n. Then

f a1+b1 a77,+bn
B) Sy B)

1
_nifn f(Sl,...,Sn)dSl"'dSn
[T (bi —a;) 7 1L [obi]

i=1

1N (b —ay) < of
+ — i S Y —
21 Z{ ) /H ol

=1

M3 =

aj; +b; an"'bn
(s1,82,...,8j-1,bj, j+12 R 5 )
of aj+1+bjp an + by
_%j<81,...,8j1,aj’%,,..77 dSl"-deq
< Zl 8[| 0°f ( G +bip1 an+ bn) H 1
- 9.3 ey .
124/210 Ox 2 N H o]
(4.112)
ii) Suppose
>*f a1+ b1 an + by, J
— ... L bl
ax? < 9 2 9 ) 2 € 2 Z];E[a ]
all j=1,...,n. Then
n Jj—1 —1/2
Z[ bj — a;) 5/2<H(bi - ai))
=1 i=1
an aj+1 +bj+1 ap + by
e e 4.11
x 83;3( ! 2 ’ ’ ; ( 3)
J 27i1;[1[a,i7bi]

Next we present trapezoid and midpoint rules inequalities for m = 4.

Corollary 4.47. Suppose Assumptions 4.10 or 4.17 or 4.20, case m = 4, all
Zj :aj,j: 1,...,71.
i) Assume

o'y d
W(...,ajﬂ,...,an)ELoo H[al,bl] s
i=1

J
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allj=1,...,n. Then

o — flar,...;an) + f(b1,a9,...,a,)
3 2
1
—ni/n f(s1,...,8n)dsy - dsp
.l:ll(bi—az') 1 [aibd)
n 2
1 (bj —ay)* !
- Z {j—l {Z k!
(witl??ik#l) .Hl(bi_ai) k=1
8k—1
XBk(O)</—1 <a$—]€{(817"'7Sj—1abjaaj+1a"'7afn)
il;[1[ai7bi] J
8k—1
_ aw—k_']lc(sl,s% cee 3 Si—1,Q5, A1, - ,an)> dSl . -d8j1> }}‘
J
1 - orf
< Zl(bj — a5 (s an)| ] (4.114)
24\/ 630 =1 837] Oo’ljl[ai’bi]
ii) Assume
o f ]
@(- cyGjql, ., Gp) € Lo (H[ai;bi] ;
J i=1
all j=1,...,n. Then
1 n j—1 —-1/2 64](-
K3 < l(bj —a;)"/? (H(bi - m)) 7
24+/630 = ey aa:j
(4.115)

(...,a/jJr]_,...,a/n) J ‘|
2, 11 [as,b4]
i=1

Corollary 4.48. Suppose Assumptions 4.10 or 4.17 or 4.20, case m = 4, all

Zj :bj,j:L...,n.
i) Assume
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allj=1,...,n. Then

‘(f(bl,...,bn)—|—f(a1,b2,...,bn)>

=1 o) Ut
(with j=k£1) il;ll(bz @i

B z": { 1 {i(bj—aj)kl
(T1 (0 — ) ;

8k—1f
XBk(l) / <T(Sl,82,...,Sj_l,bj,bj+1,...,bn)
[1iZ4 aibi] \ O

oF—1
- 8‘%—]@7{(815827" 'aSj—laajabj-i-lv" '7bn))d81 : "de—l> }}‘

J
1 - orf
< — (b; —aj)*|| 5= (- bjgrs s ba)|| H (4.116)
241/630 {j_l [ 9z; o, 11 [as.bi]

ii) Suppose

allj=1,...,n. Then

1 n 72 j—1 -1/2 a4f
As < by — ay bi— a; At
3 S 21 630; (bj — a;) (Zl:[l( @)) 5;531
(obietse b ] (4.117)
2’1'1;[1[%’%]

Corollary 4.49. Suppose Assumptions 4.10 or 4.17 or 4.20, case m = 4, all
T = —a’;rbj,jzl,...7n.

i) Assume

o 1+ D by J
—{; ('."aj+1+ j+17~"’a —2'_ > ELOO <H[a’l7bz]> )
J ,

2
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i=1

1] P —aj )
+— Z T — (bj aj) /_1 —f $1,82,...,S55-1,

24 | 4 Jj—1 JH [a:,bi] 8(Ej

j=1 (H(bz_az)) im0
=1

b aj+1 +bj+1 an + by

vE 2 PRI 2

of aj+1 + b an + b
_%j<81782’.”78j17aj’ J 5 I+ 5 dsy---dsj_1

1 [107 | & o)
< —/—= b —a:) =%
=152V 35 {Zl“ 2 e
=1 J
(”.’aj+1'2|‘bj+17'”7an‘2|'bn)H j ]} (4.118)
00, I faibi]

ii) Assume

orf aj+1 + b1 an, + b J
— ... eL is bi
6£C;1 < ) 2 ) ) 2 };[1 a;

allj=1,...,n. Then
1 107 [& il e
M3 < —=\/ = —a;)"/? i — G
3=71152V 35 {2[“’ %) <H(b @ )>

=1
‘ | H (w119

Also we present trapezoid and midpoint rules inequalities for m = 5.

ﬂ Q541 +bj+1 an +bn

2

s

Corollary 4.50. Suppose Assumptions 4.10 or 4.17 or 4.20, case m = 5, all
Zj :aj,j: 1,...,71.
i) Assume

55f J
gas o0t n) € Loc g[ai,m ,
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allj=1,...,n. Then

Ks = ’(f(al,...,an) +2f(b1,a2,...,an)>

_n;/ f(s1, . y8n)dsy - dsy

H (bl - 0,1) i1 lai,bi]

=1
> {;{ iz

: = !
(withjjzzlk7£1) (l:ll(bi —a;)) \ke{1,24}
ak—l

X Bk(0)</ﬁ1[ <8x—k{(81,...,Sj_l,bj,aj+1,...,a,n)

i=1

5k_1
- agc—k_{(sl,...,sj1,aj,aj+1,...,an)>dsl---dsj1) }}‘

> |- 5 )
720 462 { l ooyiljl[anbi]

—5(...,aj+1,...,an)
o 3xj
(4.120)

IN

ii) Suppose

35f J
%(...,&j_,_l,...,an)ELQ H[a“bz] ,

J i=1

allj=1,...,n. Then

" 720\/;{26[[’ - @) 9“(H<b _az))”g

j=1
| 1 } (4.121)
27i]i[1[ai7bi]

Corollary 4.51. Suppose Assumptions 4.10 or 4.17 or 4.20, case m = 5, all
Zj :bj,j: 1,...,71
i) Assume

%(...,CLJJA,...,G%)
J
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allj=1,...,n. Then

As = ‘(f(bl,...,bn) +2f(a1,b2,...,bn))

n L (b —a;)*!
S e =
— N
(withjj:}g;&l) (il;ll(b@ az)) ke{1,2,4}

8k—1f
X Bk(l) %_1 T(Sla---75j—1;bj;bj+17---7bn)
11 fo:.bi] \ 973

5k_1
_ 6$—k_{(81’”.’8‘j17aj7bj+17”"bn)>d81 ---d8j1> }}‘

FEp At ol
= —5 ceey j+17 «eeyUn J .
720 462 = 3$j oo,il;[l[ai,bi]
(4.122)

ii) Suppose

o° J

5—;50( cobir, bn) € Loy <H[ai7 b1]> ,

J i=1

allj=1,...,n. Then
n —-1/2
[ 5 ~ay)Y? _
As < 720 162 {Zl bj — ;) <H(b al))

j=1
] } (4.123)
2,1j [a1,b:]

Corollary 4.52. Suppose Assumptions 4.10 or 4.17 or 4.20, case m = 5, all
a; +b .
Tj = -4 s ] = 1

i) Assume

an aj+1+ bj+1 an + by J
—— e e Lw i? bl )
07 ( ’ 2 a2 )€ ,H[a ]

o°f

—(...,bjx1,...,bpn
X 3%?( » Uj+1, ) )
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allj=1,...,n. Then

a1 +0b an + by,
M5::’f<12 1,..., D) )
1
—ni/n f(s1,...,8,)dsy - dsy
1 (b — ag) 7 MLt
=1
i Z (bj —ay)**
k!
j=1 (H(b _a)) ke{2,4}
i=1

1 8k_1f aj4+1 +b'+1 Qp +bn
XBk<—> <%_1 (T<81,...,Sj1,bj, J J yeeey >
2)\S e\ 0] 2 2
ok=1 aj+1 +b; an + by
—ﬁ(sl,...,sjl,aj, j+12 j+1,..., 5 ) dSl---de,1

J
1 5 | <& o’ f
< )2 bi—a
~ 720 462{;“ i a5<
aj+1 +bjp1 an + bn) H 1 } (4.124)
2 2 Oo,ljl[ai,bi]

ii) Assume

85f aj+1 + bj+1 an + by !
8—3335(7 B gee ey B >€L2 E[al,bl] 5

all j=1,...,n. Then

n 7j—1 —-1/2
L /3 a2 .
Ms = 750 162 {J 1lb %) (H(bl M)
5 . .
><|(9 f( aj+1 + by a”+b"> A H (4.125)
2’1’Ij1[ai7bi]

—5 PICICIEEY
Ox; 2 2
Finally we present trapezoid and midpoint rules inequalities for m = 6.

Corollary 4.53. Suppose Assumptions 4.10 or 4.17 or 4.20, case m = 6, all
Zj :aj,j: 1,...,71.
i) Assume

56f J
Bag o0 n) € Loc g[ai,m ,



70 ADVANCED INEQUALITIES
allj=1,...,n. Then

K5 _ ’(f(a‘la"~7an)+f(b1,a2,...,an)>

2
1

_ni/n f(s1,...,80)dsy - -ds,

H (b1 - Cli) il;[ [a'hbi]

=1
- Z {;{ 3 (b; —ay)**

/ Ea K
(withjjzzlk751) (_l:ll(bi —a;)) \ke{124}
8k—1
X Bk(o) </ﬁ1[ . <8x—k—.]lc(81’ sy S5—1, bj, Aj41y--- aan)
L a;,04 j

8k—1
- airk—.]lc(sl’ . "ijlﬂajaaj+17 .. '7an)>d51 <. de]_) }}‘
J

1 101 [ NG
< TAA0 annan ] ] DY y DY n R .
= 1440 30030{2[@ a;)"| 56 (- @ity an)|l -
j=1 J oo,il;[l[a“bl]
(4.126)

ii) Suppose

36f J
@(...,@j.}rl,...,an)ELg H[a“bl] ,

J i=1

allj=1,...,n. Then

1 \/W " 11/2 J—1 —-1/2
< oNNoN y y PR .
K5 < 715V 300301 2= | & — %) (H(bl az))

x ‘ A ] } (4.127)
2, Hl[ai;bi]

Corollary 4.54. Suppose Assumptions 4.10 or 4.17 or 4.20, case m = 6, all
€ :bj,j: 17...,77,.
i) Assume

<
I
—

o%f
%?("'7aj+la~-aan)

<.

o8¢ j
a—l?(...,bj+1,...,b7l)€[/oo H[a“bl] ,

=1
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_ 1,---9Un ala 2y-++5Un
o) & @b, b
° 2
1
—ni/n f(s1,...,8n)dsy -~ dsy
[T (bi = a;) 7 1L, Jebd
i=1
-y { 1 { 3 (bj —aj)*!
- i1 Kl
(Withaj—:lk#) (11;[1 (b — a;)) \kef1,24}
ak—l
X Bk(l) </ﬁ1[ <8xk ']10(81, sy Sj—1, bj, bj+1, ey bn)
Y b
8k—1
— aﬁ—k_']f(sl, .. .,sj_l,aj,bj+1, .. ,bn)> dSl . 'de_1> }}‘
1 101 | < sllosf
< > 55 Csbynts e b)) || H
1440 30030{J_1 l 0a 8 e ]
(4.128)
ii) Assume
8 f J
@(...,bj.,_l,...,bn) ELQ <H[a1,b1] R
J =1

allj=1,...,n. Then

1 101 o /2 j—1 ~-1/2
< = o .
As = 7150V 30030 Z (b; = a) <H<bz al))

°f
w(...,qu,l,...,bn)
J

X

| 1 } (4.129)
27i]i[1[ai7bi]

Corollary 4.55. Suppose Assumptions 4.10 or 4.17 or 4.20, case m = 6, all

a;j+b; .
xj:J ]—1

i) Assume

aﬁf aj+1+ bj+1 an + by J
- e e Lw i? bl )
027 ( ’ 2 a2 )€ ,H[a ]
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allj=1,...,n. Then

a1 +b an + by
Ms = |f( ! 5 Lo 5 )
1
_ni/n f(Sl,...,Sn)d51"'dSn
[T (b —aj) 7 I leebi]
=1
- 1 (bj —a;)**
- Z j—1 Z k!
=1 UL (b — ai)) \ke(2a)
i=1

X

J

8k71f Aj+1 + b’+1 an + bn
—W<51,...,sj1,aj, J 2 J yeeey 2 > dSl---de,1
1 7081
46080 V 2145 {X_:
6 . b. b
Y b
l.j OO7i1;[1[ai7bi]

ii) Suppose

aﬁf aj+1 + bj+1 an + by J
—= ... L i bil |
02" ( a1 U | (CH

=1

1 oF-1f aiy1+ bt Gn + bn,
Bk(_> ﬁ— —_(817"'78'1717’7 . L PRI >
2 zl;[i[a'“bi] day ’ ’ 2 2

| /\

allj=1,...,n. Then

1 [7081 | &
< -
M = J6080\ 2145 {Z

ﬁ aj+1 +bjp1 Gn + bn,
83:? e > e >

11/2 (ﬁ(bi — ai)) o

=1
H (4.131)
lj (@i bi]

At the end we give a simplified special case of Theorems 4.32 and 4.33.

X

Corollary 4.56. Suppose Assumptions 4.10 or 4.17 or 4.20. We further assume
that

o'f o'f
8—$§( 1bjse) 575_( gy ), (4.132)

forall j =1,...;n and all £ = 0,1,...,m — 2. Here m,n € N, z; € [a;,b;],
1=1,2,...,n
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i) In particular we assume that

87nf j
m(---a$j+17---7x77,)€Loo< [ai,b¢]>,
6xj i=1
for any (zjq1,...,2n) € ] las,bi], allj=1,...,n. Then
i=j+1
1
fl@e, . zn) — — /n f(s1,. . 8n)ds1 - dsy,
[T (b — a;) 7 I land]
=1

W(...,xj+1,...,$n)
J

, 1 } (4.133)
oo,i]i[l[ai ’bi]

true V(x1,...,xn) € [][as,bi].

i=1
ii) Suppose
8mf J
9z ( NP I ,$n) € Lo <H[CLZ‘, bl]> s
J i=1

for any (zjq1,...,2n) € [ [ai,bi], forallj=1,...,n. Then
i=j+1

f(xl,...,xn)—;/n F(s1y... 8p)dsy - dsp
)/ b

< %{ _1 [(bj a3 <ﬁ(b - ai>> o <\/ E;”ﬁ?;, |Baml + B2, <%)>

Ha / A H e
21»111 [aivbi]

true V(z1,...,xn) € [][ai, bi].
i=1

Proof. Clearly here A; =0, j =1,...,n. Then proof is obvious. U

Similarly as in Corollary 4.56 we obtain

Corollary 4.57. Suppose Assumptions 4.10 or 4.17 or 4.20, case m = 6, all
z;=aj, j=1,...,n. Also assume
o'f o'f
— (o bisaiq1, - an) = =5 (0, 05,0541, -, Qp), 4.135
5%5( s Aj+1 a ) 5%5( aj, Aj+1 a ) ( )
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forallj=1,...,n, and all ¢ =0,1,3.

i) Assume
o° d .
8—;;(...,aj+1, ,0n) € Loo (H[W,H), allj=1,...,n.
i=1
Then

[T (b; — a; ]
=1
1 101 " o f
S 1440 30030 Z[(bj_aj)ﬁ @(...,aj_,_l,...,an) J ] .
j=1 J oo7i];[1[ai7bi]
(4.136)
ii) Suppose
98 J .
a—‘g(...,ajJrl,...,an) € Lo (H[ai,bi]> , allj=1,...,n.
i i=1
Then
1
f(alw"aan)_ni/n f(Sl,...,Sn)dsl---dsn
IT (b; — a;) 7 1L, leebd]
i=1
1 101 n j—1 —-1/2
< 110 m{Z{(bj - aj)ll/z(H(bi - U«i))
Jj=1 i=1
% f
X w(...,ajﬂ,...,an) ) 1} (4.137)
J 2,ig1[ai,b,i]

Proof. By Corollary 4.53. 0

Corollary 4.58. Suppose Assumptions 4.10 or 4.17 or 4.20, case m = 6, all
z; =bj, j=1,...,n. Also assume

o'f o'f
W( .. ,bj,bj+1,.. ,bn) = W( .. ,aj,bj+1,.. .,bn), (4138)
J J
forallj=1,...,n and all ¢ =0,1,3.
i) Assume
o's
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Then

f(bla7bn)_;/n f(Sl,n-,Sn)dSl"‘dSn

Hl(bl - az) 11;11[ai’b’.]
1 101 - o f
= 1240V 30030 Zl(bj_aj)ﬁ g8 bbb 1
J=1 J Oo’il;ll[ai7bi]
(4.139)
ii) Suppose
aﬁf J
556 ( bt ba) € Lo [Mla:bi] |, allj=1,...,n.
i i=1
Then
1
f(blv---vbn)—nifn f(s1,...,8n)dsy - dsy
1 101 [ & it -1/2
< 1110 m{ l(bj —a;)"? <H(bi - a¢)>
j=1 i=1
0% f
@("'7bj+17---abn) i . (4140)
’ 2,7 laibi]
Proof. By Corollary 4.54. t

Corollary 4.59. Suppose Assumptions 4.10 or 4.17 or 4.20, case m = 6, all
a;j+b;
T = J2 J

,i=1,...,n. Also assume

ox

8€f G4l +bjt1 an + by _ 8ff Q41 +bjt1 an + by
—...,b .. ey ..
8x§ » Vg, 2 ) ) 2 s gy 2 ’ ’ 2 )

(4.141)

s

forallj=1,....;nand{=1,3.
i) Assume

56f aj+1+ bj+1 an + by, J
-~ e e Lw i’ b/L )
025 ( ’ 2 0 2 )€ [[la:.bi]

i=1
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allj=1,...,n. Then

b W+ by, 1
f(a1+ 1a~--,a - >_ n /" f(s1,... sn)ds1 - dsy,
2 2 T [as,b:]

(bi_a‘i) i=1
1 [7081 [ &
< 4 —
= 46080 2145{21

i=1
(b — a;)°
Jj=
« ‘ 86f ( aj+1+ bj+1 Ay, + bn)
ii) Suppose

—al? 5 s
86f aj+1 + bj+1 an + by !

— ... L iy 04 s
ax§?< T2 T 2 )6 > | Ll

Y2

A ] } (4.142)
Oo”lj1[ai7bi]

all j=1,...,n. Then

n n 1
f(a1+bl,...,a +b>— — /n f(s1,...,8,)ds1 - -dsp,
2 2 I fa:.bi]

(bi - a‘i) i=1
< 1 7081
— 46080V 2145

=1

0y o2 (T -a))

n

j=1 i=1
0% f aj+1 + bjp1 a; + by,
—=1 ... e . 4.143
O (4143
2, 11 las,b:]
i=1
Proof. By Corollary 4.55. t

One can apply similar conditions to (4.132) for the cases of m = 2, 3, 4, 5 and
simplify a lot the results of Corollaries 4.41, 4.42 and of Corollaries 4.44 — 4.52,
exactly as we did in Corollaries 4.56-4.59 for general m € N and m = 6, etc.

4.5 Sharpness

We need to include

Theorem 4.60. Suppose Assumptions 4.10 or 4.17 or 4.20. Let Ef (x1,...,x,)
as in (4.44), m € N. In particular we assume that

i=1

o [ A ]
8x;n T4l -5 Ty € Lo H[a“bl] ,
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for any (zj41,...,2n) € ] las,bi], allj=1,...,n. Then
i=j+1
1 & ! Tj—aj
f _— g™ e I . .
|Em(x17"'7x77«)| S ml;l(bj a]) </O Bm(bj-dj) Bm(tj) dt])
omf
X|8x—m(...,$j+1,...,$n) ; ] (4144)
OO,.H [ai’bi]
i=1
Proof. By Remark 4.23, see (4.55). O
We give the important
Corollary 4.61. Suppose Assumptions 4.10 or 4.17 or 4.20. Let Ef (x1,...,x,)
as in (4.44), m € N. In particular we assume that
J J
of [ ~~
@ T4l -5 Ty € Ly <Zl:[1[a1,b1]> R
for any (zjq1,...,2n) € H [ai, bi], all j = 1,...,n. And also suppose % €
_J+1 J
Loo(I1laibi]), j=1,...,n—1. Call
=1
D) = o, { OO} . (4.145)
Then
\ES (21, .., 20 (b; — a;)™ / Bm<u) — Bu(tp)|dt; | | -
= 0 bj —a;
(4.146)
Comment 4.62. We observe that (see also [98])
1 a;j+b;\\2
1 (2= (%5 J))
Aj) = Bi(\;) — By(tj)|dt; = = + ~—~———2F7 | 4.147
) /| ) = Baltldty =+ 2 (1147)
where \; = 72=2L j =1,...,n. Notice that
1
ILi(\;) =11(0 L(1) == 4.148
max L) = 10) = (1) = . (1.148)

i.e. when z; = a; or b;.
Thus we have

Corollary 4.63. All here assumed as in Corollary 4.61 when m = 1. Then

1
f(xl,...,m—ni/n 5ty sn)dsy - dsn
[T (b — a;) 7 1L [acbd]

=1
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< DlT(f) <i(bj - aj)). (4.149)

Jj=1

Inequality (4.149) is sharp, that is attained by fi(s1,...,sn) = > (s; — aj) when
=1

n

zj =aj, j=1,...,n, and by fa(s1,...,sn) = > (b; — s;) when x; = bj, j =

j=1
1,...,n.

Proof. i) Case of z; = a;, j = 1,...,n. Then ngi_ =15 =1,...,n, ie.
||%||Oo =1 and D1(f1) = 1. Clearly then we have

1
L.H.S.(4.149) = R.H.S.(4.149) = 2 (bj—aj),

HM:

proving sharpness.
ii) Case of ; = bj, j =1,...,n. Thena—f——l,jzl7 .n, ie. Haf2H
and D1(f2) = 1. Clearly we have

1 n
L.H.S.(4.149) = R.H.S.(4.149) 52

proving again sharpness. O

Comment 4.64. We observe that ([98])

1
8 1
= [ 1B2() - Batty)lit; = 383(0) — ) + 15 =L, (4.150)
0

12’
where
|y — 25|
0j(xj) := ) € [aj,b
i(25) b; — a; z; € [aj, by]
Also from [98] we have that
1
Ogl)\a)éllg(/\ ) =1(0) = Ix(1) = G’ (4.151)

i.e. when z; = a; or b;.
We continue with

Corollary 4.65. All here assumed as in Corollary 4.61 when m = 2. Then

Dsy(f) v
|Ef (21,...,2,)] < TJ‘;(bj —a;)>. (4.152)
Inequality (4.152) is sharp, that is attained by f1(s1,...,8n) := Z( a;j)? when

= 1,....,n and by fo(s1,...,8n) = > i_i(s5 — bj)2 when z; = bj,

xj = =1

, J
1 S M.
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Proof. i) Case of ; =aj, j=1,...,n. Then % = 2(s; — a;) Tho— = 2, and

ox ’896

1% 1. = 2, with Dy(f) = 2. Clearly then we have

1
LH.8.(4.152) = R.H.8.(4.152) = & 2::

proving sharpness.
2
ii) Case of ; = bj, j = 1,...,n. Then o — 2(s; — bj), 9f = 9 and

Oz Bz?
| a2f2 || =2, with Ds(f) = 2. Clearly again we have
1 n
LH.8.(4.152) = RH.8.(4.152) = ¢ > (i —a))?,
j=1
proving again sharpness. U

Comment 4.66. By [10] we have that
max I3()\;) = I (3_\/§> =1 <3+\/§> :‘?{—g, (4.153)

0<A; <1 6

where

1
A ) :/ |B3(/\j)—B3(tj)|dtj, j: 17...,TL. (4154)
0
Consequently we have

Corollary 4.67. All here assumed as in Corollary 4.61 when m = 3. Then

f \/_D3
B (@1, mn)| € S0 ; (4.155)

Comment 4.68. We call

1
= [ 1B = Butty )it (4.156)
where \; := 7 Z] ,7=1,...,n,m € N. In [35] we found that
1
Iy(X;) = 14(0) = I4(1) = —. 4.157
amax 1a(A) = 1a(0) = Ls(1) = <5 (4.157)
So we give

Corollary 4.69. All here supposed as in Corollary 4.61 when m = 4. Then

|Ef(x1, conxn)| < D;;g) Z(bj —a;)*|. (4.158)

j=1
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Inequality (4.158) is sharp, that is attained by fi(s1,...,8,) = > (s; —a;)* when
j=1

n

z; =aj, j=1,...,n and by fao(s1,...,8,) := > (s; — bj)* when x; = b;, j =

j=1
1,...,n.
Proof. Caseofz;=a;, j=1,...,n. Then

f1 9”1 & fi *f

3 2 _ -
8—% =4(s; —aj)°, 83:? =12(sj —a;)", a—x? = 24(sj — a;), Ep! =24,

with || %Zﬂl HOO = 24 and Dy4(f) = 24. Clearly then we have
J

n

1
LHS.(4.158) = RH.8.(4.158) = - > b —a)* |,

j=1

proving sharpness.

ii) Case z; = b;, j =1,...,n. Then

Of2 5 0°fa s Pf 0 fa

o, A(s; — bs)”, 8—333 =12(s; — b;)7, 8—33? = 24(s; — bj), 8—33;* =24,
with Dy(f2) = 24. Clearly again we have

1 [ A
L.H.8.(4.158) = R.H.S.(4.158) = — ;(bj —a)t],

proving again sharpness. O

Comment 4.70. Inequality (4.144) is sharper than (4.77), however the integral
I, (X;) (see (4.156)) in its right hand side, is difficult to compute and find its
maximum value for m > 5. That is why (4.77) is more practical, also less restrictive,
and we used it extensively here in the applications.



Chapter 5

More on Multidimensional Ostrowski
Type Inequalities

Very general multidimensional Ostrowski type inequalities are established, some of
them prove to be sharp. They involve the || - || and | - ||, norms of the engaged
mixed partial of nth order n > 1. In establishing them, other important multivariate
results of Montgomery type identity are developed and presented. This chapter
relies on [23].

5.1 Introduction

In 1938, A. Ostrowski [196] proved the following inequality:

Theorem 5.1. Let f: [a,b] — R be continuous on [a,b] and differentiable on (a,b)
whose deriwative f': (a,b) — R is bounded on (a,b), i.e., ||f'|lcc = sup [f'(¢)] <

te(a,b)
+00. Then -
b et
ﬁ/a fdt = fle)) < %*%l cb=a)|fll,  (5.1)

for all € [a,b]. The constant i is the best possible.

Since then there has been a lot of activity around these inequalities with impor-
tant applications to Numerical Analysis.

This chapter is greatly motivated by the following results:

k
Theorem 5.2 (see [17]). Let f € C! (H[ai,bi]), where a; < b;; a;,b; € R,
i=1
k
i=1,....k, and let 7o := (zo1,-..,Tox) € [[[as,b:] be fized. Then
i=1

b1 b; b
;/ / f(zl,...,zk)dzl"'dzk_f(?o)

ay (€23

<

oo

(et |2

3

81
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Inequality (5.2) is sharp, here the optimal function is

k
f*(Zl,...,Zk) ::Z|Z¢—$Qi|ai, a; > 1.
=1

Clearly inequality (5.2) generalizes inequality (5.1) to multidimension.
We also would like to mention

Theorem 5.3 (see [122]). Let f: [a,b] X [c,d] — R be a continuous mapping on
[a,b] x [e,d], fy, = DL egists on (a,b) x (¢,d) and is in Ly((a,b) x (c,d)), i.e.,

Jxdy
12l o= /b /d & f(@,y)
s,tlip - 0 Je Oxdy

/ab /Cdf(s,t)dsdt

d b
- [(b—co / fatydt + (d— o) / f(s,y)ds — <d—c><b—a>f<x7y>H

p 1/p
d;vdy) < 400, p>1.

Then

< {(w —a) 4 (b— )T ] v [(y — T 4 (d—y)T™

- q+1 q+1
for all (z,y) € [a,b] x [c,d], where % + % =1

In this chapter we develop more Ostrowski type inequalities in the multidimen-
sion, some of them are sharp. Along the way to establishing them we produce
important side related results. Among others, one of the purposes of the chapter is
to generalize Theorem 5.3, as far as possible, over X [a;, b;], n € N, where we have

1/q
} Nl (5:3)

involved W. The main results are Ostrowski type inequalities involving
1 Tn
the norms || - ||oo and || - ||,- Reference [62] provided us with important analytical

tools.

5.2 Auxilliary Results

The following results are also by themselves of interest.
We give

Theorem 5.4. Let f: [a, A] x [b,B] x [¢,C] — R be a continuous mapping on
la, A] x [b, B] % [c,C], and f;", . = %yfaz exists on [a, A] x [b, B] x [¢,C] and is
integrable. Let also (z,y,z) € [a, A] X [b, B] x [¢,C] be fized. We define the kernels
p:[a,A]> - R, q: [b, B> = R, and 6: [¢,C]* — R:

(2,5) = s—a,s € |a,z]
P, 8= s—A, s € (z,A,
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L t_b7t€ [bay]a
and
_fr—crelez],
6(zm) = {T—C',r € (z,C].
Then

A B ,C
613 ::/ /b / p(x,8)q(y, 1)0(z,7) £ . (s,t,7)dsdtdr

= (A= 0B-DC- - S - [B-nE -0 [ o
sa-aC-o [ Y ot 2t + (A—a)(B 1) / Fy. r)dr]

4 [(C—c) /aA /bB F(s,t, 2)dsdt + (B — b) /aA /ccf(&y,r)dsdr
+(A—a) /bB /ccf(x,m)dtdr]

-/ ’ / ’ / * ot r)dsdtdr 0 (5.4)

Proof. Integrating by parts repeatedly we obtain the following eight equalities:

/j /by /:(S —a)(t =b)(r — ) fy (s, t,r)drdtds

= (z—a)ly—b)(z—)f(z,y,2) = (y = b)(z — ¢) /: f(s,y,2)ds
C(w—a)(z— o) /byf(x,m)dt— (@ — a)y —b) /czf(;v,ym)dr
+(z—0) /;/byf(s,uz)dtds—l—(y—b)/;/:f(s,ym)drds
4 (@ —a) /by /:f(m,r)drdt—/j /by/:f(&t,r)drdtds. (5.5)

Similarly, we have

/IA /yB /ZC(S —A)(t = B)(r — O) [, (s, t,7)drdtds

A
— (A=2)(B - y)(C - 2)f(z.y,2) — (B y)( c—z/ £(5,, 2)ds

—(A—2)( —z/ flx,t,2)dt — (A —x)(B — y/ flz,y,r)

—z//fstzdtds+B y//fsy, )drds
(A—a:)/y / f(a:,t,r)drdt—/m /y / F(s.t.r)drdtds.  (5.6)
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Furthermore,
/ / / (s —a)(t —b)( b (s, t,r)drdtds
= (e =)y = H)(C = )f(,,2) - =) [ Fsais
—(x—a) /fa:tzdt (x —a) /fa:yr
//fstzdtds—i— //fsyrdrds
(r—a /b /Z flx, t,r)drdt — /a /b /Z f(s,t,r)drdtds. (5.7)
Also,

/ / / ' (s, t,r)drdtds

(A—2)(B —y)(z — ) f(@,9,2) — (B —)(z — / f(s,9,2)ds

—(A—2)(z— c/ flx,t,2)dt — (A —2x)(B — y/fx,y,r
Yy c

+(z—¢) /: /yB f(s,t,z)dtds + (B —y) /: /: f(s,y,r)drds
+(A—-2x) /yB /: f(z,t,r)drdt — /QEA /yB /: f(s,t,r)drdtds. (5.8)

Next we find,
T B C
// / (s —a)(t — B)(r — C)f (s, t,r)drdtds
= (2~ a)(B—y)(C ~2)f(r.y.2) - /fsyz

+(C-2) /GE/B ;(s,t,z)dtds—F (B —y)/w /Cf(zs,y,r)drds
a Jy a Jz

+(x —a) /B /C f(z, t,r)drdt — /1 /B /C f(s,t,r)drdtds. (5.9)
Yy z a Y z
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Also,

/ // (s, t,r)drdtds

—z)(y—b)(z— ) f(z,y,2) (z — c/ f(s,y,2)d
—(A—2)(z— c/fa:tzdt (A—2) /fxyr

/ / f(s,y,r)drds + (z — ¢) / / f(s,t, z)dtds
x c T b
Yy rz A py pz
+(A—-x) / / flx, t,r)drdt — / / / f (s, t,r)drdtds.
b c T b c

And,

[ /yB /:(S —a)(t = B)(r — o) f5 . (s,t,r)drdtds

= (@ -a)(B-y)(z-)f(x,y,2) = (B-y)(z - ¢ /m f(s,y,2)ds

B z
—(x—a)(z—c)/ f(x,t,z)dt—(x—a)(B—y)/ flx,y,r)dr

+(z—c)/;/Bf(s,t7z)dtd8+(B—y)/aw/:f(&y,r)drds
+(z—a) /B /Zf(a:,t,r)drdt—/w /B /zf(s,t,r)drdtds.

Finally we have,

/ // i (s, t,r)drdtds

= (A—2)(y —b)(C — 2)f(x,y,%) - / F(s,9,2)d

—(A—-2)(C - z/f;vtzdt (A—2) /f;vyr

//fstzdtds—l— //fsyrdrds
+(A—x / / flx, t,r)drdt — / / / f(s, t,r)drdtds.
b z T b z

85

(5.10)

(5.11)

(5.12)
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Adding all the right-hand sides of (5.5) — (5.12), we derive:
A
Big RH.S. = (A—a)(B—-0b)(C —¢)f(x,y,2) — (B —b)(C — c)/ f(s,y,z)ds

B C
—(A—a)(C’—c)/b f(a:,t,z)dt—(A—a)(B—b)/ Fa,y,r)dr

+(C—¢) /aA /bB f(s,t,z)dtds + (B — b) /aA /CC f(s,y,r)dsdr

+(A-a) /bB /Ccf(a:,t,r)dtdr—/aA /bB /Ccf(s,t,r)drdtds.

(5.13)
Adding all the left-hand sides of (5.5) — (5.12), we find
A B (C
Big L.H.S. :/a /b /c p(x,8)q(y, 1)0(z,7) . (s,t,7)drdtds. (5.14)
Clearly we have
Big L.H.S. = Big R.HLS. (5.15)
We have established (5.4). O

In general we state

Theorem 5.5. Let f: x™_, [a;,b;] — R be a continuous mapping on x™_,[a;,b;],
and % exists on xT_,lai,b;] and is integrable. Let also (x1,...,2,) €

x"_[ai, b;] be fived. We define the kernels p;: |a;, b;j]* — R:

i@, s:) = Si — a;, $; € [a, ;]
i\Liyo7) - Si—biasi S (mi;bi],

foralli=1,...,n.
Then

n

01 ::/ le,(%si)wdsl...dsn

><"=1[ai bz] i1 881 e asn
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—~
=3
~

— / flxr,...,s S Tp)ds;

=1 :1
L #Z
G) [ n
+ H (b, — ak) </ / flz1,. .., 85,...,8 -,..,xn)dsidsj>
_l:l ; (/)
— 4 (=t
nibl -
Z bj —aj) / f(s1, . 25,...,8p)dsy -+ -dsj---dsy,
]:1 ><7';-':1 [ai,bi]
i#5
+ (—1)”/ f(s1,...,8n)ds1 - dsp =: 024, (5.16)
><;‘=1[az bi]
The above £ counts all the (i,7)’s,i < jand 4,57 =1,...,n. Also CZS\] means ds;
is missing.
Proof. Similar to Theorem 5.4. O

5.3 Main Results

Here we present the consequences of Section 5.2. We have

Theorem 5.6. Under the notations and assumptions of Theorem 5.4, additionally
we suppose that || ,|lcc < +o0o. Then

H "

el f (o — 4 (A= 2) (=02 + (B )
((z—¢)® + (C —2)%)}, for all (z,y,2) € [a, A] x [b, B] x [¢, C]. (5.17)
Proof. Notice that

A B C
1823 = 1615 < £ 1 (/ |p<x7s>|ds) (/b |q(y7t>|dt> (/ |9(z,r>|dr>.

Also observe that

|02,3] < —2—

A
1
[ e s)ids = 5o = @+ (4 - 2)?),
etc. O
The counterpart of the last theorem is

Theorem 5.7. Under the notations and assumptions of Theorem 5.5, additionally
we suppose that

< +00.

8”f($1, ceey Sn)
(981 c -5Sn

’ oo
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Then
1l [ 2 2
(2,0 < 50— {il:[l[(% — ;)" + (bi — i) ]}7
for all (z1,...,2,) € Xjq[as, bs]. (5.18)
Proof. Asin Theorem 5.6. O

The L,-analogues follow.

Theorem 5.8. Under the notations and assumptions of Theorem 5.4, additionally,
we assume that f, . € Ly([a, A] x [b, B] x [¢,C]), i.e.,

SN

Al =)™ + (A =2)™) - ((y = )" + (B —y)™™)

xya

"
||fs,tr 8x8 a

/p
dxdydz) < 400,

where p > 1. Then

H "
s,t,r

(q +1)3/q
((z =)+ (C— z)qH)]l/q}, for all (z,y,z) € [a, A] x [b, B] x [¢,C],
(5.19)

|02,3] <

where q s such that % + % =1.
Proof. Notice that

|02,5] = 01,3] = p(%S)CI(yth(z,T‘)f”’ (s, t,7)dsdtdr

s,t,r

/ / / o, 8)| [a(y. )] 10z, 7)| 1S (5., )| ddtdr

(by Hoélder’s inequality)

( / / / |[forr(s,t,7) Ipdsdtdr>
' (/A /bB /Cc(lp(a:, s)| la(y,t)] 0(z,r)|)qudtdr>
{(/GA |P(x78)|qu> . (/bB |q(y,t)|th>
: (/C |9(27r)|qdr> }l/q

_ " (IE B a)qul + (A - x)qul
=12l (A

. ((y - b)’qui(lB - y)“l) _ <(z - C)qﬂqi(lc _ Z)q+1) }1/11'

1/p

1/q

= [I£5%
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The corresponding general L,-case follows.

Theorem 5.9. Under the notations and assumptions of Theorem 5.5, additionally
. gwn = LP(X?:l[ai;bi]), i.e.

we assume that 3

" ey Ty
HH < +o0, where p > 1.
1°°" n P
Then
1, &
|02,n] < (qii——l):/q {H[(Cm ai)fﬁ-l + (b; — $i)q+1]} , (5.20)
i=1

for any (z1,...,2y) € xXP_q[a;, b, and q: % + % =1.
Proof. Same as in Theorem 5.8. t

Remark 5.10. Equalities (5.4) and (5.16) can simplify dramatically, if for instance
we suppose in Theorem 5.4 that there exists an (zo, yo, 20) € [a, A] X [b, B] X [¢, C]
such that

f(mOa ) ) = f('ay07 ) = f(a 'aZO) =0.
0

Also in Theorem 5.5 we may assume that there exists an (29,29,...,29) €
x™_;[a;, b;] such that

f(x?,xg,...,xn) = f(acl,xg,xg,...,xn) == f(z1,...,2p_1, n) =0,
for any (x1,...,2n) € X 1[as,b;]. So in these particular cases we derive that
02,3(20, Yo, 20) = / / / f(s,t,r)dsdtdr, (5.21)
and
Opn(20, 20, 20) = (—1)n/ F(s1, - 8n)dsy -~ ds. (5.22)
molai,bi]

Hence in these cases we have

B C
/f(&t,r)dsdtdr, (5.23)

02,3(x0, Yo, 20)| =

and

|02,n(x(1)7x(2)a cee ,33?1)| =

/ f(s1, .., 8,)dsy - -dsy) .
Xn

i=1 [@i,bs]

So according to Theorems 5.6 — 5.9 we get respectively:

|| "
< s,t,7

/ f(s, t,r)dsdtdr

( 2o — a)? + (A = 20)*) - ((yo = b)* + (B = 40)%) - (20 — ¢)* + (C = 20)*) }5
(5.24)
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and

| 681 8sjn) H

27’L

- {H[@? —a)? + (b - a:?ﬁ} . (529)

/ f(sl,---,sn)d51"'d5n S
4 1[a1b]

Also it holds

/aA /B /C f(s7t,r)dsdtdr|

< Lrtele (w0 + (A= )™ (= 57+ (B = ™)
(20 — ) 4 (C — ZO)qH)]l/q}; (5.26)
and
[ s LB
. 1[ . 1y---5Sn 1 n| = (q+1)n/q
. /g
- {H[(x? — @) (b - x?)q“]} . (5.27)
i=1

Finally we present the optimality of inequalities in Theorems 5.6 and 5.7.
Theorem 5.11. Inequalities (5.17) and (5.18) are sharp.

Proof. It is enough to prove that (5.18) is sharp. Here the optimal function will
be

f(s1,-. H |s; — 29]%(b; — ay), oa>1, (5.28)
where (29, 29,...,22) is fixed in x?_, [a;, b;]. Notice here that
f (s, .. ,x?, coy8n) =0, forallj=1,...,n, and any (s1,...,8,) € xX1_q[a;, b;].

Therefore by Remark 5.10, inequality (5.18) collapses to inequality (5.25). We see
that

O"f*(s1,--58n) - o - __ .Oja—1_: .0
dsy---0s, @ <I I (bi a%)) <i|_|1 |s; — 7 | sign(s; —x7) |, (5.29)
and

O™ f*(s1,.-+,8n)
0s1---0sp,

=a"- (H(bz - ai)) : (H |si — x? al) . (5.30)
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= an (H(bz — CLJ)

. <ﬁ(max(bi — a2 — ai))o‘1> . (5.31)

i=1
First we calculate the left-hand side of corresponding inequality (5.25). We have

/ f (s1,.-.,8n)ds1 -+ -dsp
X alb]

/ (ﬁ bi—ai)> . <ﬁ|sz—x?|°‘> dsy---ds,
toqlaabi] \; i

=1 =1

b; — a; sl—xoa ds
i:l( )> / i laisbi (H| | ) :
n b;

) . (H </ |SZ —x?|ad$i>>

n N - n (x? — ai)a+1 + (bz _ x?)a-H
e a) ([[< . ))

Consequently we find that

A" f*(81,-+-,8n)
581 5Sn

’ oo

.{H((x? —a;)* + (b —x?)Q)}. (5.33)

[[(i—ai) /a
lim L.H.S.(5.25) = = TR <H((x —a;)* + (bi — xl)2)> ,
and -
H (bi — a;) n
lim R.H.S.(5.25) = :127 : <H((x? — ;) + (b — w?)2)> :
That is, -

lim1 L.H.S.(5.25) = lim1 R.H.S.(5.25), (5.34)
hence proving the sharpness of (5.18). d
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Remark 5.12. Another interesting case for (5.4) and (5.16) is to suppose that for
specific (z,y, z) ((z1,-..,2n), respectively) all the marginal integrals of f are equal
to zero. Then we find

A B C
brs = (A—a)(B—b)(C — ) - f(z,y,2) —/ / / (5,4, r)dsdtdr,  (5.35)
and

92771 = <H(bl — CLZ‘)) . f((El, N ,xn) + (—].)n/ o] f(Sl, ey sn)dsl cee dSn.

i=1
(5.36)
Hence inequalities (5.17), (5.18), (5.19), and (5.20) become again much simpler.



Chapter 6

Ostrowski Inequalities on Euclidean
Domains

The classical Ostrowski inequality for functions on intervals is extended to functions
on general domains in Euclidean space. For radial functions on balls the inequality
is sharp. This treatment relies on [56].

6.1 Introduction

The classical Ostrowski inequality (of 1938) [196] is

G
i [ sy ) < ( = )(b—a>||f|oo,

for f € C'([a,b]), = € [a,b],
and it is a sharp inequality. This was extended from intervals to rectangles in RY,
N > 1, see [21], p. 507. For other recent results related to Ostrowski’s inequality,
see [110], [126] and [199], [214], [231].
The extension to general domains in RY is presented here. We deduce Ostrowski
type inequalities on general bounded domains in RY, and the inequalities are shown
to be sharp on balls.

6.2 Main Results

Let N > 1, B(0,R) := {z € RY: |z| < R} be the ball in RY centered at the origin
and of radius R > 0. Let SV~!:= {z € RY: |z| = 1} be the unit sphere in RY.

Let dw be the element of surface measure on SV~1 and let wy = fsN—l dw =
o2 N/2
r(5)
Note that fB 0.R) dy = “’NR is the Lebesgue measure of the ball.
For feC ( (0, let

][ fy)dy == m/B(QR)f(y)d%

For z € RNV —{0} we can write x = rw, where r = [z| > Oandw = £ € SV~1.

93
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and

][ flrw)dw = =S flrw)dw

WN JgN-1

be the averages of f over the ball and the sphere, respectively. Here f can be real
or complex valued.
Let

be the average of f(x) as x ranges over {y € RV : |y| = r}. Then

N(f) = swp_[f(z) = F() = IIf = fll (6.1)

z€B(0,R)

measures how far f is from being a radial function. More precisely, A is a seminorm
on C(B(0,R)), and N(f) = 0 if and only if f is a radial function, i.e. f(z) = g(r)
for some function g € C([0, R]).

We view how close f is to being radial by measuring N'(f); the closer f is to
being radial, the smaller A/(f) is and conversely.

Let  be a domain in R and let

Lip(Q) = {f € C(Q): |f(2) - f(y)| < K|z —y|
for some K > 0 and all z,y € Q}. (6.2)

The Lipschitz constant of f € Lip(Q) is
”f”Lip =inf{K: K as in (6.2)}.
Then X := Lip(f2) is a Banach space with norm

=Moo + 1A ILip = [1fl1x-

Equivalently, X is the Sobolev space W1>°(Q) (cf. [139]).
We present

Theorem 6.1. Let f € Lip(B(0, R)) = W'>°(B(0, R)). Then for x = rw as above
N 2z M N(_R |z|
10— [ S| <N+ RVl [ (e - ).
B(0,R)

(6.3)
The constants in (6.83) are best possible, equality can be attained for nontrivial radial
functions at any r € [0, R].
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Proof. Let f € Lip(B(0, R)). Then

)=ty

B(0,R)
f N & N-1
< _ !/ I / — 12
< [f(z) = f(r)] + SN][_lf(rw )dw N BN /stl/o f(sw")s™ ~tdsdw
N R
SN+ fo| [ e s s Y as)
gN-1 0
< |s — r|sN " Ldsdw’
L>((0,R))
N /R N-1
<N — |s —r|s™ 'ds
H@r L>°(B(0,R)) RN < 0
N

H or
Then (6.3) follows since

2N+1
N[Ti RN(L_L)]_ (6.4)
Leso.ry BY IN(N +1) N+1 N

s
1% <ror

In particular, a stronger form of (6.3) actually holds in all cases, replacing ||V f|] oo
by || 8f || Let r € [0, R] and g*(z) = |z — r|. We can view g* as a radial function

on B(0, R).
Then
sign(z—r), z#r, 0<r<R
g'(z) =<1, r=0
-1 r=R.
Thus ||g*||cc = 1. Therefore
N (B N (B
L.H.S.(6.3) = |g%(z) — 7Y, g*(s)sN " lds| = ||z — 7| — N |s —r|sV " 1ds
N 2pN+1
RN |N(N +1) N+1 N
Also

N 2rV+1 R r
HS.(63) = — |— 4 mN( 2 )],
RHS8.(68) = 7y {N(N—H)JFR (N+1 N)]

Hence equality holds in (6.3) at z = r.

Note that the function g*(z) = |z —r|, is in C*([0, R]) only for r = 0 and r = R;
for 0 < r < R, g* € Lip([0, R]) — C*(]0, R]). Of course for 0 < r < R, g* can be
approximated by C! functions, namely g,,(z) = |z — r|** 5. O
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Remark 6.2. A key step in the proof is the fact that we can evaluate exactly
R
Q(r) = / |s — r|p(s)ds
0

for 0 < r < R, where p is a nonnegative continuous function satisfying fOR p(s)ds =

1. In the Ostrowski case (N = 1), p(s) = +; in our N-dimensional case, p(s) =
NSN71
RN

This works for many other cases including linear combinations of p(s) =

m

Z ;8% , where a; > 0, g; > 0 (not necessarily an integer) and

R%t1

Zaa =1,

my
p(s) = Y a;eM®, where a; >0, \; € R — {0},

j=1
s eNB
Z%‘ <T) =1,

j=1
p(s) = sums of the form
a;sin(bjs + ¢;) + dj cos(ejs + f;),

where the coefficients are such that p(s) > 0 and fORp(s)ds =1.

The space Lip(€2) N Co(£2) consists of all Lipschitz continuous functions on Q
vanishing on the boundary 92 of Q). Note that

Lip(Q) N Co(Q) = {f e W">*(Q)NC(Q): f=0o0n 00}
(cf. [139]).

Next comes a more general result when we consider functions over general do-
mains.

Theorem 6.3. Let f € Lip(Q) N Co(Q), where Q is a bounded domain in RY.
Eztend f by zero to F' on B(0,R), the smallest ball centered at the origin and
containing Q. Then for all x € €,

- Z)[f(y)dy < N(F) + (1 VOI ’ Frway

N 20|+ N(_R |z|
+ﬁ||vf||mo(ﬂ) [N(N+1)+R il IR (6.5)

Proof. Let R:=inf{Ry >0:Q C B(0,Rp)}. Then

| f(x), z €Q,
Fla) = {o, x € B(0,R) - Q,
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satisfies
F € Lip(B(0,R)) N Cy(B(0, R)).
Then for x € )

—][f(y)dy'<‘F(:v)— f o dyM | rw ][f( )dy‘
!

B(0,R) B(0,R)

= jl +J27

where

and

1
Iz '_‘<V01(B(07R Vol >/f dy‘
By Theorem 6.1,

N+1
Ty < N(F) + 2 [Vl [% e (-],

N(N +1 N+1 N
and
Vol
=1[1-
T2 [ Vol(B(0, B)) R ][ fly
This completes the proof of Theorem 6.3. (]

Remark 6.4. Note that N (F) appears in (6.5). In this context, N(f) does not
make sense. Also, N'(F') need not be small (of course, it is small if f is approximately
spherically symmetric).

Here is a simple example to illustrate that A'(F) can be large. Let z¢ € Q and
choose ¢ > 0, small enough so that B(zg,e) C Q. Let f € C*(Q) with f have
support in B(zg,e) and satisfy f(y) = g(p) where p = |y — x|, for 0 < p < e.
Assume further that g is nonincreasing and g(0) = f(xg) = M > 0. Fix M, then

0<f(I0)—][f(y)dy—>M=||f||oo ase — 04 .
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Chapter 7

High Order Ostrowski Inequalities on
Euclidean Domains

The original Ostrowski inequality for functions on intervals estimates the value of
the function minus its average in terms of the maximum of its first derivative.
This result is extended to functions on general domains using the L° norm of its
nth partial derivatives. For radial functions on balls the inequality is sharp. This
chapter relies on [57].

7.1 Introduction

The classical Ostrowski inequality (of 1938) [196] is

(m_aTb)Q _ /
sy )< (3+ E2 ) ool )

for f € C'([a,b]), * € [a,b], and it is a sharp inequality. Further related work
was done in [16]. Inequality (7.1) was extended from intervals to rectangles in RY,
N > 1, see [21], p. 507. The extension to general domains in RY was done [56].

The resulting inequality was sharp, and equality was shown to hold for certain
radial functions on balls. The right hand side included the factor ||V f|ec. The
extension of (7.1) to high order derivative bounds on an interval was obtained in
[21], p. 502.

The purpose here is to extend the results of [56] and [21], p. 502, to the higher

order case when ||V f||~ is replaced by |m‘ax [ID* floo for W™ functions on balls
x|=n
and more general domains. The obtained inequalities are sharp on balls.

7.2 Main Results

Let N > 1, B(0,R) := {z € RY: |z| < R} be the ball in RY centered at the origin
and of radius R > 0. Let S¥~1 := {x € RY: |z| = 1} be the unit sphere in RY.
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Let dw be the element of surface measure on SV 1 and let

o N/2
wN:/SN_ldw:W.
For z € RY — {0} we can write # = rw, where r = [z] > 0 and w = £ € SN~1,
Note that [, g
For f € C(B(0,R)) let

1
][ f(y)dy = W ~/B(07R) f(y)dy,

B(0,R)

dy = “N]\IZ{N is the Lebesgue measure of the ball.

and
1
][ flrw)dw = — flrw)dw
WN JgN-1
be the averages of f over the ball and the sphere, respectively. Here f can be real
or complex valued.
Let

fo) = f st
.

be the average of f(x) as x ranges over {y € RV : |y| = r}. Therefore

N(f) = swp_[f(z) = F() = IIf = fll (7.2)

z€B(0,R)

measures how far f is from being a radial function. More precisely, A is a seminorm
on C(B(0,R)), and N(f) = 0 if and only if f is a radial function, i.e. f(z) = g(r)
for some function g € C([0, R]). We view how close f is to being radial by measuring
N(f); the closer f is to being radial, the smaller A/(f) is and conversely.

Let  be a domain in R and let

Lip(Q) = {f € C(Q): |f(z) - f(y)| < K|z —y|
for some K >0 and all z,y € Q}. (7.3)
The Lipschitz constant of f € Lip(Q) is
| fllLip = inf{K: K as in (7.3)}. (7.4)
Let n € Zy ={0,1,2,...}. Define the Sobolev space W™ () in the usual way:
W™>(Q) := {u: Q — C: the distributional derivative D*u exists
and is in L>(Q) for 0 < |a| < n}
= {ue C" " (Q): D*u € Lip(Q?) for |a| =n}. (7.5)
This is a Banach space with norm

lul| ;== max [[D%| =), (7.6)

0<|al<n
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(see [139]). Clearly W™>(Q) D C™(Q).
The first main result is the following.

Theorem 7.1. Let f € W™>(B(0,R)). Then for x = rw as above

][f

B(0,R)
1 Ok f(rw)
= .

(z <fn><—1>mrm<%>>\

L e

orr ||L°Q(B 0,R)) - n m,.m RNHn—m
n! Z(m)(_l) " Nitn-m

m=0

o> (1) (—1)’”%) } &

m=0

where n € N, 8, =0 or 2, according as n is even or odd.
The constants in (7.7) are best possible, equality can be attained for nontrivial
radial functions at any r € [0, R]. We remark that

|

orn
and the larger bound ||D”f||oO replacing || arf H gives perhaps a simpler version of
the inequality (7.7).

Proof. Let f € W™>(B(0,R)). Hence

1D e 1= max |0 e

@~ [t <15@ - Fol+| f s
B(0,R) SN-1
N R ! — !
_ w—NRN /51\171/0 f(sw )SN Ldsdw (7.8)
R
< WO+ | f [ 170 = s tas | = w0+ 09
SN—l
(7.9)
We see by Taylor’s formula that
n—1 o /
Fls) = Flo) = 3 EIPE) (s R (o), (7.10)

k=1
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e () 0 ) (s -0
O f(tw " f(pw s—t)"~
n— ’ = - ) A1
Raap) = [ (S - S5 ) e
for fixed w’ € SV~ and all s,p € (0 R]. As in p. 500 of [21] we derive
f
R 1 (. >|<%|s o, Vs.p €0, R] (7.12)

Consequently it holds

N ][ U)R[i %(s—rm}znfl(n 3)] leds] du’

() = 2§
- k
<ae\[S f [] S orea]us
+ ][/0 |Rn_1(7',s)|sN_1dsdw’} (7.14)
gN-1
HEa) 2 [

|| arn HLoo (B(0,R)) " n N—1 _.
— ; |s —r|"s ds p =: A. (7.15)
O

(7.13)

To evaluate the integrals in (7.15) we use an elementary calculation as follows.

Lemma 7.2. (i)

R N1 . k k RN+k7m

R N1 n n RN+7L—m
- _ TLd — _1 m,.m
/0 sV s —r"ds mz_0<m)( )" Nin_m

N4+n

3 () o

m=0
where n € N, 8, =0 or 2, according as n is even or odd.

Proof. (i) We see that
R
/ sN7L(s —r)*ds
0

Il
c\
=

®

b4

L
/N
HMk
ey
3 =
~

=

3

ol

3

<

3
~—

jsW

)

k k R
= Z ( >(_1)mrm/ N+k—m Lds
m=0 m 0
k
k m RN+k m
B (m>(_1) N+k—-m (7.18)
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(i) Using (i) twice,

Part (ii) now follows.
Continuing the calculation in (7.15)
A= ﬁ{ ni l( Lf(m/)dw)
RN = k! o ork
kork N+k—m
(e (=)

||%HLM(B(0 R)) " n "o RN+TL7m
T S ()

Ay (Z)(—l)m%» (7.20)

m=0

by Lemma 7.2. Hence proving (7.7).

Let n be even. Let f be a radial function so that f(x) = g(r). Then equality
in (7.7) is attained by g(r) = (r — z)™ for any fixed z satisfying 0 < z < R. We
observe that ¢ (2) =0, 5 =0,1,...,n — 1 and g™ (2) = n!, |9 ||ec = n!.

We look at inequality (7.7) evaluating the function at z:

N R
LHS.(7.7) = —N/ (s — 2)"s™N " lds
RY Jo
716) N ~= (1 RNAn—m
= —= -y — 21
N [ (r.21)

- N <zn: <Z)(—1)mz’”%> . (7.22)

m=0
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Because N (f) = 0 and 3,, = 0 the right hand side of (7.7) collapses to

n n N+4+n—m
R.H.S.(7.7) = % (Z (m>(—1)mzmﬁﬂ>

m=0

- N <mi_0 <:l) (—1)%”1%) . (7.23)

That is equality holds in (7.7). Note that ¢ € C" (B(O,R)) if z >0, but g €

Wm™*(B(0,R)) — C"(B(0,R)) if z = 0.
The optimal function in the case of n odd is

g(r):=|z—r|", 0<r<R, zisfixed in [0, R]. (7.24)
Direct calculations show, for n odd,
g®(r)=nn-1)(n—k+1)r— 2" Fa(r), (7.25)
where
ap(r) =1 if k is even, (7.26)

ap(r) =sign(r —z) if k is odd and r # z.
It follows that
g € C*(0, R = {z}) n C" ([0, R])

and ¢(™ € L*((0,R)) with a jump discontinuity at r = z, whence g €

W™ ((0,R)). It follows that f € W™*(B(0,R)). Moreover, gt*)(z) = 0, for

k=0,1,...,n—1and [¢¥)(z+¢)| = n! ase — 0 (with € # 0). Thus ||g(™| e = n!.
The left-hand side of (7.7) is

N (R
LHS.(7.7) = —N/ |z — s|"s™V " lds
RY Jo
711) N [~ (n o RN
RN (Z (m>( e N+n—m

_9 Xn: (;>(—1)m%> . (7.27)

Since N(f) = 0 and n is odd, using the calculation on g given above leads to the
conclusion that

N |nl [~ [(n o RNFEm

m=0
- 2mi_0 <::L) (—1)’”%) } (7.28)

Hence equality holds in (7.7). This completes the proof of the sharpness of inequality
(7.7). The proof of the theorem is now complete. O
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Note that the extremal functions which give equality in (7.7) in the case of n
odd are not in C"(B(0, R)). To find a sequence {f,},en of approximate extremal
functions in C™(B(0, R)), simply take f,(z) = g, (r), where

l,rzz—r"Jr%, veN. 7.29
gu(r) = | |

Next we treat the case of r = R.

Theorem 7.3. Let f € W™*(B(0, R)) such that g +, k=1,...,n—1 vanish on
OB(0,R). Then for all w € SN=1,
il
r 1L (B(0,R))
+ . 7.30
][ fy N (N+1)---(N+n) (7.30)

B(0,R)

The constants in (7.30) are best possible, equality can be attained for nontrivial
radial functions.

Proof. Here from (7.7) we obtain

f(Rw) — ][ F)dy| < M)

B(0,R)
NR"||0"f nm () (=™
e e D D
: Le(B(0,R)) m=0
since 1 — 3, = (—=1)™.
Next,
Z (n> (_1)th+nfmfl — thl(t _ ]_)n7 (732)
m=0 m
by the Binomial Theorem.
Integrate (7.32) over ¢ € [0, 1], the result is
— (n (=™ ! N-1
— = (-1)" 1—t)"¢ dt 7.
> (M) g = [ (7.39)

m=0

= (-1)"B(n+1,N)

LN —1)!
BT (734
By (7.34) we derive
n|| 9" f
(N —1)! R || orm HLoo(B(o R))
x) = NR" = —= 7.35
) ey NV +n)t (N +1)-- (N +mn) 739

that is proving (7.30
The function f(x) = g(r) = (R —r)™ gives equality in (7.30), whether n is even
or odd. 0

oy
or
)-
) =
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7.3 Functions on General Domains

The next result gives high order Ostrowski type inequalities functions on general
bounded domains in R¥.

Theorem 7.4. Let f € W™>(Q)NCY1(Q), where Q is a bounded domain in RN
and C7 Q) = {u € C" 1(Q): D% =0 on dQ for|a| <n—1}. Extend f by zero
to F on B(0,R), the smallest ball centered at the origin and containing 2. Then
F e W™>(B(0,R)), and for all x = rw € Q,

@) frman) <)+ (1= ) ' / f(y)dy'
Q Q

N [[&1 FFrw) N\ (= [k o RNt
+ﬁ{kz—1@<][ ork dw><mzo<m)(_l) " <N—|—k—m>>‘
- gnt -
D" fllz=@ [ ~~ (7 S
+ n! <mz_:0 (m>(_1) ""Ntn-m
n N4+n
m=0

where n € N, B, =0 or 2, according as n is even or odd. Here

D™ fllLoe (o) = max 1D fll Lo (c2)- (7.37)

Proof. Let R:=inf{Ry>0: Q C B(0,Rp)}. Then

[ fx), = €N
F(z):= {0’ v e BOR) - O, (7.38)

satisfies
F e W™>=(B(0,R)) N Cy(B(0, R)).
Then for x € Q)

+ ][ F(y)dy — ][f(y)dy =N+ T2, (7.39)

where

T = |Fla) - ][ F(y)dy (7.40)
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and

Ja ::K\/ol(Bl(O,R Vol )/f dy‘

— {1 Volvc’l ] ][ fly (7.41)

Theorem 7.1 applies and we may replace H o || by its majorant

D" fll Lo (0)-
The theorem then follows. U

L>=(B(0,R))
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Chapter 8

Ostrowski Inequalities on Spherical Shells

Here are presented Ostrowski type inequalities over spherical shells. These regard
sharp or close to sharp estimates to the difference of the average of a multivariate
function from its value at a point. This chapter relies on [47].

8.1 Introduction

The famous Ostrowski’s inequality (1938), see [196], is

MCE
/f )y — f(z)| < ( o )(b—a)nf’uoo,

for f € C*([a,b]),x € [a,b], and it is a sharp inequality.

This was generalized from intervals to boxes in RN, N > 1, see [17], [21],
p- 507. Here we establish Ostrowski type inequalities over spherical shells.

We present first the sharp results for the radial functions, then we move to the
non-radial case. We use the polar method.

The estimates in both cases involve radial derivatives of arbitrary order of the
engaged function.

At the end we give the connection of radial derivative to the ordinary partial
derivative of the function.

8.2 Main Results

We make

Remark 8.1. Let A be a spherical shell C RN, N > 1,i.e.A := B(0,Ry) —
B(07R1),0 < R < Rs.
Here the ball B(0,R) := {z € R : |z| < R}, R > 0, where | - | is the Euclidean

norm , also S¥=1 := {z € RN : |z| = 1} is the unit sphere in RV with surface
area wy = FQ(’TTN//;) For z € RY — {0} one can write uniquely = rw, where

r>0we SN

109
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Let f € C'(A). We suppose first that f is radial i.e f(x) = g(r), where r =
|z|, R1 <r < Ry. Clearly here g € C([R1, Ra)).

In general it holds H%HOO < |1V fllso » with equality in the radial case.

_ T

For F € C(A) we have

/AF(;U)d:U = /SN—l (/}:2 F(rw)erdr> dw.

We notice that

N Ra
RN _ RN ~/R SN_ldS = ]-a (81)
2 1 1
and
N _ pN
Vol(A) = % (8.2)
Let € A. Then by using the polar method we derive
vy At [ N (e S s dol
Xr)— —m————| = xr) — ]
Vol(A) wy(RY — RY)
( N [gn-a ( ;;12 g(s)stlds) dw s
= T _— .
! wn (Ry = RYY)
N B>
= ot~ (s ) [ ot s 5)
Rév - R{V Ry
N /R2 N-1 /R2 N-1
=\ oy o~ g(r)s™ ~ds — g(s)s™ ~'ds
<R§—R{V)<Rl ) 90
N Rz )
(RN _RN> /R (9(r) —g(s)) s ds (8.6)
2 1 1
N B> B
= <RN _RN) /R lg(r) — g(s)| s" 1ds <
2 1 1
N Ra B
(W) IIQ’HOO/R [r—s| s ds (8.7)
2 1 N
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N+1 N+1 o N+1
. <R1 + RN —9p )1 59)

N+1
So we have established the first main result.

Theorem 8.2. Let f € C1(A) be radial, i.e. f(z)=g(r), Ri <r < Ry, v € A.

Then
o B 208 - oo~ () f, oo
(i (20
2 — iy
. <R{V“ i %N_:ll_ 2TN+1> (5.10)
< (oo (2=t 22
+ (R{VH +R]évrl_ 2|$|N+1>1 . (8.11)

Optimality comes next

Theorem 8.3. Inequality (8.10) is sharp. More precisely
(i) it is asymptotically attained by g*(z) == |z—7r|* 1 < a <k, when 0 <71 < R.
(i1) It is attained by g*(z) = (# — R1), when r = R;.
(ii1) It is attained by g*(z) = (# — R2), when r = Rs.

Proof. (i) We observe that

/
*

g (2) = alz — r|*sign(z — )
and

97 loe = a(maz{Ry —r, 7 — Ri})* ",
along with ¢g*(r) = 0.

We see that
N Rz
L.H.5(8.10) = <7) / |s —r|* sV 1ds
Rév - R{v Ry

a—s N fiz
St 5% / |s — 7| sV tds
R2 - Rl Ry
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([ N
- \RY - RY

We also have

N N +1

_N
RY —RY

2rV — (RY + RY) N RN*L L RNVFL _9pN+1 o1
" N N+1

N (2N (R RYN R 4 R — opN
RY — RY N N+1 '

That is
lim1 L.H.5(8.10) = lim1 R.H.S5(8.10),

R.H.S(8.10) = ( ) almaz{Ry —r, 1 — By })*~!

proving sharpness for the case.
(ii) We have ¢g*(R;) =0 and ||g* [|ec = 1.
Thus

L.H.S(8.10) = <RN RN) (s — Ry)s™'ds

N Ré\“rl RN+1
() () - m (55

proving the attainability for the case.
(iii) We have g*(Rg) = 0, and ||g*||c0 =

Hence
N fiz N—-1
N RY — RN RY+L — pN+1
() o (B2 (5282 s

proving attainability of last case.

) <2TN - (R{V+R§V)) N (R{V“ + R —2rN+1>1 |

= R.H.S (8.10),

(8.12)

(8.13)

(8.14)

(8.15)

O

We would line to rewrite Theorem 8.3 for the equivalent inequality (8.10) in terms

of f. We have

Theorem 8.4. Let v € A. Inequality (8.10) is sharp as follows:
(i) Let 0 < |z| < R, then it is asymptotically attained by

Fr(w) =] ful — Jo] %, 1< a < k.
(it) Let |x| = Ry, then it is asymptotically attained by
fr(w) = |w| =
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(i) Let |x| = R, then it is asymptotically attained by
fH(w) = |w| = Ra.

We continue from Remark 8.1 into

Remark 8.5. Now f € C"(A), n € N, again radial such that f(z) = g(r), where
r=|z|,z€ A, Ry <r < Ry . Hence g € C"([R1, R2)).
Using the polar method we get again

Ju T )dy N fiz N_1
E = — = - . 1
1@ -t = (g ) |, 60) - o(eps* a5 @16)
Let s,7 € [R1, Rg], then by Taylor’s formula we obtain
n—1 (k)
g T
o(5)~ 9) = 3 I s 0 4 Ry (), (8.17)
k=1
where
R i1(r,s) = /S (g(n—l)(t) _ g(n—l)(r)) wdt (8.18)
N A m—2) '
As in [21], p. 500, we find
Hg(n)”oo,[Rth] "
|Rn—1(ra S)| S TLS - 7"| ) (819)
Vs,re [Rl,Rg].
Therefore
N Ba (2 g®)(r) k N-1
E = <m) /R1 (k_l o (s—=7r)"+ Rp_1(r,s) | s "ds (8.20)

n—1
RG]

Ro
o / sN7L(s —r)*ds

Ry

(N
= \RY _RV

R>
—|—/ SN_1|Rn_1(’I", S)|d8‘|

k=1 Ry

[n—1
(N 8
= \RY - RV k!

N+k—-m _ pN+k—m (n) R
<R2 R} ) g ||oo/ 5N1|s—r|”d$]. (8.21)

N+k—m

But one finds that
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n n rm+N Rm+N RNJrn*m _ pN+n—m
_ Z < ) (_1)771 p—m 1 +rm 2 )
o \m m+ N N+n—m

" (8.22)

Putting all the above together we have derived

Theorem 8.6. Let f € C"(A),n € N, be radial, i.e. f(z) = g(r),R; <71 <

Ry, x € A.
Then

- Z |g(k) (_1)m7,m Rév+k_m _ R{V-l-k—m
Rév ml(k —m)! N+k—m
e

n (=1)™ o (PN - RN
mln;)m!(n—m)! [r < m—|—N1 )

RN+TL*TTL _ TN+7L—m
2
+r™ <

N+n—m
_( N ) n 1
RY — RY k=1

. i (_1)m |x|n—m |x|m+N — RinJrN
o A m!(n —m)! m+ N

m=0

Ré\“rnfm _ |x|N+n—m
m . 8.24
+ lal ( — (3:24)
We give

Corollary 8.7. Let f € C’”([l) n € N, be radial i.e. f(x) = f(r), Ri <r <
g9 (r

Ry, x € A. Suppose al(ﬁo) 0)=0,i=1,...,n—1, for ro € [R1, Ra|, xo =

row € A, we SN,
Then
d N Ra
s =Sty | =|peo = () oo

N9
-~ RY - RY

1 (8.23)

ak
ark

m|m|m Ré\f—&-k—m _ R{V+k—m
m' N+k—m

of
orm

i

n (_1)m
7nz::O ml(n —m)!
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m+N m—+N N4+n—m N4+n—m
n-m [ 70 — Rl m 2 —To
lro <—m+N )m ( o )H (5.25)
_ N5 oo, Z (="
RY — RYN = ml(n —m)!

ol RPN RN g
[|x0| ( m+N1 + |zo| 2 R g— . (8.26)

We also have the extreme cases.

Corollary 8.8. Let f € C"(A), n € N, be radial ; f(x) = g(r), r € [R1, Ra], x €

A,z = rw. Suppose that aygr(f), i =1,...,n—1, are zero on dB(0, Ry), i.e.

g (R))=0,i=1,...,n—1. Then for = € dB(0,R;) we have

fA f(y)dy . N /R2 N1
‘f O Naay | T T m =Ry, T
N n (_1)m RN+n7m _ RNJrnfm
< | — (n) _ ) pm 2 1 .
_<R§V—R{V>”g [l o Lz_:om!(n_m)!Rl < fg—— (8.27)
= L ﬂ i (_1)m R™ Rév+n7m —_ R{V+n7m
Rév o R{V 87"" OO,A m=0 m'(n - m)' ! N +n—-—-m

(8.28)
Another extreme case follows.

Corollary 8.9. Let f € C™(A), n € N, be radial; f(x) = g(r), r € [R1, Ra], x €

barA;x = rw. Assume that agr(f),i =1,....,n—1, are zero on 0B(0, R2), i.c.,
g (Ry)=0,i=1,...,n—1. Then for x € dB(0, Ry) we have
fA f(y)dy N /R2 N—1
_——— = - d
)~ B o)~ g [ ot

N ~ (=™ .. Ry RV
<(—2 Y g™ _ED7 ppem (2T 9
= <R§V —R{V> g™ lz i —m) 2 < m+ N (8:29)

m=0
_ N 8nf - (_l)m n—m RglJrN — R71n+N
- <R§V—R{v) ’ o' |l o 4 an_o m!(n—m)!R2 < m+ N - (8:30)

Optimality follows.

Proposition 8.10. Inequality (8.25) is sharp, namely it is attained by
g W) :=w—r0)", vy, 70€[R1,Re], when n is even.
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Proof. Notice

7 (ro)=0, j=0,1,..., n—1 and |g
We observe
N
L.HS(825) = [ =
529~ (77 7y
N ° n
— _1 m, . m
() |35, () o

Next we see that

RHS@Q@:(
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N

That is proving the claim.

RN —R

s

%(1) ||Oo —nl

(s —ro)"sN " 1ds

Ré\“rnfm _ R{V+nfm
N+n—-m '

r)

m

5 ()

N4+n—m N+n
—rg
N+n—m

T67,+N _ Tg,—mR?l’n+N N ’f’glRQ
m+ N

m pN+n—m
o' Ry

|

n—m pm+N
rg Ry

N +

1

n—m m+ N

(n)omp!

=LHS

1
N—|—m_N+n—m}}

{Z ()

m pN+n—m
m’0 2
N+n—m

m-+ N

n—m pm—+N

(s ()
)

R{\“rnfm
n—m

O N+

m pN+n—m
ro' Ry
N+n—m

N4+n—m N4+n—m
R2 — Rl )

(8.25).

N+n—m

}

(8.31)

(8.32)

(8.33)

(8.34)

(8.35)

(8.36)
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The other optimal case follows.

Proposition 8.11. Inequality (8.25) is sharp, namely it is asymptotically attained
by g*(y) = |y —ro|® 1T, 'y, 1o € [R1,Ra], 1< a < T, in the case of n is
odd.
Proof. It holds g*(k) (ro)=0, k=0,1,...,n—1.
Also we have
() a1
g (y)=m—1+a)(n—2+a) - (a+1aly —ro* " sign(y — o).
That is

n

o) , o
g (y)’= [T =i+a) | ly—rol*",

j=1
and
‘ g = H(n —j+a) | (maz{Ry —ro,ro — R1 ). (8.37)
Consequently,
N fiz n—l4+a N-1,_ a—l1
L.H.5(8.25) = R —RY . |s — 7ol sV s —
N ) / fie N-1
— |s —ro|™s™ " ds (8.38)
<Rév - R{v Ry
N n n T7n+N _ Rm+N
_ —1)™ n—m 0 1 8.39
({5 (e i (F55) oo
R§V+nfm _ 7,67)V+n7m
o =: U 8.40
+79 ( Nin_m M (8.40)
Next we derive
N (H;l:l(n —j+ a)) (maz{Ry —ro,r0 — R1})* "
R.H.5(8.25) = ( - N) '
R2 - Rl n.

i n (_l)m p—m T(SnJrN B RinJrN + rm Rév+n7m - ,r,é\”rn*m
o \m 0 m+ N 0 N+n—m
(8.41)

= (| S (e

m—+N _ m-+N N4+n—m _ N4+n—m
Tg—m "o Rl + 7,6'1 R2 "o = . (842)
m+ N N+n—m

That is, L.H.S (8.25), R.H.S5(8.25) — pu, proving asymptotic attainability and
sharpness of (8.25). O
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Optimality of external inequality (8.25) follows.

Proposition 8.12. FEuzternal inequality (8.25) is asymptotically attained, that is
sharp as follows:

(i) when n is even, then optimal function is f*(w) = (Jw| — |zo|)",w € A.

(ii) when n is odd, then optional function is f*(w) :=| |w| — |xe| [P~ 1 <
a<T, we A.

Similarly we obtain

Proposition 8.13. Inequalities (8.23), (8.27) and (8.29) are asymptotically at-

tained, therefore sharp, as inequality (8.25).
A simple but general result follows.

Theorem 8.14. Let ) # R be a convex bounded region of RV, N > 1. Let f €
CY(R). Then

Jr fw)d ‘< 1971

‘f(x) — Vol(R) Vol(R / |z — y|dy,z € R. (8.43)

Proof. We observe that

‘f @)—f@fz((yfzﬂ Vol ‘f JVol(R /f dy‘
Vol ' / dy' (8.44)

< T [ @) = Sy

= (z belongs to the line segment from z toy)

1
—_— (x — 4
i /R VF(2) - (x— y)ldy (8.45)
Vf 0o
< pari LIV sy < PO [ yian. (s.a0)
Specializing on the shell and sphere we have O

Proposition 8.15. Let f € C'(A), or f € CY(B(0,R)), R > 0. Then
(1)

‘f(ﬂc) o RN RN / F(y)dy

. N
- 27TN/2(RN RN

V7] / o —yldy, @ e i (8.47)
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also it holds

(i)
NT(Y) NT(Y)
fla) - ) / F)dy| < 2-tz) Vfoo/ v —yldy,
) g [, O] < g 990 [ e
2 € B0, R).

More precise Ostrowski type inequalities for general, not necessarily radial func-
tions, follow.

Theorem 8.16. Let f € CY(A), x € A,z =rw, r>0. Then

Vol(A) WwN
(e |3 [ (=)
RN+1_|_RN+1 2|$|N+1
+ < o )] (8.48)
D) [onoy flrw)dw N
< [fto) - B e (LN Y o
N1 N1
[m (B, <R1 AL 2'"”0']“1)] S s

Proof. Applying internal (8.10) to f(rw) we get

N fra N-1
f(rw)—(m) . flsw)s™ ~'ds

N 5f (rw) 2rN — (RY + RY)
< ~ ~ r N
R R OO,T‘G[Rl,RQ]

. <R{v+1 n RévH _ 2TN+1>

(8.50)

N +1

< () [3F] [ (=)

N+1 N+1 N+1
9
+ <R1 + Ry 2] )1 . (8.51)

N+1
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Hence it holds

1 d N Re
Sy frw)do - ~ ~ / f(sw)sNtds | dw
WN wn(Ry — Ry') Jsn-1 \ R,
~ \ Ry — RV or N
RN+1 + RN+1 2 T N+1
+ < N1 21 , (8.52)
proving the claim. O

We continue with

Theorem 8.17. Let f € C"(A), neN, z€A, x=rw, r>0. Then

M T’w
oLyt < - e

(@) {zr(i) {Z (L

k

O* f(r
2l

k

Z (_1)m|x|m Ré\f—&—k—m _ R{\H—k—m
m!(k —m)! N+k—m

m=0

877,f n (_1)m o |m|m+N _ RT+N
+‘ arm || an—:o m!(n —m)! [m < m+ N
. RN+TL7m _ |g|N4n—m
+|| < 2 N+n|_|m )H} (8.53)

Proof. Applying internal (8.23) to f(rw) we obtain

N fiz N-1
flrw) — (7R§V —R{V) . f(sw)s™ " ds
n—1
<
_<R§V—R{V){kl 57"“ Hzm'k m)

Ré\/+k—m _ Ri\f—&—k—m N
N+k—m

ot

orm

l S (=)
N et m!(n —m)!
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R P m+N _ Rm+N . RNJrn*m — |g|N+n—m
[|x| <| | m+N1 + || 2 N+n|_|m . (8.54)

Therefore it holds

r(3)

1
N2 /SN*1 f(?"w)dw—ivol(A)/Af(y)dy

: <R2 ]—VR{V> {2%22) {§ </s
k

3 (=D™fz™ Ry — R
m!(k —m)! N+k—m

m=0

ork

10 1)

om n —1)m m+N _ R7n+N
+ ’ _f Z '( ) |$|n—m |$| 1
orm oA mzom.(n—m)! m+ N
. RN+nfm _ |x|N+nfm
+la| < B arm— : (8.55)
proving the claim. O

We also give

Proposition 8.18. Let f € C"(A), n € N, such that gz,{, 1=1,...,n—1, are zero

on 0B(0,19), ro € (R1,R2). Then for o € 0B(0,r¢) we have

o) - LY <o) - BB [ i

N n —_1)m m+N _Rm+N
+< < N)’ Z ( ) |x0|n—m |$0| 1
RY — Ry oo | = mi(n —m)! m+ N

. RN+7L—m — |zo N+n—m
+|z0] ( 2 N+n|_|m . (8.56)

Proof. Applying internal (8.25) to f(rw) we find

orf
orm

f(Tow)—<L) " (sw)sN~1ds

N N
Rz - Rl Ry

m=0

ot

orm
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e {10 m+N _ Rm+N . RNJrn*m —|zo N+n—m
lm' <| | N o™ | =2 N+n|—|m - (8:57)

Therefore

1
S /S o ) = s /A F(y)dy

N o n —1)ym x m+N _ Rm+N
< % _f Z ( ) |$O|n—m | 0| 1
RY — Ry "loo | = mi(n —m)! m+ N
Ré\f—&-n—m _ |330|N+"_m
m . 8.58
o ( Il (8.58)
Claim is clear. O

We present the extreme cases.

Proposition 8.19. Let f € C"(A), n € N such that gz,{, i=1,...,n—1, are
zero on 0B(0, Ry). Then for o € 0B(0, Ry) it holds

d &
}f(:vo) — %} < |f(zo) — 2751\2,/)2 /SN_1 f(Riw)dw
N 8nf n (_1)771 . RN+7L—m _ RN+n—m
o) |5 2 ( Nawom )] (8:59)
Proof. By internal (8.27). O

We finish the main results with

Proposition 8.20. Let f € C*(A), n €N, such that g {, i=1,...,n—1, are
zero on OB(0, Ry). Then for xg € 0B(0, Ry) we find

Ja W)dy r
_JAl I )
‘f (%) Vol(A) |~ 9N /SN f(Baw)d
N 877,f n (_1)m I R;nJrN _ RT+N
+(R£V—R{V)’67 . mZ:Om!(n—m)!R2 miN - (8:60)
Proof. By internal (8.29). O

The radial derivatives appearing in the right hand sides of the inequalities can
be expressed and estimated by regular partial derivatives in terms of x,...,zN.
See Addendum next.
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8.3 Addendum

Let v € C™(B (0 R)), the open ball B(0,R) € R¥ n, N € N. Here z =
(xla"'a ) (

, R) and the radial derivative of u is given also by

Ou(x) x
o = Vu(x) - m, x#0
That is,
Ou(x) 1 (& Ou(x)
A Tl <§ o, xi> , x#£0. (8.61)
In general for 1 <1 < n it holds (by induction) that
Olu(z) 1 ! ou(z) N ks
— = . Y ™ )
ort ||t Z Y &yl TV ok 9= 175 | e 70

kiseskn, Y 0o kj=Uk; €2y

(8.62)
For example, when n = N = 2 we obtain
0?u(x) 1 [0%u(z) 4 20%u(z) 0?u(zx) ,
or2 _W{ 922 St 2 oag, T T g v e 70 (8.63)
Thus we find
Olu(x) I Olu(x)
< . 0 8.64
ot |~ 2 RIS o e Bk
kasoskn, N ky=lk;€2, 7 J
or better in brief,
!
0'u(z) "o
— | < .
| < (X]am]) @en, (5.65)

allz € B(O,R) — {0}, all1 <[ <mn.
So if all the u partial derivatives vanish then the corresponding radial derivative

is zero. Consequently, from (8.65) it holds for the essential supreme || - || o that
N g !
H i < <Z o | = ) (u) < 4o0. (8.66)
o0 i=1 00, B(0,R)

II. Continuing and specializing in the study of higher order radial derivatives of
radial functions.
Let now u be radial i.e. u(z) = g(|z|]) = g(r); =z =rw, reR,, we SVNL
Here we will suppose z # 0 and N = 2. Let further x1,z2 # 0, then by chain rule

one has
ou r ou r /
g/(r) = —al.l x—l = 8—x2x—2, where r = x% + x% (867)
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That is,
iy = L[ Owlzl | Ou o]
g(r) =3 [83:1 poal e B (8.68)
So one has
ou(x
V()| = 1) = |42, (5.69)

for any x € B(0, R).
But if u radial, not necessarily
rsinf. Again for 1,29 # 0 and via Cham rule we derive
*u(z) | 9*u(x) Pu(z) | O%u(x)
" — t 6 —
9"(r) Ox? + Ox9011 an 023 + 0x10x3

“_ is radial. Here we put x1 = rcosf, x5 =

cot 6. (8.70)

That is
() = [52u(9€) 0?u(x) n 0?u(x)
2| 0a2 03 0x10x4
Or better, by using the Laplacian A we find

(tan 6 + cot 9)] . (8.71)

wey 1 0%u(x)
g'(r) = 2Au(x) + 07105 csc(26), (8.72)
or
" 1 Pu(@) |of*
9'(r) = 5 (But) + 5L L) (8.73)
Ty, T2 # 0.
Similarly, one has that
OBu(z) Bu(x) . d3u(z) sin
" — 2 _ . . 4
g"(r) 327 cos 0 + 92202 sin 0 + 92302; 00 1,22 #0 (8.74)
Also we get
OBu(x) Bu(r) O3u(x) cos? 0
" 2 o . .
g"(r)= 5132 cos 6 + 923 Sm0+8x%3x2 g’ x1,x2 # 0 (8.75)
That is, by (8.74) and (8.75) we have

w1 [Pu(x) PBu(z) |
g (7“)—2[ 923 0089+—3x§ sin 0+

Pul@) ., Pulx) Pu(z) sin®0  Ou(z) cos?
? ((%283:% sl da1 03 o 9) +8$%3$1 cos + Ox30xo sinG] o, @2 7 0.
(8.76)

Clearly, it holds
Pu(z) Pu(z) z
g”’(r) _ - (3 )_1 (3 )_2
2| Oz} |z oxy |z
Oule) (a1 | pw)  Oul) (@5 o] g (8.77)
023022 \ 227 || 0230z, \ 21|7| BV '
Not general formula, as in (8.62), can be derived for g (r), I € N, in the radial
case. Of course (8.62) is valid for both non-radial and radial cases. Notice in (8.67),
(8.70), (8.74) and (8.75) are used less number of terms than in the corresponding
non-radial cases.




Chapter 9

Ostrowski Inequalities on Balls and Shells
Via Taylor—-Widder Formula

The classical Ostrowski inequality for functions on intervals estimates the value of
the function minus its average in terms of the maximum of its first derivative. This
result is extended to higher order over shells and balls of RY, N > 1, with respect
to an extended complete Tschebyshev system and the generalized radial derivatives
of Widder type. We treat radial and non-radial functions. This chapter relies on
[42].

9.1 Introduction

The classical Ostrowski inequality (of 1938, see [196]) is

_a+b
1 "7

)2
1 + T h—a? (b= a)llf'llco>

<

b
ﬁ / fy)dy — f(x)

for f € C([a,b]), x € [a,b], and it is a sharp inequality. This was extended to
RN, N > 1, over balls and shells in [56], [57], [47]. Also this extension was done
over boxes and rectangles, see [21], pp. 507-520, and [17], and [16]. The produced
Ostrowski inequalities, in the above mentioned references, were mostly sharp and
they involved the first and higher order derivatives of the engaged function f.

Here we derive a set of very general higher order Ostrowski type inequalities
over shells and balls with respect to an extended complete Tschebyshev system (see
[163])and generalized derivatives if Widder type (see [243]). The proofs are based on
the polar method and the general Taylor-Widder formula (see [243], 1928). These
results generalize the higher order Ostrowski type inequalities established in the
above mentioned references.

125
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9.2 Background

The following are taken from [243]. Let f,ug,u1,...,u, € C""*([a,b]),;n > 0, and
the Wronskians

uf (@) ui (@) ... u? ()
Assume W;(z) > 0 over [a,b]. Clearly then
L ) = uo(z z) = Wl(x) () = Wz(m)Wl_g(x)
ol = Wale) =l )= G gy - 4= T )2

i=2,3,...,n, are positive on [a, b].
For i > 0, the linear differentiable operator of order i:

Lif(x) = W[uo(ﬂc)’m(;zg_.;.(;:;u1(x),f(x)]’

i=1,...,n+1;

Lof(x) := f(x), ¥z € [a,b)].

Then for ¢ =1,...,n+ 1 we have

d 1 d 1 d d 1 d

Consider also

wlt)  w(t) .. w()
B IR0 A0 R )
gi(x,t) = ,
MO gD w0 -
uo(z)  wi(x) ... wi(x)
1=1,2,...,n; go(z,t) := Z(z)((f)), V x,t € [a,b].

Note that g¢;(z,t) as a function of z is a linear combination of ug(z),u1(z),
..., ui(z) and it holds

gi(xvt)

- #% /tr ¢1 () /t““ e /jH Gi-1(wi-1) /fi_1 bi(xi)daide;_y . .. dx

1 @ o
= m/t o0(s)...di(s)gi—1(x,s)ds, i1 =1,2,...,n.

Example 9.1. ([243]). The sets

{1,z,2%, ... 2"}, {1,sinz, — cosx, — sin 2z, cos 2z, . .., (—1)" ' sin nx, (—1)" cos nx}
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fulfill the above theory.
We mention

Theorem 9.2. (Karlin and Studded (1966), see p. 376, [163]). Let ug, u1,...,u, €
C™(a,b]), n > 0. Then {u;}}—, is an extended complete Tschebyshev system on
[a,b] iff Wi(z) >0 on [a,b],i=0,1,...,n.

We also mention

Theorem 9.3. (D. Widder, p. 138, [243]). Let the functions
f(x)7u0(m)a U1 (33), s ,’Ltn(ﬂﬁ) € Cm+1([a7 b])7
and the Wronskians Wy(x), W1 (z),...,Wy(x) > 0 on [a,b], © € [a,b]. Then for

t € [a,b] we have

£ = FO™E) L L g t) -t L f(gnlent) + Ru(z),

ug(t)
where
Ry, (z) = / gn(x, $)Lny1f(s)ds.
t
For example one could take ug(z) = ¢ > 0. If u;(x) = 2%, i = 0,1,...,n, defined

on [a,b], then

(x—t)

i!

Lif(t) = fO@) and gila,r) =

So under the assumptions of Theorem 9.3 we get

, t€]a,bl.

U

f(x) = f(y)

O Y Lt )+ [ o@D f O, 5y € o]

0
UO(
(9.1)
If uo(z) = ¢ > 0, then

f0) = F0) + Y L @) + [ gul@) a0, ¥y € o], (92
=1 Y

We call L; the generalized Widder-type derivative.
We need

Notation 9.4. Let A be a spherical shell C RY, N > 1, ie. A := B(0,R,) —
B(07R1), 0< Ry < Rs.
Here the ball B(0,R) := {z € RV : |z| < R}, R > 0, where | - | is the Euclidean

norm, also SV=1 := {x € RV : |z| = 1} is the unit sphere in RY with surface area

) N/2
wN = % For € RY — {0} one can write uniquely = rw, where r > 0,
we SN-L

Let f € C""Y(A), n > 0. If f is radial i.e. f(z) = g(r), where r = |z|,
Ry <7 < Ry, then g € C""L([Ry, Ry)).
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For radial f define
0;f(x) == Lig(r), all i=1,....n+1, VzeA (9.3)
Here
g (r) =
For F € C(A) we have

/AF(x)dx = /SN_l (/RR F(rw)erdr> dw. (9.4)

‘We notice that

and

9.3 Results on the Shell

We make

Remark 9.5. Let here ug, uy,...,u, € C""([Ry, Ra)]), and Wy, Wy,..., W, >0
on [Ry, Ra], 0 < Ry < Ra, n > 0 integer, with ug(r) = ¢ > 0.

Let also f € C™*1(A). We suppose first that f is radial, i.e. there exists g such
that f(x) = g(r), r = |z|, R1 <r < Ra. Clearly g € C"*1([R1, R2)).

Let 2 € A. Then by using the polar method (9.4) we obtain

R>
/f )dy N s < . f(sw)leds> dw

Elz) Vo |~ @ - wy(RY — RI) (9.6)
N (/R2 g(s)sN_lds> dw
SN—l R1
= g(T‘) - UJN(RéV — R{V) (9'7)
N Ra

~ o)~ (o) [ ot as (9.

= L " r)sVlds — " s)sNtds
—(Rév_R{v)</ng<> ts= [ ot d) 99)
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([ N
- \RY - RY

Let s,7 € [R1, Rg], then by generalized Taylor’s formula (9.2) we have

Ro
/ (g(r) — g(s))s™¥ ~tds| =: (%). (9.10)

Ry

9(s) = g(r) = > Lig(r)gi(s,7) + Ru(r, s), (9.11)
i=1
where
Ry (r,s) == /S gn(8,t) Lny19(t)dt. (9.12)
But it holds '
Ralr)| <[ [ o001 1 Eirgloc (0.13)
By calling
No(r, s) = / |gn(s,t)|dt‘, V5,7 € [Ry, Ral, (9.14)
we find T
|Rn(r,8)] < Ny(r,8)|[| Lnt19llso,[Ry,Ro)» ¥ 8,7 € [R1, Ra]. (9.15)

Therefore by (9.10), (9.11), we have
N fi2
o= ()
R2 - Rl Ry

N n Ro -
< (m) ; /31 Lig(r)gi(s,r)s"~'ds

by (9.15)
<
< (o
Ra

+(||Ln+1g||oo7[R17R2]) N (r, S)SN_1d5‘| . (9.17)

Ry

n

Z 19( )gi(é, ) Rn(7,8)
2 ]E r,s SN 1(15
»/];1 | n(’ )| ‘|

) S [t 0

sN=1ds (9.16)

We have established the following result.
Theorem 9.6. Let ug,ui,...,u, € C" Y[Ry, Ra]), Wo,W1,...,W, > 0 on

[R1,Rz2], 0 < Ry < Ra, n > 0 integer, with ug(r) = ¢ > 0. Let f € C"1(A)
be radial, i.e. there exists g such that f(z) = g(r), r = |z|, R1 <7 < Ry, x € A.

Then
f dy N R
B() / ~ o)~ (g ) [ ot as
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= <RN RN)
Ro

(I Lnt19l00,[R1,R2]) . Nn(TaS)SN_ldS] (9.18)

1
(mw
Ro

+(||0n+1f||oo72) N7L(|33|75)3N1d5‘| .

Ry

Ro
Z |Lig(r)| ‘/ gi(s,m)s" " 1ds
Ry

R
Z|9f / gi(s, |z|)sN " 1ds

We give

Corollary 9.7. Same terms and assumptions as in Theorem 9.6. Suppose further
that Lig(ro) = 0,7 =1,...,n, for a fized 7o € [R1, Ra]; considered all zo = row € A,

for any w € SN1L, Then
N R
otro) = (g ) [ s s
Rév - R{v Ry

/f )dy
E(CEQ == 0 =
N fiz N-1
< RN RN (I Ln+19loo,(Ry,R2]) Ny (ro, s)s™~"ds

Vol(A
é\f - R{V R1

— N 0 _ fiz N, N—ld 9.19
= <m) 0n+1f1l oo 2) w(lzol,s)s™ lds | . (9.19)

Ry
Interesting cases also arise when rg = Ry or Rs.
We continue Remark 9.5 with

Remark 9.8. Let now f € C""1(A), n >0,z € A, 2 = rw, r > 0. Clearly
for fixed w € SNV~L, the function f(rw), r € [Ry, Ra] is radial, it also belongs to
C"HY([Ry, Re)).

By applying internal inequality (9.18) we obtain

N fra N-1
f(rw)—(m) . flsw)s™ " ds

(N
“\R—w

n

Do ILif(w)(r)]

i=1

R>
/ gi(s, r)stlds

Ry
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Ra2
F (1 Ln+1f (w)lloo,[R1,R2)) Nn(Tas)SNldsl : (9.20)
R

1

For non-radial f we define again
O:f(x) = 0;f(rw) .= (Lif(w))(r), all i=1,....n+1, Ve A (9.21)

Here the involved

0'f(rw) _ 0'f(x)

1=1,...,n+1,

ort  ort
are the radial derivatives. In a sense 6; is a generalized radial derivative of Widder-
type.
Hence

Z|0frw

R.H.5.(9.20) < <R§V )

R>
/ gi(s,r)sN_lds

Ry

Ra
+ 10n+1fll ooz Nn(|x|78)SN_1dS] : (9.22)

Ry

Therefore, by (9.20) and (9.22) we have

(3)

1
S /S o Ty — i /A f(y)dy

2%? {zn: (/szvl |9¢f(rw)|dw> ‘/}f gi(s,m)sN " lds

=1

< N
= \RY _RV

: }

NberFlloe Nn<|x|,s>sN1ds] . (0.23)

Ry

‘We have established

Theorem 9.9. Let ug,uy,...,u, € C""([R1,Ra]); Wo,W1,...,W, > 0 on
[R1,R2], 0 < Ry < Ro, n >0 integer, with uo(r) = ¢ > 0. Let f € C"1(A),
rE€A z=rw, 1€ [Rl,Rg],wESN_l.

Then
/ o) | (x)_r(g) Jywor f(ro)ds

27TN/2

N
() g R
N 2
+<R§V—R{V> 2 N/2 {Z(/ 10: f (rw)|dw ‘/ gi(s,m)sV " Lds

i=1

}
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Ro _
HOn+1flloz Ny (|l s)ledsl , VzeA (9.24)

Ry

We give
Corollary 9.10. Same terms and assumptions as in Theorem 9.9. Suppose that
0;f(row) =0, i =1,...,n, for a fizedro € [R1,Rs], ¥ w e SN

also consider all o = row € A for any w € SN~1. Then

/ Fy)dy r <g)/N_1f(row)dw>
E(zo) = | f(x0) — ?/T(A) < | (o) — S271—N/2
. b A N-lq 9.25
+ <m> 10n+1 oo . n(|zol, s)s s | . (9.25)

When rg = Ry or R is of special interest.

9.4 Results on the Sphere

Notation 9.11. Let N > 1, B(0,R) := {z € RY : |z| < R} be the ball in RY

N
centered at the origin and of radius R > 0. Note that Vol(B(0, R)) = WNAJZ%
Let f from B(0, R) into R and consider f be radial, i.e. f(z) = g(r), where r =
|z], 0 <7 < R, we assume g € C"*1([0, R]), n > 0. Clearly then f € C(B(0, R)).

For F € C(B(0, R)) we have

/B(OR)F(x)dx - /SN_1 </OR F(rw)erdT> do. (9.26)

‘We notice that

N R
v sNlds = 1. (9.27)
0

The operator #; in the radial case, is defined as in (9.3), now V 2z € B(0, R). In the

non-radial case, for f € C"T(B(0, R)), 0; is defined as in (9.21), V= € B(0, R)—{0}.
We make

Remark 9.12. Let here ug, u1, ..., u, € C"1([0, R]) and Wy, W1,...,W,, > 0 on
[0, R], R > 0, n > 0 integer, with ug(r) = ¢ > 0.
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We again first suppose that f is radial on B(0, R), i.e. there exists g such that
f(x) = g(r), r = |z|, 0 < r < R. Assume further that g € C"*1([0, R]). Let
x € B(0, R). Then by using the polar method (9.26) we obtain

/BOR F(y)dy N </0R9(3)5”_1d5> dw
Bla) = |1@) = oepa Ty | = 900 - -
(9.28)
= lotr) — e [ st P2 I gt gt s = o)
(9.29)
Let s,r € [0, R], then by generalized Taylor’s formula (9.2) we have
9(s) = g(r) = > Lig(r)gi(s,r) + Ru(r,s), (9.30)
i=1
where
Ro(r.5) = / " gn(5.8) Lo g (1), (9.31)
But it holds '
Rl 5) < <s,t>|dt\ ILrrgllc o (9.3
By calling
Ny (r, s) (s t)|dt‘ Vs,r €0, R], (9.33)
we find
[Bn (7, s)| < Nu(r, 8) | Lnt19llsc,j0,r), ¥ 5,7 € [0, R]. (9.34)

Therefore by (9.29) and (9.30), we have

*—ﬁ s ig(r)gi(s,r r,s)| sV lds
(*) = RN A l;ng( )gi(s,7) + Rn(r, )‘| d
< N i /RL'g(r)g»(s r)s™N lds| + /R|R (r,8)|s™N " tds (9.35)
— RN 1:1 O 1 3 b
by

(9.3
S

Z|L1g ‘/ gi(s,m)sN " ds

RN

R
+(||Ln+19||oo,[o,R])/ Nn(Tas)SNldsl : (9.36)
0
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We have established the next result.

Theorem 9.13. Let ug,u1,...,u, € C"1([0, R]), Wo, W1,...,W, >0 on [0, R],
R > 0, n > 0 integer, with ug(r) = c¢> 0. Let f from B(0, R) into R be radial, i.e.
there exists g such that f(x) = g(r), r = |z|, 0 <r < R,V z € B(0,R); further
suppose that g € C"1([0, R]).

Then
/B(O R)f(y)dy N (R 1
N = " N-—1 r N-—1
< o [0 IL9 | [ gits,s | 4+ (Lrgliom) [ Nalros)s™ s
i=1 0 0

n R

Z|9if($) gi(s, |x])s™ ~ds

i=1 0

R
H1001f . m7) |, Nn<|x|,s>sN1ds]. (9.37)

We give

Corollary 9.14. Same terms and assumptions as in Theorem 9.13. Assume further
that Lig(rg) = 0, i = 1,...,n, for a fixzed ro € [0, R]; consider all z9 = row €

B(0,R), any w € SN-1.
/ fy)dy
B(0,R)

Then
Elwo) = \f@o) = o oy | =

N
S—N(||Ln+19||oo 0,R]) </ N (ro,s)s™ ™ 1d$>

N f -
= ﬁ(”ewrlf”m,m) </0 Ny (Jzo, 5)s™ 1d8> . (9.38)

Interesting cases especially arise when rg = 0 or R.
We continue Remark 9.12 with

Remark 9.15. Let f be non-radial.
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Here assume that f € C"T!(B(0, R)). Consider = € B(0, R) — {0}, i.e. uniquely
r=rw,r € (0,R], we SVL. Then by using again the polar method (9.26) we get

by (9.27)

wN]\];N (/SNl (/ORf(Tw)sN‘lds> dw)
Sell ()
LN*I </0R(f(rw) - f(sw))$N1d8> dw

Clearly here f(-w) € C"*1((0, R)).
Let p € (0, R], then by (9.2) we obtain

n

Flpw) = f(rw) = Y (Li(f(w)(1))gi(p, ) + Rulr, p),

N
a wNRN

where )
Rdnm:i/gdmﬂ@mﬂﬂwnwwt
That is
flpw) — flrw) = Z(oif(m»gi(p, r) + Ru(r, p),
with

P
Ro(r.p) = / (02 )80 1 f (1) .

We further assume that
0 := 0n1fll o BroR - {0y < T00°

Therefore we derive

[ Rn(r, p)| <

p
[ 1t t>|dt\ 6.

=: (%).

(9.39)

(9.40)

(9.41)

(9.42)

(9.43)

(9.44)

(9.45)

(9.46)

(9.47)
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By calling

Ny(r, p)

=| [t 00| v < 0.5 (9.48)
we get
[Rn(r, p)| < Ny(r, p)0. (9.49)
Hence by (9.44) we obtain

|f(pw) = Frw)] < Y 10if (rw)llgi(p, 7] + | Ra(r, )]

=1

Z (rw)llgi(p, )| + Nn(r; p)6- (9-50)

By continuity of f and g;, ¢ =1,...,n,and by taking the limit as p — 0 in the
external inequality (9.50), we find

n

£(0) = f(rw)| <Y 10:f (rw)l]gs(0,7)| + N (r,0)6. (9.51)

i=1
Notice here gn(p,t) is jointly continuous in (p,t) € [0, R]?, hence N,(r,p) is
continuous in p € [0, R].
That is, V s € [0, R] we get
|f(sw) = frw)] < D 16:f (rw)llgi(s, )| + Na(r, 5)6. (9-52)
i=1

Consequently by (9.41) and (9.52) we find

N R 1
() < NV /SM (/0 |f (sw) = f(rw)|s™ d5> dw (9.53)

n R
N Z (/SN-I </o |6‘if(TW)||gi(S,7')|SN_1dS> dw> (9.54)

wNRN
=1

" r,s)s™ " lds W

+6 SN_1</O Ny (r,s) d)d‘|
n "’ i J (TW (s,7)|s™V " 1ds W
Z(/S</ 6: (re)ls(s. )] d)d)

= Vol(B(0, R))

R
6N (/ N, (r, S)SN_ldS>
N 0

RN

<

(9.55)
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([, o) ( / ’ |gi<s7r>|sN1ds>

=2 Vol(B(0, R))

i=1
R
ON </ Nn(ns)sN_lds)
0
+ RN .

(9.56)
Consequently,
‘/SN—l f(TW)dw ~/B(0 R) f vy
A W ~ Vol(B(0, R))
N </ |9¢f(rw)|dw> </R lgi(s,7)|s™ 1ds>
< Z SN—l 0
= Vol(V(0,R))
R
ON </ Nn(ns)leds)
0
+ RN . (9.57)

We have proved

Theorem 9.16. Let ug,u1,...,u, € C"([0, R]), Wo, W1,...,W, >0 on [0, R],
R >0, n >0 integer, with ug(r) =c¢ > 0. Let f € C"T(B(0, R)). Suppose that

0 :=0n1fl o BroR - {0y < T00° (9.58)
Let z € B(0, R) — {0}, i.e. uniquely x =rw, r € (0,R], w € SN-1L.
Then
/ fy)dy
— _JBOR) ) _T(v/2) / Nyt
Blw) = |f(0) - st < 1) - o [ S

</SN_1 |9if(7°w/)dw’) </0R |gz‘(8,7‘)|sN_1ds>

2 Vol(B(0, R))

i=1
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R
ON </ Nn(r,s)leds>
+ ’ .

RN

(9.59)

We finally give

Corollary 9.17. Same terms and assumptions as in Theorem 9.16. Assume further
that 0; f (row’) = 0,V w’ € SN=1 for some rg € (0, R, for alli =1,...,n. Consider
all zg = row € B(0, R) — {0}, any w € SN~1.

Then /
fy)dy
Blaa) = |f(an) — 30 ol < |ty - SO [ ftaotaa

R
ON </ Nn(|x0|,s)sN1ds>
0
+ = :

An interesting case is when ro = R.

(9.60)

9.5 Addendum

We give
Proposition 9.18. Let f € C1(B(0,R)) such that f is radial, i.e. f(z) = g(r),

r=lz|,0<r<R,VxeB(0,R). Then
(i) 3 ¢' € C((0,R]), (9.61)
(ii) 3 ¢'(0) = 0. (9.62)
Proof. (i) is obvious.
(ii) Let w be a unit vector, h > 0, then

g(h) —g(0) _ f(hu) = f(0)

h h
(by first order multivariate Taylor’s formula) =

_ Vf(O)-hu  o(h) o(h)
= W + W =Vf0) u+—=

- h
h—QVf(O) -u, by % — 0.
The last is true for any unit vector u. Thus V f(0) = 0, proving the claim. g

Comment 9.19. By Proposition 9.18 we see that, it may well be that ¢’ is discon-
tinuous at zero, if only f € C1(B(0, R)).

Therefore the assumption that g € C™*1([0, R]) in Theorem 9.13 seems to be
the best.




Chapter 10

Multivariate Opial Type Inequalities for
Functions Vanishing at an Interior Point

In this chapter we generalize Opial inequalities in the multivariate case on the balls.
The inequalities carry weights and are proved to be sharp. The functions we study
vanish at the center of the ball. This treatment relies on [58].

10.1 Introduction

Z. Opial [195] and C. Olech [194] in 1960 proved the following famous inequality.

Theorem 10.1. Let ¢ > 0, and y(x) be real, continuously differentiable on [0, ],
with y(0) = y(c) = 0. Then

| wew@iar < [[o/@pr.

Equality holds for the function y(xz) = x on [0, %], and y(z) =c—z on [5, c},

In 1962 P. Beesack [75] gave the following improvement.
Theorem 10.2. Let b > 0. If y(x) is real, continuously differentiable on [0,b], and

y(0) =0, then
b
[ el < d o2

Equality holds only for y(x) = mx, where m is a constant.

Since then many people have worked on this type of inequalities in many direc-
tions; for an account see the important monograph of 1995 by R. Agarwal and P.
Pang [6]. One motivation for this chapter is the interesting article of W. Troy [237]
of 2001. His relevant result follows.

Theorem 10.3. Let p > —1. Let a,b € R with 0 < a < b. If y(x) is continuously
differentiable on [a,b], and y(a) = 0, then

b b
[ o< 5o [ - 02 i

139
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Let |-| denote the Euclidean norm in RV, N > 1. Let B(0, R) := {z € RV : |z| <
R} be the open ball of radius R with center 0in RY. Let SN~1:= {z ¢ RV: |z| = 1}
be the unit sphere in RY, centered at zero. Let wy = % (see p. 220, [142])

)T 7

2
be its surface area.

In this chapter we estimate the integral
1= / e lu(e)| [ V()] de.

for p € R and u € C( Usmg polar coordinates we obtain

B(0,R)).
( rPlu(rw)| [Vu(rw)|r Nldr) dw,

where 0 # © = rw with r :
functions u, this reduces to

R
0
I= wN/O PNy ()| ‘8—1;(7“)

where here |Vu| = | 24|, with aqg(f) = Vu(z) - 17 the radial derivative of u. Spheri-
cally symmetric function means that

|z| and w := £. For radial (spherically symmetric)

dr,

u(z) = u(rw) = u(r).
In general one has
Ou(x)
or

< |Vu(z)|, for any u € C'(B(0,R)).

We will prove that
/ 2P |u()| [Vu(e)| dz < C / (27| V() ? de
B(0,R) B(0,R)

for some constant C' and functions vanishing at the origin. The idea is to use

/B(O,R) F(w)dz = /SN_1 </OR F(rw)r¥ =t d?“) dw,

and to do first a one-dimensional analysis on the inner integral with w fixed. The
interior constraint (u(0) = 0) becomes a boundary condition (F'(0) = 0).

10.2 Main Results

We present a basic result.

Theorem 10.4. Let R > 0, N > 1, B(0, R) the ball centered at 0 of radius R
in RN, Let p € R such that p+ N € (0,2). Consider u € C*(B(0, R)) such that
u(0) = 0. Then

/B(OR 2P |u(z)] |[Vu(z)| de < (

)

L zP|Vu(z)|? dz
) </B<07R>' PIVu(c) d>,

(10.1)
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where V is the gradient operator.

Proposition 10.5. Inequality (10.1) is sharp, more precisely it is attained by
u(x) = |x|, for all x € B(0, R), when p+ N = 1.

Proof. Callr:=|z|,0<r < R. Clearly u(0) = 0. Notice that

0
3_: =1 and |Vu(z)=1.
We observe that
Rp+N+1
L.H.S.(10.1) = _—,
(10.) =wy = m i
and
Rp+N+1
R.H.S(10.1) = wn .
2(p+ N)y/2—(p+ N)
Thus

L.H.S.(10.1) = R.H.S.(10.1) iff

P+ N)+1=2(p+N)V2-(p+N) iff
(calling y :=p+ N, y € (0,2))

y+1=2y/2—y iff

9() =4y° =Ty +2y+1=0, y€(0,2).

See that g(1) =0, g(0) =1, g(2) =9, and
1
/=12~ (v 5 )

Thus g has critical numbers 1, % with local maximum g(%) = 1.1574078, and
minimum g(1) = 0. So y = p+ N =1 is the only optimal value making inequality

(10.1) attained. O

Proof of Theorem 10.4. The integral in the R.H.S(10.1) is finite since 2 >
p+ N > 0. We can rewrite inequality (10.1) by the use of polar coordinates as
follows, cf. p. 217, [142]:

/SN_1 (/ORTPW(W)l [Vu(rw)[rN ! dr) dew

R "o 2, N-1
< N T </SN—1 </0 r?|Vu(rw)|*r dr) dw) . (10.2)
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Here 0 # = € B(0,R) is written as = := rw with r := |z], 0 < r < R, and
w= ﬁ € SN=1. So it is enough to prove that

/OR rp+N_1|u(rw)| |Vu(rw)| dr < <72 —— _Rp = N) </OR rp+N_1|Vu(rw)|2 dr) .

(10.3)
We set

z(r) == / PPN Vu(sw)|?ds, 0<r<R.
0

Here z(r) > 0 and 2(0) = 0. Therefore
Z(r) =N Vu(rw)? >0, 0<r<R.
Whence

ptN-—1

rT | Vu(rw)| = (2/(r)Y2, 0<r <R. (10.4)

By the fundamental theorem of calculus we have

w(rw) = /O ' ‘9“5(2“’) ds.

Consequently it holds

|u(rw>|§/ Ou ds:/ () (eeymn)
0 0

55 (sw)
(by the Cauchy—Schwarz inequality)

9 ()

r 1/2 r
< </ s~ (+N-1) ds) / So+N-1) |Ou
“\Jo 0 0

5 1/2
ds)
s

r2—p—N 1/2 r (paN-1) , 1/2
< | — sPHN =D 17y (sw)| ds)
<2 -p—N ) </0

- (==%) "o

So we have proved that

—p— 1/2
7.2 p—N / 12

|“(7“W)| < 9o _N (2(r))/%, allo<r<R.
—p—

Furthermore,

r(pﬂjfl) |u(rw)| < %(Z(T”lmv al0<r <R (10.5)

Consequently by (10.4) and (10.5) we derive

PN |y (rw) | |Vu(rw)| < %(z(r))l/z(z’(ﬂ)lm, all0 <r < R. (10.6)
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Next we integrate (10.6) and use the Cauchy—Schwarz inequality to get

R
/ PN ()| [ V()| dr < 122 (1) /2
0

1 R
— / (=)
R R 1/2

< m </0 z(r)dz(r))

R R "
———z(R) = ———— PN 2dr |,
)~ ; h_p_NUO N G P
establishing (10.3). O

A similar result follows.

Theorem 10.6. Let R > 0, N > 1, B(0, R) the ball centered at 0 of radius R in

RN, Let p € R such that p+ N > 0. Consider u € C*(B(0, R)) such that u(0) = 0.
Then
/ (2P ()] | V()] ds < — 2N V(@) dz.  (10.7)
B(0,R) ~ 2Vp+ N Jpo,r) . .

Proposition 10.7. Inequality (10.7) is sharp, namely it is attained by u(x) = |z,

for all x € B(0,R), whenp+ N = 1.

Proof. Call r := |z|, 0 < r < R. Clearly u(0) = 0. Note that ‘g—;‘ =1 and
|Vu(z)| = 1. We have that

Rp+N+1
L.H.S.(10.7) = wNm,
and
RPHN+1
R.H.S.(10.7) = WNW .
Thus

L.H.S.(10.7) = RH.S.(10.7) iff
(p+N)+1=2\p+N iff
y+1=2yy, wherey:=p+N>0, iff
=1.
Y 0

Proof of Theorem 10.6. Clearly the R.H.S.(10.7) is finite. As in the proof of
Theorem 10.4 it is enough to prove

R RPN R
/0 P lu(rw)| [Vu(rw)r¥ 1 dr < ENTES </0 |Vu(rw)|2dr> . (10.8)
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Therefore we begin with

R R
/ P u(rw)| |Vu(rw)\rN*1 dr = / 7“”+N*1|u(7"w)| |Vu(rw)| dr
0

0

_ /OR (T(PEN)WU(WM) <7~(”*§2)|u(m)|dr)

(by the Cauchy—Schwarz inequality)

R 1/2 R 1/2
PN |V (rw)|?dr pPEN=D =1 (rw))? dr =: (x).
<</ |v<>|d) (/ <<>>d> ()

We have again

u(rw) = @(sw) ds, 0<r<R
0 88
Hence
lu(rw)| < /0 1- %(sw) ds
(by the Cauchy—Schwarz inequality)
ary 2 1/2 r 1/2
<Vr (/ — (sw) ds) <r </ |Vu(sw)|2ds> .
o |0s 0
That is

2 T ' ulsw 2 S. .
(u(rw))? < / Vu(sw) d (10.9)

Thus by (10.9) we derive

(%) < (/ORTP+N|Vu(rw)|2dT> - (/ORMHN—U (/OT|VU(Sw)|2dS) dr)
- (/OR rp+N|Vu(rw)|2dr> - [ff; </OR Vu(rw)|® dr)

1 R

1/2
TOIN PN Vau(rw)|? dr] =: (xx).
0

1/2 1/2

If A>0, B>0and e > 0 we have

1
ABVW2 < S44 B 10.1
(AB)? < A+ (10.10)
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Therefore

() < 5 ( [t dr> e ( [ wutrar dr)
s ([ maara)]

=3 (e - T}FN)) (/OR rp+N|Vu(rw)|2dr>

+ % </OR|Vu(rw)|2dr>

hoosi L L ’ \Y% *d

choosing ¢ = = u(rw)|®dr | .
(choosing e = L) = ST ( [ 1vutr)

We have established (10.8). O

N =

Finally we present a generalization and extension of Theorem 10.4.

Theorem 10.8. Let R>0, N>1,p>1,a,8>0,p>a+ [ and p € R such

that 0 < p+ N < p. Consider u € C*(B(0, R)) such that u(0) = 0. Then
[ il (20 vt de
B(0,R)

a+ﬁ)

p—a—_ ( P
< Lw](v ) </ |z|? |Vu(x)|? dx) , (10.11)
B(0,R)

where

p—

_ (ijl) —a (T) o % Blp—1)+(p—a
L::(p—pp—lN)ﬁ (5(p—1p)+(p—a)) <a+ﬁ> R
(10.12)

Proposition 10.9. Inequality (10.11) is sharp, namely it is attained by u(z) = |x|,

= = a15) — o8
for allx € B(0,R), whenp+ N =1, p=a+ anda( 25) = 1+g‘

Proof. Callr := |z|, 0 < r < R. Clearly u(0) = 0. Note that 2% = 1 and
|[Vu(xz)] = 1. We have

RB+1

L.H.S.(10.11) = —_—
S.(10.11) WNGTT

and
ad/p
R.H.S.(10.11) = wNTRﬂ+1.

It is obvious now that (10.11) holds as equality. O
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Proof of Theorem 10.8. The integral in the R.H.S.(10.11) is finite by p+ N > 0.
Here for 0 # = € B(0, R) we set w := Ii_l = 7, where 7 := |z[, 0 <7 < R. That is
x = rw. By the fundamental theorem of calculus we have

" ou
0 88

u(rw) = —(sw)ds, 0<r<R.

We see that
lu(rw)| S/ Ou ds=/ o (252) ((25=) @(sw)‘ds
0 0 88

g(sw)
(using Holder’s inequality with indices p and ﬁ)

P 1/p
ds)
p—1

_ (22) op T 1/p
(p71> P (/ sPEN=D |7y (sw)|? ds) .
p—p—N 0

i) < (=) e, osren

ou

r (P_*l) r
(p+N-1) 3
et d / (p+N-1) |22
(/0 ’ S) ( 0 9

S

IN

(sw)

IN

That is,

Here we call

+oo > 2(r) = / sPHN=D |7y (sw)|? ds > 0,

0

with z(0) = 0. We have

Z(r) = "N Vu(rw)l? 20, 0<r<R
and

(M)a a_ (ialp

T\ P [Vu(rw)|® = (2'(r)*/?, 0<r <R. (10.13)

We observe that

B 8(552)
|u<rw>|ﬂ§('°—1) P )P,

and

(p+N 1 5| ( > L;l)
r\ o, u(rw) .
p—p—N

By multiplying (10.13) and (10.14) we get

N (L” u(rw) P Vu(rw)|*

p—1 5( p) ﬂ(ppl) 8/p (. a/p
§<7p_p_N) r (2(r)PP (' (r)*/?, 0<r<R. (10.15)
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Integrate (10.15) and use Hélder’s inequality with indices £, /FLQ to find

R
/ T(erN*l)(a_yj) |u(rw)|?|Vu(rw)|® dr
0

-1

<p_pp%1N)ﬁ(pp) /oRrB(p;l) ()2 (' () dr

ot (452 o/p
< <p_pp;_lN)ﬁ( 2 (/ORrﬂ(g—i) dr) : (/OR(Z(T))ﬁ/"‘z/(T) dr) /

R ( B
(102 7. Z(R)QTW3 = </ PN Ty (rw) | dr)
0

We have established
R
(J/ TRP+N‘1“2%E)+“‘A”]hdrw>W|vnwrwn“TN1dr>

0
(=2)

<L </OR rp|Vu(rw)|p7'N_1dr> . (10.16)

Integrating (10.16) over SV 1 we find

R
/ </ r[(f”‘N_l)(anﬁ)*'(l_N)] [u(rw) P | Vau(rw)| eV 1 dr) dw
SN—1

(42)

< L- / (/R P |Vu(rw)|PrN =1 dr) dw =: (* * x). (10.17)
sv-1 \Jo

If p > a + (3 then apply again Holder’s inequality with indices (p7 L B) abd ( a—iﬁ)
to obtain

( * %)

<o, ) (L ([ ) w)
(=2)

p—a—p R
= Lw](\,T) : (/SNI (/0 rp|Vu(rw)|p7'N_1dr> dw) : (10.18)

From (10.17) and (10.18) we conclude (10.11). O

IN

A

(=52)

The work of Neceav [193] in 1973 is related to this chapter, see also [6, p. 275].

Theorem 10.10 [193]. Let u € C'(B(0, R)) be such that u(0) =0, and N +p < 2,
N > 1. Then

R27N7p
2 Nu(2)| | Vu(z dacgi/ xqu;vgdx,
L @IV e < 5o | el ioute)

)
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with equality holding when
u(@) = clzP~N7P
for a real constant c.

This result can be compared to Theorem 10.6 if and only if p =1 — NN, in which
case the conclusions are the same, with the common constant being R/2.



Chapter 11

General Multivariate Weighted Opial
Inequalities

In this chapter we expose Opial type weighted multivariate inequalities on balls
and arbitrary smooth bounded domains. The inequalities are mostly sharp. The
functions we consider vanish on the boundary. This chapter relies on [59].

11.1 Introduction

Z. Opial [195] and C. Olech [194] in 1960 proved the following well-known inequality.

Theorem 11.1. Let ¢ > 0, and y(x) be real, continuously differentiable on [0, ],
with y(0) = y(¢) = 0. Then

| wew @l < § [ @y

Equality holds for the function y(z) =z on [0,5], and y(z) = c—x on [§,¢].
In 1962 P. Beesack [75] gave the following variant.

Theorem 11.2. Let b > 0. If y(z) is real, continuously differentiable on [0,b], and

y(0) =0, then
b
[ i< o2

Equality holds only for y = mx, where m is a constant.

Since then many researchers have been extending this type of inequalities in
many directions, for a thorough account see the important monograph of 1995 by
R. Agarwal and P. Pang [6]. An inspiration for this chapter is the interesting article
by W. Troy [237] of 2001. His relevant result is as follows.

Theorem 11.3. Let p > —1. Let b and ¢ be real with 0 < b < c. If y(x) is
continuously differentiable on [b,c], and y(c) =0, then

| ewovola s o [ -2 a

149
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R. Agarwal in 1981, see [4] and p. 208 of [6], proved the following two dimensional
result.

Theorem 11.4. If u(t,s) € CV([a, T] x [c S)), u = u(t,c) =0, then

// 8)ugs (t )|dtds<( — _c//|uts s)|2 dtds.

In 1982, G.S. Yang [247] proved the following Opial-type inequality in two vari-
ables:

Theorem 11.5. If f(s,t), fi1(s,t), and fi2(s,t) are continuous functions on [a,b] x
[c,d), and if f(a,t) = f(b,t) = fi(s,¢) = fi(s,d) =0, fora <s <b, c<t<d

then
//uwwme< ”//ﬁstms

In 1983, C.T. Lin and G.S. Yang [179] generalized Theorem 11.5 in the following
form:

Theorem 11.6. If f(s,t), fi(s,t), and fi2(s,t) are continuous functions on [a, b] x
lc,d), and if f(a,t) = f(b,1) = fi(s,6) = fi(s,d) = 0, fora <5 < b, ¢ <t < d,

then
b d
/ / [£(s, )™ f12(s,t)|™ dtds

e

The above Theorems 11.4 — 11.6 motivate this chapter.

Here we prove weighted Opial type inequalities over a ball (or other domain) in
RN N > 1, where the functions under consideration vanish on the boundary.

Let | - | denote the Euclidean distance for vectors in RY. Let B(0,R) := {z €
RN : |z| < R} be the open ball of radius R with center 0 in RY.

Let SN—1:= {x € RV : |z| = 1} be the unit sphere in R" centered at zero, with
wN = % to be its surface area (cf. [142], p. 220).

N

2 2
The basic results here are extended to Sobolev spaces of order 1.

‘We mention

Definition 11.7 (cf. [139]). The Sobolev space of order 1 denoted by H}(Q) is the
completion of C1(€). Here C}() is the space of one time continuously differentiable
functions with compact support on the bounded domain Q@ € RY, N > 1. The norm
in H}(Q) is given by

1/2

[lu]|« == (/Q lu(z)|? do + /Q |Vu(z)|? dx) , for u € HY(Q).
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In this chapter we estimate the integral

= / o R V)

)

for p € R and u € CL(B(0, R)). Using polar coordinates we have

I= /SN—l (/ORrp|u(rw)| |Vu(rw)rN1dr> dw,

where 2 = rw with 7 := |z| and w := £. For radial (spherically symmetric) functions
u, this reduces to

R
ou
I= PN —(r)|d
o [ )] |G ar
where here |Vu| = | 44|, with aqg(f) = Vu(z) - 77 the radial derivative of u. Spheri-

cally symmetric function means that
u(z) = u(rw) = u(r).

In general one has

ou(x)
or
We will prove that

/ 2P u()] |Vu(z)| dz < C / (2P V()| de
B(0,R) B(0,R)

< |Vu(z)|, for any u € C}(B(0, R)).

for some constant C and functions u as above. The idea is to use

/B(O,R) F(a)de = /SNf1 (/OR F(TW)TN_l dr) dw,

and to do first a one-dimensional analysis on the inner integral with w fixed. The
boundary condition u = 0 on dB(0, R) becomes the boundary condition F(R) = 0.

11.2 Main Results

We present a basic result.

Theorem 11.8. Let R > 0, N > 1, B(0, R) the ball centered at 0 of radius R in R™.

Let p € R such that p+ N > 1. Let u € C*(B(0, R)) be such that u(0B(0, R)) = 0.
Then

/ 2P u(@)| |Vu(e)] dz < / 2P |Vu(@)?de,  (11.1)
B(0,R) 2 B(0,R)

where V is the gradient operator.
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Note that Theorem 11.8 holds for more general choices of u. By a simple ap-
proximation argument, the condition u € C*(B(0, R)) can be weakened to

u € W2 (B(0,R) - {0}) nC(B(0, R))

loc

such that « = 0 on 9B(0, R) and the right hand side of (11.1) is finite. The extremal
in the following proposition satisfies this weaker hypothesis. Similar remarks apply
to the Theorems 11.13 and 11.17 below.

Proposition 11.9. Inequality (11.1) is sharp, namely it is attained by u(zx) =
R —|z|, for all z € B(0,R), when p+ N = 1.

Proof. Callr:=|z|, 0 <r < R. Notice u(0B(0, R)) = 0. Since u(x) = R —r we
find % = —1 and |Vu(z)| = 1. Clearly we get
Rp+N+1

(p+N)p+N+1)’

L.HS.(11.1) = wy

and
‘RP+N+1
RHS.(11.1) = wy o,
(11.1) N T
where wy is the surface area of the unit sphere S¥~! in RY. Thus L.H.S.(11.1) =
R.HS.(11.1) iff p+ N = 1. O

Proof of Theorem 11.8. The integral in the R.H.S.(11.1) is finite since p+N > 0.
We can rewrite inequality (11.1) by the use of polar coordinates as follows

/SN_1 </OR 1P u(rw)| [Vu(rw)|r¥ ! dr) dw

R R
< — / P |Vu(rw)?rN "t dr | dw. (11.2)
2 SN-—-1 0

Here « € B(0, R) is given in polar coordinates by = = rw with r :=|z|, 0 <r < R.

Clearly w = é—| if » > 0. So it is enough to prove that, for each w,

R R
/ rPlu(rw)| [Vu(rw)|r¥ —tdr < g / P | Vu(rw)|?rN =t dr. (11.3)
0 0

We set
R
z(r) = / PNV (sw)|?ds, 0<r<R.

Here z(r) > 0 and z(R) = 0. Then
—2'(r) = PN Vu(rw)|? >0, 0<r <R
Thus

pP+N—-1

> |[Vu(rw)| = (—2'(r)Y/2. (11.4)
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Since u = 0 on 9B(0, R) we find

R
u(rw) = — %(sw) ds
» 0s
We observe that
R —1
P |u(rw)| S/ 7'(”1;] ) %(sw) ds
- 0s
R
ptN=1) | Ou
< g(m=2) | Ou
_/T 1-s 88(501) ds

(by the Cauchy—Schwarz inequality)

9 1/2
Ou (sw) ds)

0s

1/2

<VR-r </R PN Ty (sw) 2 ds) = VR —r(z(r))"/?.

R
r

<m</ GPHN-1

That is, we have

PP u(rw)| < VR — r(2(r) Y2, (11.5)
all 0 < r < R. Multiplying (11.4) by (11.5) we obtain
PNy (rw)| [Vu(rw)] < VR — r(z(r) Y2 (=2 (r)Y/2, (11.6)

forall0 <r <R.
Therefore by integrating (11.6) and using the Cauchy—Schwarz inequality we get

R
/ pptN—1 |u(rw)| |[Vu(rw)| dr
0

R
< / VR r(=(r) 2 (—2 ()2 dr
0

R 1/2 R 1/2
< (/ (R—r) dr) (—/ z(r)2'(r) dr)
0 0
R
= Ez(O) = E/ PPN Ty (rw)|? dr.
2 2 J,
Clearly we have established (11.3), and (11.1) follows. O

We have

Corollary 11.10. Let p € R be such that p+ N > 1 and let uw € H}(B(0, R)).
Then

/ ([P lu(2)| [Vu(z)| dz < E/ 2P [Vu()|? da. (11.7)
B(0,R) 2 B(0,R)

Proof. By (11.1), inequality (11.7) is valid for u € C'(B(0, R)) with u = 0 on

OB(0,R). If u € H}(B(0, R)) then there exists a sequence {u,,} from C1(B(0, R))

such that u,, = 0 on dB(0, R) and u,, s o Then the corollary follows by using

(11.1) for u,, and letting m — oo. O
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Next we are ready to give
Theorem 11.11. Let Q be a smooth bounded domain in RN, N > 1. Letp € R
such that p+ N > 1. Then there exists a constant K = K(Q) such that
/ |z|P|u(z)| [Vu(z)| dz < K(Q)/ |lz|P|Vu(z)|? d, (11.8)
Q Q
for all uw € H}(Q). Here

K(Q) :=
@=5.
where R is the radius of the smallest ball centered at the origin and containing Q.

Proof. Since 9 is smooth any function u in Hg () can be viewed as a member
of H(B(0, R)) by defining it to be zero on B(0, R) — Q. For the last step, see p.
245 of [139]. Now Corollary 11.10 applies. O

Remark 11.12. (i) When u is spherically symmetric then (11.7) reduces to

R R (R
/ PN =) o ()| dr < 3 / rPEN=L () dr. (11.9)
0 0
(ii) When p = 0 then (11.8) collapses into
/ lu(x)] |Vu(z)| de < K(Q)/ |Vu(z)|? de, (11.10)
Q Q

for all u € H} (D).
The counterpart of Theorem 11.8 follows

Theorem 11.13. Let R > 0, N > 1, B(0,R) the ball centered at 0 of radius

R in RN. Let p € R be such that p+ N > 1. Let u € CY(B(0,R)) such that
u(0B(0,R)) =0. Then

Rvp+ N

z|P|u(z)| |Vu(z)| de <
L [ @ )] e < 5N

/ |zP|Vu(z)|* de.  (11.11)
B(0,R)
Proof. The integral in the R.H.S.(11.11) is finite by p + N > 0. We estimate

/RTP+N1|U(7“<.U)| IVu(rw)|dr — /OR (T#|Vu(rw)|) (r&ﬁm(rwﬂ) dr

0
(by the Cauchy—Schwarz inequality)

R 1/2
< (/ PN |V (rw)|? dr)
0

Since v = 0 on 0B(0, R) we find

1/2

R
. </ rp+N2|u(rw)|2dr> =: ().
0
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5 1/2
ds)

Therefore

|u(rw)|§/R1 ’g—( )ds<</R12ds>1/2</R
r r » r
< |Vu(sw |2d8> .

R
lu(rw)|* < (R—7) (/ |Vu(sw)|? ds) )

ou

%(Sw)

That is

Consequently we have

R
Kk rPEN Ty (rw)|? ds
<>s<A u nd>
R R
: </ rPHN=2(R — ) (/ |Vu(sw)|? ds) dr)

1/2 R .
< rp+N|Vu m;)|2 dr) . </ (/ errN*Q(R —r) dr) |Vu(scu)|2 ds)
1/2
p+N—1 p+N
< rp+N|Vu (rw)|? dr) < RS 5 ) |Vu(sw)|2ds>
( <
€
2

1/2

1/2

1/2

p+N—1 p+N

using the inequality (AB)'/? A + B forany A>0, B>0and ¢ > 0)

€
2

IA

R R
</0 rp+N|Vu(rw)|2dr> + ZLE (pi—i- ﬁ — 1) </0 rp+N71|Vu(rw)|2 dr)
R
— p—:N (/0 rp+N|Vu(rw)|2 dr)]

() (] )

R R N-1 2
+ 725(p+N—1) /0 rPT N T (rw) | dr
1
by choosing ¢ = ———
( Y & \/p+N)

RVp+ N B oiN—
=S N D) </0 PPN Ty (rw))|? dr) .
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We have proved that

R — R
/0 7“”+N*1|u(7"w)| |Vu(rw)| dr < 72(1;+p]\-7|-jV1) (/0 7“”+N1|Vu(rw)|2dr> .

Finally we obtain

L ( /ORT”*NHu(mn [Vu(rw) dr) dw

N R
BB [ ([ o)

proving (11.11). O

Corollary 11.14. Let p € R be such that p+ N > 1 and let w € H}(B(0, R)).
Then

Rvp+ N
/ |2 |u(z)| V()| do < p7+/ 2P| Vu(z)? de.  (11.12)
B(0,R) 2(p+ N —1) Jpo,r)
Proof. Similar to Corollary 11.10. (]

Next we are ready to give

Theorem 11.15. Let Q be a smooth bounded domain in RY, N > 1. Let p E€R be
such that p+ N > 1. Then there exists a constant K = K(Q,p, N) such that

/ |zP|u(z)| |Vu(z)|de < K/ 2P| Vu(z)|? da, (11.13)
Q Q
for all w € H}(Q). Here

_ Ryp+N

C2(p+N-1)°

where R is the radius of the smallest ball centered at the origin and containing ).

Proof. Similar to Theorem 11.11 by applying Corollary 11.14. U

Remark 11.16. (i) When u is spherically symmetric then (11.12) reduces to

R T~ R
/0 PPNy ()| | ()] dr < M/@ PN ()2 dr (11.14)

“2(p+N-1)
(ii) When p = 0 then (11.13) collapses into
/ ()| V()| de < K/ V()2 da, (11.15)
Q Q
for all u € H(Q), where

: RVN
= > 2.

K 2(N — 1)’ N=z2

Theorem 11.8 is generalized as follows.
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Theorem 11.17 Let R >0, N>1,p>1, a,80>0,p>a+8,p>1—N, and
u € CHB(0, R)) with u(0B(0, R)) = 0. Then

/B<o R) o) [N =0 (252)+0=] 1y (38 T () |

1)

p—a—8 ( P
< Mw](\, ) (/ |x|p|Vu(x)|pd;v> , (11.16)
B(0,R)

where
p—a

e (<p_1>%1‘2p-a>>( . (355) =

Proposition 11.18. Inequality (11.16) is sharp, namely it is attained by u(x) :=
R — |z|, forx € B(O,R), when p+ N=1, p=a+ 3 and a = 1.

Proof. Notice that

RO+1
L.H.S.(11.16) = wy ——
(1116) = o
and
aa/p
R.H.S.(11.16) = wy RO+,
Equality holds in (11.16) if
vt = 20
1+
But this implies a = 1.
Here is a proof that if & > 0 and 8 > 0, then aa7 = %_g implies that a = 1.
Put %5 =t and L — 5 Then0<¢<1ands> 0. The condition asis = ?T+g

yields the equation s® — st = 1 —¢. Put g(z) = 2* — xt, for x > 0. Note that
g'(z) =tat~! —t = t(x?~1 —1). It follows that g has a unique global maximum at
x = 1. Since g(s) = g(1), we infer that s = 1, and hence v = 1 = 1. O

Proof of Theorem 11.17. The integral in the R.H.S.(11.16) is finite by p+N > 0.
We have

R
u(rw) = —/ %(sw) ds, all0<r<R.

Next we apply Holder’s inequality with indices p and p%l to derive
ou

R R
rp+1;1—1 u(rw)| < / rp+1;1—1 Ou(sw) ‘ ds < / 1. Sp+1;1—1 ou
- (sw)

Ep — (sw)
R et R
< </T ds) </T gPTN-1 B

s
p—1 R
<(R—-7r)7 </ sPHN=L Ty (sw)|? ds)

ds

o 1/p
ds)

1/p
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So by calling

R
2(r) == / PNy (sw)|? ds (11.18)
we got '
P57 lurw)] < (R— 1) (2(0)) 5, (11.19)
and
rEN (2 [yra))? < (B — )@ D) (2()) 2 (11.20)
all0 <r <R.

Here notice that z(r) > 0 and z(R) = 0. Also we have
—z(r) :/ PNV (sw)|? ds
R

and

—2(r) = rP™N =Y Vu(rw)]P > 0.
Consequently

(52 19ugw) = (—2/()
and

PN =D (8) [ Tu(rw)|® = (—2'(r)%, forall 0<r < R. (11.21)
Multiplying (11.20) by (11.21) we get
N0 (Z22) 1 0) B u(ro)|® < (R - 0D () () F (—#()F,  (11.22)
forall0 <r <R.

Next we integrate (11.22) and apply Holder’s inequality with indices £ and =0
to find

R
/ r(erN*l)(%ﬁ) Ju(rw)|?|Vu(rw)|® dr
0

pa)

R
—r(p_l)(%)zr 5 (=2 ()% dr
</O<R ) () (2 ()% d

R
J
R
0
p—
p—

IN

_ )(p—l)(g))(p—%) dr)

(p=1)8 o R B8, ’
—r) = dr) . <_/0 (z(r))ez (r)dr)

_a)> M)R(("‘l“’ﬂ”‘”‘))( o )p(z(()))(“—t‘i)

a+ 0

;
p‘C“))(T) (aiﬂf}%(%)

</ rp+N*1|Vu(rw)|” dr)
0

(/
(

g

—~
® ‘

((R r
(R—1)
p—«
13+ (
p— o
)3+ (
R

A
b+

i
~
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We have proved that
R a+pB
/r(p+N_1)(T)|u(rw)|5|Vu(7w)|o‘dr
0
' (-+)
< M </ PN =L Ty (rw) | dr) . (11.23)
0

Finally we derive

R
/ </ r[(p+N_1)( )+ -] [u(rw) |P | Vau(rw)| 2N 1 dr) dw
sv=1\Jo

(at+B)
P

R
< M / P |Vu(rw)|PrN 1 dr dw
sv-1 \Jo

(if p > a + 3 then we apply again Holder’s inequality with indices (p7 L B) and
(QL_;_ﬂ) to find)

u (. e
. (/SN-I </OR rp|Vu(rw)|prN_1 dr) dw)
= Mw](v%_ﬁ) (/SN-I (/ORT”|Vu(Tw)|”rN1 dr) dw)

We have established inequality (11.16). O

m)
P

(=£2)

Corollary 11.19. Let all the conditions of Theorem 11.17 hold, except now consider
u € H(B(0,R)). Then

/B<o o [N =0 (=2)+ 03]y ()12 V()| da

(=)

p—a—p P

< Mw](\, ) / |zP|Vu(x)|? dz . (11.24)
B(0,R)

Proof. Similar to Corollary 11.10. (]

Next we give the final main result of this chapter.

Theorem 11.20. Let Q be a smooth bounded domain in RN, N > 1. Let p > 1,
a,3>0,p>a+ 0, p>1—N. Then there exists a constant K = K(Q, «, 3, p, N)
such that

/ || [er=n(232)+0-m] u(2)|*|Vu(z)|* do
Q
a+8

< K(/Q|x|p|Vu(a:)|pdx) T (11.25)
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for all w € HY(Y). Here

p—(x—,@)

K:Mw](v z (11.26)

is the constant of inequality (11.16).
The M in (11.26) is given by (11.17), where R is the radius of the smallest ball
centered at the origin and containing 2.

Proof. Similar to Theorem 11.11 by applying Corollary 11.19. U

Remark 11.21. (i) When u is spherically symmetric then (11.24) reduces to
r R (=32)
/ PN =D (=52) 1y () B ()2 dr < M / PPN ()P dr ,
0 0
(11.27)

where M is given by (11.17).
(ii) When p = 0 then (11.25) collapses into

a+8

/Q|x|<N1>(”5“’)|u(x)|ﬁ|vu(x)|adx<K(/Q|vu(x)|pdx> " (11.28)

for all u € H(Q).




Chapter 12

Opial Inequalities for Widder Derivatives

Various L, form Opial type inequalities are given for Widder derivatives. This
treatment relies on [36].

12.1 Introduction

This chapter is greatly motivated by the article of Z. Opial [195].

Theorem 12.1. (Opial [195]) Let z(t) € C1([0,h]) be such that x(0) = z(h) = 0,
and x(t) > 0 in (0,h). Then,

h / h 4 / 2
/O () (8)|dt < Z/o (2! (1)) 2. (12.1)

In the last inequality the constant h/4 is the best possible.
Opial type inequalities have applications in establishing uniqueness of solution
to initial value problems in differential equations, see [244].

12.2 Background

The following are taken from [243].
Let f,ug,u1,...,u, € C""1([a,b]), n > 0, and the Wronskians

up(x) wj(z) ... ui(x)
Wi(z) = Wlug(z),u1(z),. .., u;(z)] := : , (12.2)

uf (@) uf (@) ... u ()
i=0,1,...,n. Here Wy(x) = uo(x). Assume W;(z) > 0 over [a,b], i = 0,1,...,n.
For ¢ > 0, the differential operator of order ¢ (Widder derivative):

Wluo(z), ur (z), ..., ui—1(x), f(z)]

Lif(z) == W 1) ;

(12.3)

161
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i=1,...,n+1; Lof(x) := f(z), V x € [a,]].
Consider also

wlt)  w(t) .. w()
. up(t)  wy(t) ui(t)
9i(x,1) 1= — ) (12.4)
PO a0 i)
up(z)  wi(z) ... wu(z)
1=1,2,...,n; go(x,t) := Q;Z((f)), V x,t € [a,b].

Example ([243]). Sets of the form {ug,u1,...,u,} are {1,z,22, ..., 2"},

n—1

{1,sinz, — cosx, — sin 2z, cos 2z, . .., (—1)"" " sinnz, (—1)" cosna}, etc.

We also mention the generalized Widder—Taylor’s formula, see [243].

Theorem 12.2. Let the functions f,uo,uy,...,u, € C"*([a,b]), and the Wron-
skians Wo(z), Wi (x),...,Wy(z) > 0 on [a,b], x € [a,b]. Then for t € [a,b] we
have

f(z)=[f(t)

uo(x)

wo(0) + Lif(t)gi(x,t) + -+ Lo f(t)gn(x,t) + Ru(x), (12.5)

R, (z) := /tf gn(x, 8) Ly f(s)ds. (12.6)

For example ([243]) one could take ug(z) = ¢ > 0. If u;(z) = 2%, i =0,1,...,n,
defined on [a, b], then

Lif(t) = fO() and gie.t) = &
‘We need

Corollary 12.3 (on Theorem 12.2). By additionally assuming for fized xo € [a,b]
that L;f(z9) =0, i=0,1,...,n, we get that

Fz) = /ﬂp (@ ) Lnss f()dE, ¥ 2 € [a,B]. (12.7)

zo
12.3 Results
From now on we are working under the terms and assumptions of Theorem 12.2

and Corollary 12.3.
We first present the following
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Theorem 12.4. Let x > xg, zo,x € [a,b] and p,g>1: =+ - =1. Then

/ s e < 27 ([ (/ j<gn<w,t>>f’dt) ) "

D=
|~

163

<(/ L) " (12.8)

Proof. By Holder’s inequality we have

< (f om0t " (/ L (010t "
Call
sw)i= [ fOFdt, 2o <w e ((00) =0)
Thus "
2 w) = [Lns f()]1
and

|Lns1f(w)] = (' (w) /1.
From (12.9) we obtain

w

1/p
)| Lo F ()] < ( / |gn<w,t>|Pdt) (2(w)2! ()2,

Integrating the last inequality over [zg, 2] we obtain

/m: |f ()] | L1 f (w)]dw < /: </: Ign(wvt)lpdty/p (2(w)2' ()" 1dw

0 0

<([ ([ ot tpae) aw)”" ([ st wran)”
([ o)

proving the claim of Theorem 12.4. See also Remark 22.11 next.

0

The counter part of the previous result follows.

Theorem 12.5. Let x < g, zg € [a,b] and p,g>1: =+ — = 1. Then is

/ | f ()| L1 fw)]dw < 271/ < / < /w o (w,t)|”dt> dw) 1p

bR
| =

(12.9)
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([ 1manswiean) " (12.10)

1 1
Proof. Here take z < x9 and p,q > 1 such that — + — = 1. From Holder’s
p q

inequality we have

s@i= | Ogn<x,t>Ln+1f<t>dt\
To o 1/p To 1/q
< [ ona Ol SOt < ( / |gn<a:,t>|pdt) ( / ILn+1f(t)|th) |
: : : (12.11)
Call
o(z) = / Lot f(0)]9dE > 0, 2(w0) = 0.
That is
(@)= [ M1 <0,
and
(@) = [ @) 2 0,
and

|Lnsif (2)] = (=" (@)Y, € [a,z0).

Hence by (12.11) (z < w < xg)

To 1/p
P Lo S ()] < ( / |gn<w7t>|f’dt) (2w (= (w)) V4.

w

Integrating the last inequality over [z, z] we obtain

/ ()| L Faw) e < / b ( /a |gn<w,t>|”dt) P )= () Yoo

w

- (/ (/ l9n<w7t>|pdt) dw) v ( [ st (w))dw> e
= (f ([ o)) o

proving the claim. O
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Next we study the extreme cases.

Theorem 12.6. Herep =1, g =00 and x > xo. Then

[ @ )i < (/ (/ ) . 0dt) du ) | s f Ve (1212

Proof. By
fw) = / G (0, 1) Loy f (1)t

9]
we get

= ([ lontw.0ldr) 1o

0
and

i@ < ([ lontw 01t 171

0

Integrating the last inequality we find (12.12). See also Remark 12.11 next. O

Theorem 12.7. Again p=1, ¢ = 00, but x < xg. Then

[ @l < ( | ( Ix gn<w,t>|dt) dw) (ILnsafIZ). (1213)

0 0

Proof. Here x < w < xg, and

[f(w)] =

A gn<w,t>Ln+1f(t)dt‘

Zo

/ °gn<w,t>Ln+1f<t>dt\ < ( / 0|gn<w,t>|dt) T

w

Thus
)| Lo S ()] < ( / |gn<w,t>|dt) VL I,

w

[ ez stotan < ([ ([ w0 ) o) 11

proving the claim. O

and

1 1
Corollary 12.8. Let p,q > 1: —+ — =1. Then
p q

/ |f<w>||Ln+1f<w>|dw} <o f (/ w 90 (0. 0P ) dw)l/p
X
(

Proof. By Theorems 12.4, 12.5. t

x 2/q
/ |Ln+1f(w)|qdw‘> . (12.14)
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In particular when p = ¢ = 2 we have

Corollary 12.9. It holds

/ If(w)IILan(w)ldw‘ <o (/ j<gn<w7t>>2dt) ) -

/ I(Lnﬂf(w))?dw‘ | (12.15)

0

X

Furthermore we get

Corollary 12.10. Letp=1, ¢q = oo. Then
/ If(w)IILan(w)Idw‘ < ( / ( / |gn<w,t>|dt) dw) ILwifI%.  (1216)
xo Zo Zo

Proof. By Theorems 12.6, 12.7. (]

We need to make

Remark 12.11. We define (see [243])

_ W)
¢0($) - WO(x)ﬂ (bl(x) T (W()(J?))Q’ )
in general
or(x) == Wi ()W () k=223,...,n.

(Wi (2))?
The functions ¢;(x) are positive on [a,b]. According to [243] we get, for z,z¢
not fixed, that

L) [ e
nie,0) = s [ [ [T o)

X / On(zn)dx1des .. . dT),

zo

1 T
" Go(@o) - éu(0) /w $0(8) - Pnls)gn—1(w, 5)ds. (12.17)

We get that g, (z,z) =0, all z € [a,b], and g,(z,z0) > 0, © > x0, 2,20 € [a,b],
vV n > 1. Also go(z,z0) > 0 for any z,z¢ € [a, b].
To complete the chapter we present

1 1
Theorem 12.12. Let 0 < p < 1 and q < 0 be such that — + — =1, and x > xq,

x,x0 € [a,b]. Assume that Lni1f is of fixed sign and nowhere zero. Then

[ oasssioian = ve ([ [t oyra) ) v
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z 2/q
X (/ |Ln+1f(w)|qdw> . (12.18)
zo

Proof. Here for g < w < z we have

sl = | " g, )| L f(O)]d, (12.19)

0

by Remark 22.11.
From (12.19) by Hoélder’s inequality we have

= ([ G ora) v ([ 1Lstrea) " (12.20)

Zo Zo

for w > xg. Consider

z(w) = /w |Lpt1 f(t)]9dt >0, z(xg) =0.

0

So that 2/(w) = |Lpy1f(w)]|? > 0 and|L,1 f(w)| = ('(w))¥?, all g < w < .
Thus by (12.20) we get

w 1/p
)| Lo F ()] > ( / <gn<w,t>>”dt) (2(w) ! (w)) 2,

Zo

all zg < w < z. Let g < 8§ < w < z and 6 | x(, then by integration of the last
inequality we obtain

L fwd = fim [ L L )l

> lim ( I ( / :”<gn(w,t>>f’dt)l/p <z<w>z’<w>>1/qdw>
> im ( /0 ' ( / w (gn(w,t))”dt) dw> v tim (( /9 ' z(w)z’<w>dw) ”q)
=9 Y </g: </g:(gn(w,t))pdt) dw)l/p Glilrg(%(x) — 2%(0))/4

—v( [ (/ j<gn(w, oyt du) ey

That is establishing (12.18). O
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We make
Remark 12.13. We notice by (12.17) that
gn(2,t) <0, x<t, nodd,

gn(z,t) >0, x<t, neven,

where z,t € [a, b].
We give

1 1
Theorem 12.14. Let 0 < p < 1 and q < 0 such that — + — =1, and = < xq,

p g
x,x0 € [a,b]. Let n be odd. Also assume that L,11f is of fixed sign and nowhere
zero. Then

[ fwdw > 20 ( (/ j(—gn<w7t>>pdt) dw)l/p
([ Eaanwiran) ” (12:21)

Proof. Here for z < w < zg we have

= [ gn<w,t>Ln+1f<t>dt‘

Zo

[ ot t))Lan(t)dt\

w

[ ot t)Lan(t)dt\ _

= /wo(_gn(wat))an+1f(t)|dt. (12.22)

w

From (12.22) by Hoélder’s inequality we get

1= ([ Canteopa) v ([ 1twropa) "

for w < x¢. That is

1= ([ o o) " ([ 1Lsstorear) v (12.23)

w w
for w < xg.
Consider

z(w) := /fo |Lp41f(t)]9dt >0, z(xo) =0.

w

So that
2w = [ |LanfO1d:

0
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and
—2'(w) = [Lny1 f(w)|? > 0,

ie. 2/ (w) <0.
Hence

|Lns1f(w)] = (=2 (w))Y? >0, all z < w < xo.

Therefore by (12.23) we derive

Zo 1/20
)| B f )] > ( / |gn<w7t>|”dt) () (' ()7,

w

all z < w < xg. Let £ < w <0 < zg and 6 T xp, then by integration of the last
inequality we obtain

zo 6
| @l o = fim [ @)L fw) o

> im ( /(] |gn<w,t>|pdt)1/p (z(w)(—z’(w»)l/qdw)

1/p

> Jim ( / 9 ( /w h |9n(w,t)|”dt) dw) tim ( / ez(w)(—z'(w))dw>
2o/ pwo 1/p 0 a
([ i) o)
=2 ([ ([l teae) o) v lim (22(2) — 2%(0))/"
=2 ([ ([ gt o) ey

xo x w 1/p
[ 1@ fw)ldw > 27 (/ (/ |gn<w,t>|f’dt)dw)
To 2/q
(/ ILn+1f(w)|"dw> ,

that is proving (12.21). O

1/q

Hence
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Putting things together we have

1 1
Corollary 12.15. Let0 < p < 1 and g < 0 be such that —+— =1, and zo, x € [a,b]

P 4q
such that x # xg. Let n be odd. Assume that L1 f is of fived sign and nowhere
zero. Then

/ |f<w>||Ln+1f<w>|dw} s | (/ w o0 0. 0P ) dw)l/p
“(

Proof. By Theorems 12.12, 12.14. O

x 2/q
/ |Ln+1f(w)|qdw‘> . (12.24)

We give without proof the similar Theorem 12.14, see Remark 12.13.

1 1
Theorem 12.16. Let 0 < p < 1 and ¢ < 0 such that — + — =1, and z < xq,

p
x,x0 € [a,b]. Let n be even. Also assume that Lni1f is of fized sign and nowhere
zero. Then

[ fwdw > 200 (/ j<gn<w,t>>f’dt) ) "

([ 1man s " (12.25)

We finish here with

1 1
Corollary 12.17. Let 0 < p < 1 and g < 0 be such that —+= =1, and xo, x € [a, ]

p q
such that x # xg. Let n be even. Assume that L, 1 f is of fized sign and nowhere
zero. Then

| s o] 274 / ( [ ) ) s
“(

Proof. By Theorems 12.12, 12.16. (|

x 2/q
/ |Ln+1f(w)|qdw‘> . (12.26)




Chapter 13

Opial Inequalities for Linear Differential
Operators

Various L, form Opial inequalities [195] are given for a Linear Differential Operator
L, involving its related initial value problem solution y, Ly, the associated Green’s
function H and initial conditions point x¢ € R. This chapter follows [18].

13.1 Background

Here we follow [169], pp. 145-154.

Let I be a closed interval of R. Let a;(z), ¢ = 0,1,...,n —1 (n € N), h(x)
be continuous functions on I and let L = D" + a,,_1(z)D" " + --- + ag(z) be a
fixed linear differential operator on C™(I). Let y1(x),...,yn(z) be a set of linear
independent solutions to Ly = 0. Here the associated Green’s function for L is

Y1 (t) e 'yn(t) U1 (t) o lUn (t)
TG0 (1) -yl ()

H(x,t) = |; / : :
el O RER e () N KLY (et (RN el ()
y1(@) - Yo (2) Rl (S RERET e (5

which is a continuous function on I2. Consider fixed =y € I, then
y(z) = / Hz,Oh(D)dt, allz el
o

is the unique solution to the initial value problem

Ly=h; yD(x)=0, i=01,...,n—1.

13.2 Results
We first give

171
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Proposition 13.1. Let z > xg; zg,x € I and p,q > 1: % + % =1. Then
x z w 1/p
[ iz <z ([0 [ ora) a)
Zo zo zo
x 2/q
([ 1en@ira) (13.1
o

Proof. Here take x > zo and p,q > 1 such that % + % = 1. From Holder’s
inequality we have

viol < ([ 1topa) " ([ mwpa) " (13.2)

Set
z(w) := /w [h(t)|%dt, xo <w <z (2(z9)=0).
Thus
2 (w) = |h(w)]?
and

|h(w)| = (2" (w)"/1.
From (13.2) we obtain

w 1/p
ly(w)[|h(w)] < ( / |H<w,t>|pdt) (e(w) - 2 (w)) V2,

Zo

Integrating the last inequality over [zg, 2] we derive

/ vl wldw < | ( Ix |H<w7t>|pdt) ) - ) o

0

< ([ ([ mrar) )" ([ - )
([ ([ mearn)an)” 52

proving the claim of Proposition 13.1. (]
The counterpart of the previous result follows.
=1. Then

Proposition 13.2. Let x < x¢; g,z € I and p,q > 1: - +

1
p

| i < 2 ( (/ w HwPar) dw)l/p

- ( s |<Ly><w>|qdw) " (133)
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Proof. Here take x < x¢ and p,q > 1 such that % + % = 1. From Holder’s
inequality we have

ly(z)| =

/:OH(oc,t)h(t)dt‘ < /:0 |H (x,t)| |h(t)|dt

< </$ |H(:c,t)|”dt) o (/w |h(t)|th> v (13.4)

Set
2(z) == /wo |h(t)|9dt > 0, z(xo) = 0.
That is w
—=@) = [ moar <o,
and 0
—2'(z) = [h(z)|" > 0,
and

(@) = (=2'(x)V9, wel
)

Hence by (13.4) (z < w < g

o 1/p
/ |H<w,t>|pdt) () - (—2 ().

w

ly(w)] - |h(w)] < (

Integrating the last inequality over [z, z] we find

/:0 ol = /:0 </:0 IH(w,t)IPdt>l/p

(2(w) - (=2 (W) - dw

(/:0 (/:0 |H(w,t)lpdt) 'dw>1/p (/:o(_z/(w)'z(w))'dw) 1/q
o ([ ([ meora) ) o

proving the claim of Proposition 13.2. U

IN

Extreme cases come next.

Proposition 13.3. Here p=1, ¢ =00 and x > xo. Then

[ iz w)as

< (/ (/ ) [H(wlat) dw) - Lol (13.5)
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Proof. From

y(w) = /w H(w, t)h(t)dt

we obtain

ol < ([ 10l il

Zo

and

w

ly(w)l [(Ly)(w)] < </ IH(wvt)ldt> (IZyll ).

0

Integrating the last inequality we obtain (13.5). |

Proposition 13.4. Againp=1, ¢ = oo, but x < xg. Then

/ " )] | (Ly) () do

<(/ (/ ) H(wldr) dw ) - (E)IE) (13.6)

Proof. Here x < w < xg, and

Zo

/;H(w,t)h(t)dt‘: /w H(w,t)h(t)dt'

< ([ itwniar)

ly(w)|[(Ly)(w)] < ( B IH(w,t)Idt) (IZylls)?,

[ e < ([ ([ i ol) ao) -zl

Corollary 13.5. Let p,q > 1:

ly(w)| =

Therefore

and

1
p

[ ) (wiwlac] <2 ([ (/ ) H(wPar) dw)w

(If |<Ly><w>|qdw\)2/q- (13.7)

Proof. By Propositions 13.1, 13.2. (]
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In particular when p = ¢ = 2 we obtain

Corollary 13.6. It holds

[ | <2 ([ ( [ o) dw>1 .,

/ m((Ly)(www\ | (13.8)

Zo

Furthermore we have

Corollary 13.7 Letp=1, g = co. Then

/ ()] (L) (w)]duw

<(/ (/ w HGwlat) dw) - Lyl (13.9)

Proof. By Propositions 13.3 and 13.4. ]

To complete the chapter we present

Proposition 13.8. Let 0 < p < 1 and q be such that %—1— % =1, and z > xo,
xo,x € I. Suppose that

H(w,t) >0 forzo<t<w, wel.

Also assume that Ly = h is of fixed sign and nowhere zero. Then

[t (ka2 (/ (/ j(H(w,t»Pdt) o) l/p

x 2/q
. (/ |(Ly)(w)|qdw> . (13.10)
zo
Proof. Here for g < w < z we have
ly(w)| = /w H(w, £)[h(2)dt. (13.11)
o
From (13.11) by Hoélder’s inequality we derive

pil = ([ woya) " ([ mopar) T

for w > xg. Consider

z(w) := /w |h()|%dt, z(xo) =0.

Zo
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So that 2/(w) = |h(w)|? and |h(w)| = (2'(w))*/9, all zyp < w < x. Hence by
(13.12) we get

w 1/p
ly(w)[|h(w)] > ( / <H<w7t>>pdt) (aw) - 2 ()2,

zo
all zg < w < z. Let g < § < w < z and 6 | x(, then by integration of the last
inequality we obtain

[ ) e = i [ty )i

Jim ( [ ([ drnya) 7wy 2 .dw>

([ ([nere)o) (<o) )
=2 ([t oyar)av) ) - oy

= 271/ (/I (/:(H(mt))pdt> dw)l/p ()9,

That is establishing (13.10). O

Y

Y

Proposition 13.9. Let 0 < p < 1 and q be such that %—1— % =1, and z < o,
xo,x € I. Suppose that

H(w,t) <0 forw<t<xg, wel.

Also assume that Ly = h is of fixed sign and nowhere zero. Then

| e > 2 (/ w AP dw)l/p

([ 1) " (1313)

Proof. Here for z < w < xg we have
w)| = / H(w, t)h(t)dt H(w t‘

[
-, ‘ /w H(w, t))|(t)|dt.

From (13.14) by Holder’s inequality we find

v > ([ IO(—H(w,t»pdt)l/p ([ |h<t>|th)1/q,

(13.14)
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for w < xp. That is

So that
a(w) = / Ih(b)|dt
and
2 (w) = [h(w)|?,
with

|h(w)| = (—2' (W)Y, all 2 < w < x.
Therefore by (13.15) we find

Zo 1/P
ly(w)[|h(w)] > ( / |H<w,t>|pdt) (e(w) - (2 (w)) e,

w
all z < w < xg. Let x < w <0 < xg and 6 T xp, then by integration of the last
inequality we obtain

0 0
[ ) rwlaw = tim [yl o)

tim ( / 9 ([ it opa) 7 sw) - (=) -dw)
tim ( / 9 ([ it opa) dw) v Jim ( / () () ~dw>
([ ([ merao) " g - [ o)

e ([T [ opar) av) " lim (2(a) — 22(0)) "

_ g1, </I </w |H(w,t)|pdt> dw) @

Therefore

[ w2 (/ w Hw.Par) dw)l/p
([ ntwrra) !

that is proving (13.13). O

Y

1/q

Y
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Putting things together we have

Corollary 13.10. Let 0 < p < 1 and q be such that % + % =1, and xg,x € I that
T # xg. Suppose that

(w—xzp) - H(w,t) >0,

for all t between xg,w € I. Also assume that Ly = h is of fixed sign and nowhere
zero. Then

/ ly(w) |<Ly><w>|dw‘ s ([ (/ w APt do) v

- < / |<Ly><w>|qdw\)2/q- (13.16)

Proof. By Propositions 13.8 and 13.9. (]




Chapter 14

Opial Inequalities for Vector Valued
Functions

Various L, form Opial type inequalities are given for functions valued in a Banach
vector space with applications in C. This chapter relies on [52].

14.1 Introduction

This chapter is greatly motivated by the article of Z. Opial [195].

Theorem 14.1. (Opial [195]) Let z(t) € C*([0,h]) be such that x(0) = x(h) = 0,
and x(t) > 0 in (0,h). Then

h
/ |z (t)z’ (t)|dt < Z/O (' (t))%dt. (14.1)

In the last inequality the constant h/4 is the best possible.
Equality holds for the function
xz(t)=t on [0,h/2]
and
z(t)=h—t on [h/2,h]
Opial type inequalities have applications in establishing uniqueness of solution
to initial value problems in differential equations, see [244]. We are also motivated

by [16], [21]
‘We need

14.2 Background

(see [230], pp. 83-94)

Let f(t) be a function defined on [a,b] C R taking values in a real or complex
normed linear space (X, || -|). Then f(¢) is said to be differentiable at a point
to € [a,b] if the limit

(14.2)

179
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exists in X, the convergence is in || - ||. This is called the derivative of f(t) at t = to.

We call f(t) differentiable on [a,b], iff there exists f/(t) € X for all ¢ € [a, b].

Similarly and inductively are defined higher order derivatives of f, denoted
73 f®) ke N, just as for numerical functions.

For all the properties of derivatives see [230], pp. 83-86.

Let now (X, || - ||) be a Banach space, and f : [a,b] — X.

We define the vector valued Riemann integral f; f(t)dt € X as the limit of the
vector valued Riemann sums in X, convergence is in || - ||. The definition is as for
the numerical valued functions.

If f; f(t)dt € X we call f integrable on [a,b].

For the properties of vector valued Riemann integrals see [230], pp. 86-91.

We define the space C™([a,b], X),n € N, of n-times continuously differentiable
functions from [a,b] into X; here continuity is with respect to || - | and defined in
the usual way as for numerical functions.

Let (X, || - ||) be a Banach space and f € C™([a,b], X), then we have the vector
valued Taylor’s formula, see [230], pp. 93-94, and also [227], (IV, 9; 47):

It holds

En(z,y) = f(y) = f(z) = f'(x)(y — 2)

1

— ot [ -0 O Yoy e b, (143)

In particular (14.3) is true when X = R™ C™ m € N, etc.
In case of some xg € [a, b] such that f*)(z¢) =0,k =0,1,....,n — 1, then

1 Y n— n
1) = =5 / @, vy o] (14.4)

In that case E,(zo,y) = f(y).

14.3 Results

Here we consider always X to be a Banach space, n € N, and f € C"([a,b], X),
[a,b] CR. We fix x¢ € [a, D]
We present the first result of the chapter.

Theorem 14.2. Let p,g>1: 1% + % =1, y >0 y,x0 € [a,b)].
Then

Yy
L= / | (o, )| £ ()| duw
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(y —ao)" 1 F5

181

y 2/q
() (w) || 2 dw ) .
< W e T DT T () e

We give
Corollary 14.3. For y € [x¢, b] we have

11<2(n_(1y)_””0 </ 1LF ()] dw>.

Proof of Theorem 14.2. We have by (14.3) that

Y

1 — n
E,(zo,y) = m/ (y — )" LM (b)dt, ¥ y > x0; 20,y € |a, D).

0

By Holder’s inequality we derive

| Ea(zo )]l < (;i§33;JCj<y-—t>”1|f“”<wndt
1 P S LA
Sm_m(lﬁ/ﬂ dQ <Lﬂf(mwo
_ 1 (y — xO)n_H_% /a
=T D CO
where
)Z/WWmWWWt%SySb@@w:m.
Thus
() = 177 ()]
and

LF™ )l = (=" (y)) /2.

Therefore we obtain

)n71+%
() ()

n 1 (y T
120 DV < oy A=A

Integrating the last inequality we have

Yy
/HEM@MMWMWWM

1

: (n—D!(p(n —1)+1)1/r /wo (w — xO)n_H%(Z(w)Z/(w))l/qdw

(14.6)

(14.7)

(14.8)

(14.9)

(14.10)

(14.11)
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== 1)!(p(n1— 1)+ 1)i/r (/:(w - xO)P(n1)+ldw) e (/: Z(w)z'(w)dw) 1/q

(y—z0)" > 2/q
= 14.12
2atn — Dil(p(n — 1) + Dp(n — 1)+ 2j7e - (14.12)
proving the claim of the theorem. O

We continue with

Theorem 14.4. Let p,q>1:
Then

%—!—%:1, y € [a, xo).

I = / | B0, w) | || (w)]|duo
Yy

(ﬂfo—y)n71+% " (") (w)||9dw e
= 240 — )l[(p(n — 1) + D(p(n — 1) + 277 (/y I (w) % ) - (14.13)

We give

Corollary 14.5. For y € [a,zo] we have

(o —y)" v () (w) || dw
B S o s (/y 1 () |2 ) (14.14)

Proof of Theorem 14.4. We have by (14.3) that

IEna )l = ot / Pty t)"lf(")(t)dtH
1 o n—1 n
sm/y (t— )" £ ) e
1 xo B p(n—1) 1/p Zo ) . 1/q
< (/ (1= gy ar) (/ It
_ (w0 — y)n_H% /a
= D)o 1) D C) (14.15)
Here
2(y) = / I @lede (2(0) = 0), (14.16)
and
<) = [ 1) <o (14.17)

—Z(y) = I )" = o, (14.18)
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and

IF ™ @)l = (=" ()", a<y <o

Therefore
| En (o, )| £ ()]

(wo —y)" 1 F7
“(n-Dlpn—-1)+1)

Hence we find

75 W) (=" W)Y, a<y <o

/ 1B (o, w) | 15 )
Y

1
<
~ (n—Dlpn-1

=e 1)!(p(n1_ ESE (/;0(% ~ w)”("‘““dw) 1

(f s i) v

)n71+%

ESOE / (w0 = w)" % (2(w)(~#' (w))) o

_ (zo —y

21/4(n = D![(p(n — 1) + 1)(p(n — 1) + 2)]'/
proving the claim of the theorem.

Combining Theorems 14.2 and 14.4 we obtain

(2())*/9,V y € la, o],

Theorem 14.6. Let p,q>1: 1—17 + % =1 and y,x € [a,b)].
Then

Yy
=| [ 1o, wl IIf(")(w)Ildw‘

Yy
/ £ (w) 9o

n—l+% 2/q

< ly — o]
~2Ya(n = D![(p(n — 1) + 1)(p(n — 1) +2)]1/7

Combining Corollaries 14.3 and 14.5 we derive

/ 17 )| dw\

Corollary 14.7. For y,xo € [a,b] it holds

|y—x0|
T 2(n—1)y/n(2n-1)

A special but important case follows

183

(14.19)

(14.20)

(14.21)

(14.22)

(14.23)

(14.24)

(14.25)
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Theorem 14.8. Let p,g > 1:
f®)(z0) =0, k=0,1,...,.n— 1.
Then

% + % =1 and y,zo € [a,b]. Suppose further that

[ nr s e

2/q

)

ly — x| 17

< min <2l/q(n = D!(p(n —1)+ 1)(p(n — 1) + 2)]/»

Yy
/ 17 () |
/IIf”’ ) de. (14.26)

Proof. By Theorem 14.6 and Corollary 14.7. |

ly — xo["
2(n — 1)1y/n(2n — 1)

We continue with

Theorem 14.9. Letp=1, ¢ = 00 and y € [xo, ).
Then

S 1o w15 < i

ﬁ”f ||go,[x0,b]~ (14.27)

Proof. We have by (14.3) that

1 Y n— n n (y — T )n
2ol < o= [ = IO gy
(14.28)
Consequently it holds
n) (n (y - xo)n
all zog <y <b.
Hence we derive
v (n) P02 2o .
| En(zo, w) || | /T (w) |dw < ——F7—— (w — xp)"dw
xo ' o
(y — o)t 2
= 7Hf(" [ (14.30)
CESV o )

The counterpart of Theorem 14.9 follows.

Theorem 14.10. Let p=1, g = 00 and y € [a, z).
Then
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e (n) (o =)™ )2
[ En (2o, w)[| [/ (w)]ldw < T 1" 5 o) (14.31)
) .

Proof. We have by (14.3) that

[ En (0, y)ll =

[ ool

Zo

1
(n—1)!

“gm | - orrea] < gt [Taewr i as

H.f(n)Hoo7 a,r *o n— n (330 — y)"
< 7(71_1[), o / (t—y)"tdt = || f* )Hoq[a,xo]in, : (14.33)
! Y ]
Hence it holds
n n (!EO - y)n
|‘E’I’L($07y)|| ||f( ( )” < ||f( H2 azo Ta (1434)
all a <y <uxp.
Consequently
o (’ﬂ) ||f(n)||zo,[a7x0] *o n
B, w)|[£) w)dw < =221 [ (o — w)d
) . Yy
n+1
— (n)2 (330 - y) 14.35
||f || Ja,xo] (TL+ 1)| ( . |:),
Combining Theorems 14.9 and 14.10 we obtain
Proposition 14.11. Let p=1, q = o0, y,xo € [a,b)].
Then
n |y $0| n
/ | En (0, w)[| | f™) (w)]| dw| < T Hf( 1% (14.36)

In particular we get

Proposition 14.12. Let p =1, ¢ = oo, y,x9 € [a,b]. Further suppose that
f®(zo) =0, k=0,1,...,.n— 1.
Then

n)2
( ) ||f 5% (14.37)

/ ")) £ ) | <
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14.4 Applications

Here X = C, f € C"([a,b],C), n € N, zg,y € [a,b]. Furthermore suppose that
f®(zg) =0, k=0,1,...,n— 1.
Applying Theorem 14.8 we obtain

Theorem 14.13. Let p,q > 1: %—1— % =1.
Then

AﬁﬂwmﬂMWWM\

2/q

)

ly — x| 17

< min <21/‘1(n —D![(p(n—1)+ 1)(p(n — 1) + 2)]/»

Yy
/|ﬂMmmww

ly — zo|" (n) ‘
" dw| | . 14.38
2(n — 1)!ly/n(2n —1) f w)l ( )
By Proposition 14.12 we derive
Proposition 14.14. Let p=1, ¢ =
Then
Yy
[ s ] < LRI e, (11.39)
zo

Let now f € C1([a,b],C), zo,y € [a,b] with f(z9) = 0. Applying Theorem
14.13 we get

Theorem 14.15. Let p, g > 1:

Then
LiﬂmufWWM\

1 y 2/4
< Limin w—me/lfWWmu
o

) |y - $0|
Finally by applying Proposition 14.14 we find

1 _
+i=1.

=

[\)

L?fwm%4>. (14.40)

Proposition 14.16. Let p=1, ¢ =
Then

[ 15wy < S5, (1.41)



Chapter 15

Opial Inequalities for Semigroups

Various L, form Opial type inequalities are given for semigroups with applications.
This chapter relies on [31].

15.1 Introduction

The chapter is also greatly motivated by the article of Z. Opial ([195]):

Theorem 15.1 (Opial [195]) Let x(t) € C1([0,h]) be such that 2(0) = x(h) = 0,
and x(t) > 0 in (0,h). The following inequality holds

h h
/ |a:(t)x’(t)|dt§(h/4)/ (2! (1)) 2. (15.1)
0 0

In the last inequality the constant h/4 is the best possible.

Opial type inequalities have applications in establishing uniqueness of solution
to initial value problems in differential equations, see [244].

We are also motivated by [16], [21].

The generalized Opial type inequalities we prove here are in Theorems 15.8,
15.10 and 15.15.

15.2 Background

All this background comes from [79] (in general see also [147]).

Let X a real or complex Banach space with elements f,g,--- having norm
/115 lgll, - - - and let £(X) be the Banach algebra of endomorphisms of X.

If T € £(X), |T|| denotes the norm of T'.

Definition 15.2. If T'(t) is an operator function on the non- negative real axis
0 <t < oo to the Banach algebra £(X) satisfying the following conditions:
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{ (1) T(t +t2) = T(t1)T(t2), (t1,t2 >0), (15.2)

(1) T(0) = I (I = identity operator),

then {T'(t); 0 <t < oo} is called a one-parameter semi-group of operators in £(X).
The semi-group {T'(t); 0 < ¢t < oo} is said to be of class Cy if it satisfies the
further property

(iii)s — lim T()f = f, (f€X) (15.3)

referred to as the strong continuity of T'(t) at the origin.

In this chapter we shall assume that the family of bounded linear operators
{T(t); 0 <t < oo} mapping X to itself is a semi-group of class Cp, thus that all
three conditions of the above definition are satisfied.

Proposition 15.3. (a) |T'(t)| is bounded on every finite subinterval of [0,00).
(b) For each f € X, the vector-valued function T(t)f on [0,00) is strongly
continuous.

Definition 15.4. The infinitesimal generator A of the semi-group {T'(¢); 0 <t <
oo} is defined by

Af=s— dim Acf, Acf=1[T(r) -1 (15.4)

whenever the limit exists; the domain of A, in symbols D(A), is the set of elements
f for which the limit exists.

Proposition 15.5. (a) D(A) is a linear manifold in X and A is a linear operator.
(b) If f € D(A), then T(t)f € D(A) for each t > 0 and

L) = AT()f = T(AF (1 0); (15.5)
furthermore,
TW)f - f = t T(u)Afdu (t > 0). (15.6)
0

(¢) D(A) is dense in X, i.e. D(A) =X, and A is a closed operator.

Definition 15.6. For r = 0,1,2,... the operator A" is defined inductively by the
relations A° = I, A' = A, and

D(A") = {f; f € D(A™™") and A7"'f € D(4)}

ATf = AATTL ) =5 = lim A(A7Yf)(f € D(A")). (15.7)
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For the operator A™ and its domain D(A") we have the following
Proposition 15.7. (a) D(A") is a linear subspace in X and A" is a linear operator.
(b) If f € D(A"), so does T'(t)f for each t >0 and
%T(t)f =A"Tt)f=T(t)A"f. (15.8)
Furthermore
1 1 ! -1

the Taylor’s formula for semigroups.
Additionally it holds

[T(t)—I]T:/O /0 /0 T(up +uz + -+ u)A" fdurdus . . . du,. (15.10)

(c) D(A") is dense in X for r =1,2...; moreover, N2 D(A") is dense in
X. A" is a closed operator.
Integrals in (15.9) and (15.10) are vector valued Riemann integrals, see [79],
[164].

15.3 Results

Here always we consider T'(t), A as in the Background of this chapter and f €
D(A™), r € N.
We present the first main result.

Theorem 15.8. Let p,q > 1: % + % =1.
One has

AnAwwmwwmvwwg

Vi t . 2/q
T o= D% D=7 L, 1T A1) s

for allt € Ry = [0,00), where

r—1
AR =T - %Akf. (15.12)
k=0 "

We give
Corollary 15.9. Let p=q=2. Then

Anvamwmmvwws
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t’r‘

2(r = 1! /r(2r —1)
Proof of Theorem 15.8. By Taylor’s formula (15.9) we have

</t |T(w)ATf||2dw) Jforallt e Ry
0

Alt)f =
Therefore

8071 = =l [ €= w0 T s

1 ’ _urfl w) A" u
Sf—n!/o“ )y T ) A7

o (forenm) ([ )

tr_H_l _— 1/q
:(7"—1)!((7’—1)+11/p</ IT(uw)A" ] du) .

So far we have found that

<

tr—1+% 1/
< q
where
t
t) := / (|17 (uw)A" f||%du, for all t € Ry.
0
Clearly

2'(w) = ||T(w)A" f||9, 0 <w < ¢, 2(0) =0.
In particular

T (w) A f|| = (' (w)) "

Hence we have that

1
wr71+5

A IIT@)A T S o7

T (2(w)2 (w)) 7.

Consequently it follows

1
(r—=1)! (p(r —1)+1)4/p

/0 |A@)fI| [T (w)A" flldw <

1
(r—1)! (p(r — 1)+ 1)1/»

/ W' (2(w)2 () dw <
0

(15.13)

(15.14)

(15.15)

(15.16)

(15.17)

(15.18)
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() rrsyrae) 7 (] an)

1 = 1+— ZQ(’LU) e\ 1/a
TR DF 0 - D2 ( 2 )
1 tr71+;

- 2/q
S oD oD ED7 g —1) v G

1 o1t 2/q
— . T q
T D) G — )+ D 2a(p(r —1) 4 2)1/p (/ I (u)A" £ d“) :

(15.19)
proving the claim. O
We give
Theorem 15.10. Here p =1, q¢ = 0o and suppose
| Ir@ars) || = sup 1T@)Af) < . (15.20)
o ueER
Then
t
[ 181 1T A" fldw < — | Ay | por att e B,
0 ( +1
where
r—1 k
A f=T(t)f — Zk'Ak (15.21)
Proof. We have
1 t L
< - _ rT— T
MO < =57 [ (=0T @A
1 ¢ L
< - _ rT— T
< oo ([ e o) | imwars |
t" .
= H (1T (u)A" f]| Hoo,for allt € Ry.
That is
t" .
lawsl < 5 | Imaary) || forante R,
Therefore
T w’r‘ T 2
IA@)A IT@AT | < 22| ITary] | ano<w<e  (15.22)
Hence
2
: ) N Raorei
s iAo < ([ wrde) L
t’r‘+1
=7 H T (u) A" f| H gforallt € R, (15.23)

proving the claim. O
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We give
Application 15.11 (see also [80]). It is known that the classical diffusion equation
ow W
with initial condition
Jim W (a,0) = f(z), (15.25)

has under general conditions its solution given by

Wiz, t, f) = [T(t)fl(z) = 2%/% /_OO f(@+ e/ du, (15.26)

the so called Gauss—Weierstrass singular integral.

The infinitesimal generator of the semigroup {T'(¢); 0 <t < oo} is A = 9?/0x?
([159], p. 578).

Here we suppose that f, f2¥) k = 1,...,r, all belong to the Banach space
UCB(R), the space of bounded and uniformly continuous functions from R into
itself, with norm

Ifllc := sup [f(z)]. (15.27)
zeR

Here we define
AW f(z) =W (x,t, f) — Z k'f k) (), for all z € R. (15.28)

Therefore by Theorem 15.8 we derive
Proposition 15.12. Let p,g>1: % + % =1.

Then
¢
L= [ IB®le W w. o) edu <
0
t'rflJr%
2Va(r — 1! [(p(r — 1) + 1) (p(r — 1) + 2)]1/7
t 2/q
: </ |W(-,w,f(2r))||chw) Jforallt € Ry. (15.29)
0
‘We make

Remark 15.13. We notice here that

|W(x,t, f 2’”) ’ f(zr) (x+u)e ™™ /4t gy,
\/_
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|f(2r) $+’LL)| u2/4tdu

,2\/_

1 *° 2
< (2r) / e U /4tdu
<o r= [

=1 1=f®le < oo, for all t € R.

That is
WGt fE)e < 1F%7e.
And thus we obtain
= 1wt r@Nle||

= sup [W(t,fC)c < [1f%]c < .

teRy

We give
Proposition 15.14. Herep=1, ¢ =00

Then

r+1
I < m¢2,for allt € Ry.

Proof. By Theorem 15.10.

We finally get
Theorem 15.15. Letp,q>1: % + % =1,t>0.

Choose x} € [0,rt] such that

pe =T ()Af| = sup [T (x)A"f].

z€[0,rt]
Then
J @) = 0771 i siaw
1/q
p tr"' (1/p) ,
Proof. Call

Then by (15.10) we have
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(15.31)

(15.32)

(15.33)

(15.34)

(15.35)
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t ot t
L) f :/ / / T(uy 4+ ug + - + up)A" fdurdus . .. du,., t > 0. (15.36)
o Jo 0

Therefore it follows that

t t t
||1“T(t)f||§/0 /O /0 1T (ur + 1z + - + wp) A" | durdus ... du,

t ot t 1/p
g(/// 1pdu1du2...dur)
0 Jo 0
t ot t 1/q
(/ / / |T(u1+u2+-+uT)ATf||qdu1du2...dur>
0o Jo 0

t t 1/q
- (/ / |T(u1+u2+-+ur)ATf||qdu1du2...dur> .
0 0

That is we derive

t ot t 1/q
D7 (8) f|| < t7/P </ / / ||T(u1+u2+-+uT)ATf||qdu1du2...dur) ,
0 0 0
t>0. (15.37)
Set,

t1 to tr
Gltr b, 1) ;:/ / / 1T (ur + 1z + - + wp) A" |y dus ... du,,
0 0 0

where ti,to,...,t. > 0. (15.38)
Thus
T () f| < 7P (Gt t, ..., tHY, t > 0. (15.39)
Clearly we find
O"G(t1,ta,. .., ty)
Ot10ty ... 0t,

and in particular we get

= ||T(t1 +to+ ...+ tT)ATf”q, allt; >0, i=1,r, (1540)

o'G(t,t,....t) " el
dhoty. o, LA, (15.41)
and
Gt ... 1)\
T _ (YL -0 .
1T (rt) A" f]| < TS TSN ) , forall t >0 (15.42)

Consequently we have
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[T @ ST (rt) A fI| <

. 1/q
8G(t7t,7t)) , foraﬂtZO
ot

t/r/p <G(t7 t, ceey t)W

Thus
/O 1T (w) f| [T (rw) AT f dw <

¢ O"G(w,w, ..., w) 1/
T/p ) 9 9 _.
/0 w (G(w,w,...,w) 0t,0t, Ot ) dw=:J

Notice here that

G(w, / / / 1T (u1 + ug + - + u,)A” f]|9dur dus . .
<w" sup T (x)A"f|! = w"||T(z;) A" %,
z€[0,rt]
for some z} € [0,7rt], 0 <w <t
That is

Gw,w,...,w) <w"|T(zg) A" f[|.

Hence we derive

t r 1/q
jS/O W T () AT S| <8 G(w,w,...,w)) duw

5t15t2 .. .5tr
, O"G(w,w,...,w) 1/a
T AT / ( Sl ) du

t 1/17 t l/q
"G(w,w,...,w)
< * T rp
< | T@)A /| </O w dw) </0 ( o0t L, )dw>

T (A" r+(1/p) t Tl A7 £ 1/a
1T s ([ oA
We have established that

/0 10" (w) | |7 (rw) AT f | deo

tr+(1/p)

<
~ (rp+1)Vp
that is proving the claim.

t 1/q
1T A S| ( / IT(rw)ATfIquw> ,
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(15.44)

(15.45)

(15.46)

(15.47)

(15.48)
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Chapter 16

Opial Inequalities for Cosine and Sine
Operator Functions

Various L, form Opial type inequalities are given for Cosine and Sine Operator
functions with applications. This chapter relies on [45].

16.1 Introduction

This chapter is also greatly motivated by the article of Z. Opial [195].

Theorem 16.1. (Opial [195]) Let z(t) € C*([0,h]) be such that x(0) = x(h) = 0,
and x(t) > 0 in (0,h). Then,

" / h g / 2
/0 ()2’ (t)|dt < Z/0 (2 (t))2dt. (16.1)

In the last inequality the constant h/4 is the best possible.

Opial type inequalities have applications in establishing uniqueness of solution
to initial value problems in differential equations, see [244]. We are also motivated
by [16], [21].

We need

16.2 Background

(see [93], [147], [191], [192])

Let (X, ||-||) be a real or complex Banach space. By definition, a Cosine operator
function is a family {C(¢);t € R} of bounded linear operators from X into itself,
satisfying

(i) C(0) =1,1 the identity operator;

(i)

Ct+s)+C(t—s)=2Ct)C(s), Vt,s € R; (16.2)

(the last product is composition )
(iii) C(-)f is continuous an R, V f € X.
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Notice that C(t) = C(—t) Vt € R.
The associated Sine operator function S(-) is defined by

S()f = /Ot Cls)fds, VteR, VfeX. (16.3)

The Cosine operator function C(-) is such that ||C(t)|| < Me“?, for some M >
1,w>0,VteRy , here || - || is the norm of the operator.

The infinitesimal generator A of C(-) is the operator from X into itself defined
as

Af =1 2 (C@t)-1) (16.4)
= 0% 12 -0 '

with domain D(A). Operator A is closed and D(A) is dense in X, i.e. D(A) = X,
and satisfies:

/t S(s)fds € D(A) and A/t S(s)fds=C@t)f - f,VfeX. (16.5)
0 0

Also it holds A = C”(0), and D(A) is the set of f € X : C(¢t)f is twice differentiable
at t = 0 ; equivalently,

D(A)={feX:C()f € C*(R,X)}. (16.6)

If f € D(A), then C(t)f € D(A), and C"(t)f = CH)Af = AC@)f, Vt €
R; C'(0)f = 0, see [140], [232].

We define A° = I,A%? = Ao A,..,A" = Ao A" ' n € N. Let f € D(A"),
then C(t)f € C?*(R,X), and CCM(t)f = C(t)A"f = A"C(t)f,Vt € R, and
CEE=D(0)f = 0,1 < k < n, see [191].

For f € D(A™),t € R, we have the Cosine operator function’s Taylor formula
([191], [192]) saying that

B - n—1 t2k ke t (t _ 8)277,—1 . n o
To(t)f = C(1)f kzzo S f_/o GErCean i (6)

By integrating (16.7) we obtain the Sine operator function’s Taylor formula

t3 th—l o _
My (t)f = S(t)f—ft—iAf—"'—mA 'f=
/t % C(s)A™ f ds, Vt € R, (16.8)
O .

all f € D(A™).
Integrals in (16.7) and (16.8) are vector valued Riemann integrals, see [79], [164].
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16.3 Results

Here, always, we consider C'(t), S(t), A as in the Background and f € D(A™),n € N.

Theorem 16.2. Let p,qg > 1: 1% + % =1,teRy. Then
i)
t
1= / T () £ [ Cw) A™ f | deo <
t2n71+% t 2/q
n £q
217a(2n — Di[(p(2n — 1) + D(pn — 1) + 2177 </ [Cto) 4”7 dw) ’
(16.9)
and
i)
t
J = / | Mo () ] € ) A™ flldw <
£20+3) t 2/q
nr||q
3@ [(2pn T D (pn + D]V </ lC@)A™ 7] dw) ' (16.10)
We give
Corollary 16.3. It holds
i)
t2n t 9
1< C(w)A™ f||*dw, Vt € Ry, 16.11
= 2(2n — 1)1\/2n(dn 1) /0 let)A™ 7 " (16.11)
and
i)
t2n+1 t )
J < C(w)A™ f||%dw, Vt € R, . 16.12
= 2(2n)!\/(2n+1)(4n+1)/0 € ) A" 7| i (16.12)

Proof of Theorem 16.2. For convenience we call m := 2n—1. By (16.7) we have

T, (t)f = /Ot (t :nf)mC(s)A"fds7 teR,. (16.13)

Thus

T < o [ =947 s <

L ([a-spmas) " ([ e ieas) "
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tm+l 1/q
_ n g
- T (/ IC(s)A™ ] ds) . (16.14)
So far we have found that
it Y
T f < —— _(2(t))/9, 16.15
L)) € s (0] (16.15)
where
t
A(t) :/ 1C(s)A™ || 7ds, Wt € R, (16.16)
0
Clearly
2 (w) = ||Cw)A™ f||7, 0 < w < t, 2(0) = 0. (16.17)
Also
IC(w)A™ f]| = (' (w))"/1. (16.18)
Therefore we have that
wm+% ’ 1/
n q
I w) A P € et (o) () 2 (16.19)
Consequently it holds
k n 1 ¢ m+1 / 1/q
; 1T (w) fIIC(w) A™ f|dw < im0 Jo @ 7 (2(w)2' (w)) M dw
(16.20)
1 t 1/p t 1/q
< - pm+1 /
S Tl + )i/ (/0 w dw) (/0 z(w)z (w)dw)
m+2 2 1/q
_ 1 ! 2wy (16.21)
m!(pm + 1)/P (pm + 2)/p 2
1 tm+3 2/q
_ n g
= i 3 DV a(pm 1 277 (/ [|C(w)A™ f]| dw) , (16.22)
proving (16.9).
Setting now m := 2n and working similarly with (16.8) we get (16.10).
The proof of the theorem is now complete. |
We present
Theorem 16.4. Herep =1,q = 00, and
HIC)A™ Il o 5 = Sup [C(s)A™f|| < oo. (16.23)
s€Ry

Then
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i)
$2n+1 ) ,
=@t ' R 16.24
< Gy | 10 1 ¥t € e 621
and
i)
J £2(n+1) o ) - .
< n . .
S ESYL [C(s)A™ fll 5,4 » VE € Ry (16.25)
Proof. We have from (16.7) that
I, (t)f||</tw||c( A lds = AT e v € B
n - 0 (2TL— ]_)' o S > (21],)' s 0ot ..
(16.26)
Thus
2n
n w n
ITu)fINC)A™ I < o HICEA (16.27)
all 0 <w < t.
So that

1= [ Iz ICw) fldw <
0

t C An 2 , 2n+1
([ weraw) HEOEIIt il lo@an sl 1628

proving (16.24).
Similarly from (16.8) we obtain

t2n+1

< —_— n . .
IM(OF1 € Gy HIOEA e, V2 € Ry (16.29)
Furthermore it holds
2n-+1 9
M, A" fll € —— A" , 16.
I ) IC@)A" ) < o HICEA S e (1630
all 0 <w <t.
Therefore
t 2(n+1) ,
= M, A" < A" , R..
7= [ 1) 1A Fldw € G 10 A | s .51 € B

(16.31)
That is establishing (16.25). The theorem is proved. O
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We continue with

Theorem 16.5. Let p,qg > 1:

i)

1 1 _
5+E—17t€R_ Then

0
_ / ITo(w) £ | Cw) A™ f | dw

(e ([ 10w siean)

S Wa@n — D)(p@n— 1)+ )pEn - 1) 1 2]/

and

0
_ / 1Mo (w) £ [[C(w) A™ f|duw

(—t )2(n+l) - 2/q
= 2(2n)![(pn + 1)(2pn + 1)]1/P (/ [C(w)A™ f]] dw) .

We give

Corollary 16.6. It holds
i)
tQTL

0
I < / 1C(w) A" f|2dw, ¥t € R_,
2(2n — 1)I/2n(4n —1) J¢

and
e (—t)2n+1
T 220)/(2n+1)(4n + 1)

0
/ 1C(w) A" f|2dw, ¥t € R_.

Proof of Theorem 16.5. For convenience call m :=2n — 1.
By (16.7) we have

Bf = / U9 cisyanfas, te R
Thus
051 = | / (1 = 8" C(s)A" f ds

1

m!

0 0
/ (t = )" C()A" fds| < / (s — t)™|C(s) A" f | ds

<4 (/ R oyms) " (/ i IC)A" vds)

1/q

2/q

)

(16.32)

(16.33)

(16.34)

(16.35)

(16.36)

(16.37)
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1 ( m+1 1/‘1
= 7(/ 1C(s) A”f||‘1ds> . (16.38)

m! (pm + 1)1/p

So far we have found that

||Tn(t)f|| < m'(;m+ lgl/p (Z(t))l/q, (1639)
where
0
= [ e sieds, =(0) <o (16.40)
That is
£ = / 1C(s)A™ || %ds > 0, (16.41)
0
and
—2/(t) = |C(t)A" f||? > 0, (16.42)
and
[CHA™f|| = (—2' ()Y, t e R (16.43)
Hence we have
. (—w)" > /g
[T (w) fI | C(w)A™ f]| < (pm+1)1/p(z(w)(—z (w)))/9. (16.44)

Integrating the last inequality we derive

0
/t 1T () 1 1€ () A" f[[duo

ot [ e e (16.5)

< ot ([ " ([ === wpan) " eas)
- m!(pm1+ 1L/e (p(;tim;;ip (Z(ztl)/);/q (16.47)
21/qmv[(pn(z_jyln)zm+2 7 </ 16 (w A”f”qdw) 2/47 (16.48)

proving (16.32).
Setting now m := 2n and working similarly with (16.8) we get (16.33).
The proof of the theorem is now complete. O
Combining Theorems 16.2 and 16.5 we derive

Proposition 16.7. Let p,g > 1: % + % =1,t € R. Then
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T \ / T ||C<w>A"f||dw}

|t|2n—1+%

<
— 2Va(2n — )(p(2n — 1) + 1)(p(2n — 1) + 2)]1/P

and

7= \ / IMa(w) ] IIC(w)A"flldw‘

|t|2(n+%) t y . 2/q
< o n g
= 202n)![(pn + 1)(2pn + 1)]1/7 /0 [C(w)A™ f||*dw
Combining Corollaries 16.3 and 16.6 we obtain
Corollary 16.8. It holds
i)
_ t2n t ,
1= C(w)A" f||2dw| , ¥t € R,
T 2(2n—1)!/2n(4n — 1) ‘/0 1C(w)A™ f] '
and
_ |t|2n+1 t
J< ‘/ [C(w)A™ f[*dw]| , Vt € R.
2(2n)1/@n + D + 1) 1o

Next we present
Theorem 16.9. Herep =1,q = 0o, and
[HIC(8)A™ [ [Joo,— = Sup [C(s)A™ | < oo.

Then
i)
L (=)t B
< G 1A I - e € B
and
$2(n+1)

*

= mll IC(s)A™ Il I3 -, ¥t € R

/0 |C(w)A™ f|[tduw

2/q

)

(16.49)

(16.50)

(16.51)

(16.52)

(16.53)

(16.54)



Opial Inequalities for Cosine and Sine Operator Functions

Proof. For convenience call m := 2n — 1. By (16.7) we have

n f / t_s Ande te R_.
Thus

I 051 = o | / (= smC( Ay ds

< L [ - or10ea sias

LICEA oo ( * ) -
< WO oo (s tymas) = 1064 o 2
Hence
(1)t
IT. @) f1] < [HIC()A™ f]l |0, m,W eR_.
So that it holds
n n 2 ( t)erl
[T (w) fI IC(w)A™ fI| < [[IC(s)A™ fI[ e e 0

Consequently we get

0 C()A™ | 20— [°
r = [ icwa fae < KIS Feymia,

_ 4 \ym+2
_ %| 1C()A™ £ |12

proving (16.53).
Similarly, from (16.8), for m = 2n we obtain (16.54).

Finally we give

Proposition 16.10. Here p =1,q = 0o, and

HICE)A" 1] = sup [C(s) A" < o

Then

9

. e .

[ imonicwasia] < s iewan g e s
and

i)

2(n+1)
[t 10" flau] < e eEAn v =

Proof. By Theorems 16.4, 16.9.
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(16.55)

(16.56)

(16.57)

(16.58)

(16.59)

(16.60)

(16.61)

(16.62)

(16.63)

(16.64)
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16.4 Applications

(see [147], p. 121)

Let X be the Banach space of odd, 27-periodic real functions in the Space of
bounded uniformly continuous functions from R into itself : BUC(R). Let A := dr2
with D(A") = {fe X : fCPMe X k = 1,..,n},n € N. A generates a Cosine
functions C* given by

1
C*(t)f(a:):i[f(x—kt)—kf(x—t)], Vx,t € R. (16.65)
The corresponding Sine function S* is given by
t t
S*t) f(x) = % {/ f(x+ s)ds +/ flz— s)ds] , Vo, t € R. (16.66)
0 0
Here we consider f € D(A™),n € N, as above. By (16.7) we obtain
. 1 .
Tn(t)f :§[f( +t +f Z—f 2k)
t 2n—1
_[t=s) (2n),. @n)(. _
= /0 2(n — 1)1 [f (-+s)+ < s)} ds, vt € R. (16.67)

By (16.8) we get

n 2k—1
:%|:/ f + s d3+/ f —S :|— hf(z(k_l))

k=1

_/tw[f@n)(.Jr )+ 100 (-~ ) ds, vt € R (16.68)
= |, 200 s s)| ds, . .
Let g € BUC(R), we define ||g]| = ||g||oo := sup |g(z)| < 0.

rz€eR

Notice also that
1C*()A™ Fllsolloe = [ 1C* ()£ ™ looll

= SIIEC 4+ 5)+ £ = ) oo

<5 [P+ 9loolloo + 117 = 9)laclloc] <O <00, (16.69)

N)Ir—l

where
0 := | . (16.70)
We have the following applications. From Proposition 16.7 we derive

Proposition 16.11. Let p,qg > 1: %—1— % =1,t € R. Then
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i)
t
=| [ it s o) aul
0 o0
|t|2n 142 (2m) 2/q
—2Va(2n — )(p(2n — 1) + 1)(p(2n — 1) + 2)]/» / H w)f w‘ ’
Vt €R, (16.71)
and
i)
t
= V 1M ()l € () 2 dw‘
0 o0
2 n+l) t 2/q
< L / o (w) £ || dw‘ VteR.  (16.72)
2(2n)![(pn + 1)(2pn + 1)]V/P 0 ’
From Corollary 16.8 we get
Corollary 16.12. It holds
i)
t2n
e < / HC )£ dw‘ vt € R, (16.73)
2(2n — 1)!y/2n(4n — 1)
and
i)
|t|2n+1 t 2
g9 < C* (w) f™) dw‘ Vt e R. (16.74)
2(2n)!/(2n + 1)(4n + 1) oo
Finally from Proposition 16.10 we find
Proposition 16.13. Here p=1,q = co. Then
i)
e < M Hf el vieRr (16.75)
1 > 2TL+ ) ) .
and
i)
£2(n+1)
< BTN Hf e wer. (16.76)
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Chapter 17

Poincaré Like Inequalities for Linear
Differential Operators

Various L, form Poincaré like inequalities [2], forward and reverse, are given for a
linear differential operator L, involving its related initial value problem solution y,
Ly, the associated Green’s function H and initial conditions at point xy € R. This
chapter follows [48].

17.1 Background
Here we use [169], pp. 145-154.

Let [a,b] CR, a;(z),i=0,1,...,n—1 (n € N), h(z) be continuous functions
on [a,b] and let L = D™ + a,_1 (z) D" ' +... 4 ag (z) be a fixed linear differential

operator on C™ ([a,b]) . Let y1 (x),...,yn (z) be a set of linear independent solutions
to Ly = 0. Here the associated Green’s functions for L is
n () .. yn(t)
yi(t) oy (t)
O P O
x) .. n (T
H (1) = L9 @ yn (@) | (17.1)
yi(t) oy ()
1 (1) Yn (1)
R OO IR
n—1 n—1
i@ )

which is a continuous function on [a, b]?.
Consider a fixed x¢ € [a,b], then

/ H(xz,t)h(t)dt, Yz € a,b] (17.2)

is the unique solution to the initial value problem
Ly=h; y9(z0)=0, i=0,1,...,n—1. (17.3)
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Next we suppose all of the above.

17.2 Results

We present the following Poincaré like inequalities.

Theorem 17.1. Let 29 < b and z € [x0,b], and p, ¢ > 1: %—i—%:l; v>0.

Then
1/v

b x v/p
D) Nl zop) < (/ (/ \H (z,t)|” dt) df) 1LY 1, (zo.b) -
xo xo

When v = q we have

b x q/p l/q
2) Iyl < | [ (/ |H<x,t>|”dt) dr) 1Lyl s
o xo

When v = p = q = 2 we obtain

b z 1/2
3) ||y||L2(w07b) < </ </ H? (Jj,t) dt) dx) ||Ly||L2(wo7b) .
xo xo

Proof. From (17.2) we have

@l < [ ol

< (/; |H(;v,t)|pdt>1/p </ng |h(t)|th>1/q

< (/:|H(x,t)|pdt)1/p (/: |h(t)|th>1/ .

x V/P
y (@) < ( / |H(x,t>|”dt) 1LY, oy
o

That is

Hence

b b z v/p
[weras(f ( / |H(x,t>|Pdt) ae ) 1%, sy
o o o

proving the claim.

(17.4)

(17.5)

(17.6)

(17.7)

(17.8)

(17.9)
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We continue with

Theorem 17.2. Let xo > a and z € [a,xo], and p, ¢ > 1: %—f—%:l; v > 0.

Then
To To v/p /v
1) 19l 1, (a.mey < / (/ |H(a:,t)|pdt> da | ILyllp,am - (17-10)

When v = q we obtain

x x q/p 1/q
0 0
2) [yll1, 00y < (/ (/ |H(x,t)|pdt) dx) 1Ll ey - (711)

When v =p = q = 2 we obtain

zo zo 1/2
3) ||y||L2(a7w0) S (/ </ H2 (Jj,t) dt) dx) HLZ/”LQ((L:EQ) . (1712)

Proof. From (17.2) we have
o
|y<a:>|s/ \H ()] | (t)] dt

<([m <x,t>|”dt)1/p ([ mer dt)l/q
(/:0 |H (z,t)| dt)l/p (/:0 | (t)|th>1/q. (17.13)

<
That is
y xo V/:D y
< ([ 1 @ora) 1L, - (17.14)
Therefore
o N Zo o V/P y
[ weraes ([C ([ i@ora) a1l ., ar)

proving the claim.
Extreme cases follow

Proposition 17.3. Here xg < b, x € [29,b], and p =1, ¢ = c0.
Then

b - v 1/v
D yllz, @op) < \H (z, )| dt ) dz ) [[LyllL a0 - (17.16)
(z0,0) (z0,b)
xo xo

When v = 1 we have

b T
2) 9l wopy < </ (/ IH(xat)ldt) dév) Y1 L (o) - (17.17)
o o
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Proof. From (17.2) we have

@l < [ 1ol

< ( / |H<x,t>|dt) 1lly o
xo

y (@) < ( / |H(a:,t>|dt) 1LY oo
o

b b x 1%
/ |y<x)|"da:s< / (/ |H<x,t>|dt) dx> 1LY oo

proving the claim.

That is

and

We continue with

Proposition 17.4. Here xy > a, x € [a,20], and p =1, ¢ = co.
Then
1/v

xo o v
1) ||y||LV(a)wO)S</ (/ |H(a:,t)|dt) da:) 17

When v = 1 we derive

o o
2) Wi < ([ ([ 11 @l dt) o) 120 o

Proof. From (17.2) we have

@l < [ 1@ olk o)

xo
< ( / |H<x,t>|dt) 12llsomny-

o v
(@) < ( / |H<x,t>|dt) T2

To o To v
/ |y<x>|”dx<(/ (/ |H<w,t>|dt) dx) T2

proving the claim.

That is

and

(17.18)

(17.19)

(17.20)

(17.21)

(17.22)

(17.23)

(17.24)

(17.25)
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Next we give reverse Poincaré like inequalities.
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Theorem 17.5. Let 1o < b, x € [xg,b], and 0 <p<1,¢<0: %+%:1,V>0.
Suppose H (x,t) > 0 for xg <t < x, and Ly = h is of fized sign and nowhere

zero.
Then

1/v

b T v/p
1) ||y||Ly(w0’b)Z</ </ (H(x,t))f’dt) dx) 1LY L o,

When v = p we obtain

b x 1/p
2) Yl o) = </ (/ (H (x,1))" dt) dﬂf) 1LY L,y o ) -
xo o

When v =1 we get

b T 1/p
3) ||y||L1(w0’b) > </ </ (H (aj,t))p dt) dx) HLyHLq(wo’b).
xo xo

Proof. By (17.2) we have
Iy (2)] :/ H (2,4) b (8)] dt, for all 7o < z < b.

From (17.29) by reverse Holder’s inequality we find

v ([ <x,t>>”dt)1/p (f |h<t>|th)1/q

q

x 1/p b 1/
> ( / (H <x,t>>”dt) ( / |h<t>|th> ,
for all zg < x <b.

That is it holds

xT V/ZD
/ <H(x,t>>”dt) .

zo

@) > (

for all zg < x < b,

and
b b z v/p
/ |y<x>|”dx></ (/ (H(x,t»pdt) dx) .

proving the claim.

(17.26)

(17.27)

(17.28)

(17.29)

(17.30)

(17.31)

(17.32)
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We continue with

Theorem 17.6. Let 29 > a, x € [a,zo], and 0 <p<1,¢<0: %+%=17u>0.
Suppose H (x,t) <0 for x <t < x9, and Ly = h is of fized sign and nowhere
zero.

Then
o xo V/P 1/V
D Wl = ([ ([ CH@O7 @) ar) 1l 0739

When v = p we obtain

xo o 1/17
) Wi = ([ ([ CH@O @) ) 1l 0730

When v = 1 we have

xo Zo 1/10
3) ||y||L1<a,zo)></ (/ (—H(m))”dt) dx) 1Lyl amy - (17.35)

Proof. From (17.2) we have

ly (z)] =

/;H(x,t)h(t)dt}

/:0 H(2,0)h (1) dt‘

/w (—H (z,4)) h (1) dt‘

_ / (—H (z,1)) |h (1)) dt. (17.36)

From (17.36) by reverse Holder’s inequality we find

= (/QE (A =) dt) : < /QE | ()] dt) :
> (/ (~H (2,1))" dt) " (/ h (t)|th>1/q 1737)

for all a < z < xg.
That is it holds

o V/P
ez ([ oy a) il ., (17.39)

for all a < z < xg,
and

| w@r s ( ([ creora) " da:> 1902 oy (17:39)

proving the claim. O



Chapter 18

Poincaré and Sobolev Like Inequalities for
Widder Derivatives

Various L, form Poincaré and Sobolev like inequalities, forward and reverse, are
given involving Widder derivative ([243]). This chapter follows [54].

18.1 Background

The following come from [243].
Let f,ug,u1,...,u, € C""1 ([a,b]), n > 0, and the Wronskians

ug () u

ug (z) wy () ... wj(x) (18.1)

u (@) ) (2) .. ul? (2)

i=0,1,...,n. Here Wy (x) = ug (z) . Assume W; (z) > 0 over [a,b],i=0,1,...,n.
For ¢ > 0, the differential operator of order ¢ (Widder derivative):

Wuo (z) ,ur (), ..., ui—1 (x), f (2)]
W () , (18.2)

i=1,...,n+1; Lof (z) :== f(x), Yz € [a,]].
Consider also

Lif (z):=

1

AT , (18.3)

gi (33, t) = . : ) )
w0 W@ a1
up ()  wr(x) ... wu(x)

1=1,2,...,n; go (x,t) := Z‘;((f)),Va:,te [a,b].

Example ([243]). Sets of the form {ug,u1,...,u,} are

215
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{1,x,x2,...,a}"} ,
1,sinz, — cosx, — sin 2z, cos 2z, . . ., (—1)" ' sinna, (—1)" cos nx} , etc.
We also mention the generalized Widder—Taylor’s formula, see [243].
Theorem 18.1. Let the functions f,ug,u1,...,u, € C""1 ([a,b]), and the Wron-

skians Wy (x) ,Wh (z),...,Wn(x) > 0 on [a,b], x € [a,b]. Then for t € [a,b] we
have

fa@) = @) L F (D) gy (@r8) 4t Lnf (£ g (08 + B (2),  (18.4)

R, (z) == / n (@, 8) L1 f (s) ds. (18.5)
t
For example ([243]) one could take ug (z) = ¢ > 0. If u; (z) = 2, i = 0,1,...,n,
defined on [a, b], then

(1)
1!

Lif ) = f9 () and g; (2,t) = , t€la,b]. (18.6)
We need

Corollary 18.2. (to Theorem 18.1) Additionally suppose that for fized xo € [a,b)

we have L;f (z9) =0,i=0,1,...,n. Then

f(x)= /I gn (2,t) L1 f (8) dt, Vx € [a,b]. (18.7)

Zo

Corollary 18.3. (to Theorem 18.1) Let f,ug € C'([a,b]), uo (z) > 0, for all
x € [a,b]. Then

B ug () un (2 “Lif(s) < Vg a
f(:v)—f(t)uo(t)Jr o()/t UO(S)CL vV, t € [a,b], (18.8)
where
u (s) u (s)
We need to make
Remark 18.4. We define (see [243])
x) = x 1(x) == @) (z)
d)O() WO()? ¢() (Wo(m))ga--a
in general
or (z) := W =2,3,...,n. (18.10)

(Wi (2))”
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The functions ¢; (z) are positive on [a,b]. According to [243] we get, for any
x,xo € [a,b] that

o ¢0 (33) ’ €T "
gn (2:20) = G om @o) / o 1)/ro

/ o Dn—1 (xnfl)/ o On () dridas . . . dTy,

Zo Zo

1 x
= o0 (0)- - - 6n (20) / 90(5)- - 9n () gn-1 (2, 5) ds. (18.11)

We get that g, (z,2) =0, all z € [a,b], and gy, (x,20) > 0, & > 20, T, 2 € [a,b],
any n € N. Also go (z,20) > 0 for any xz,zo € [a, b].
By (18.11) we notice that

gn (x,t) <0, z <t nodd,

gn (2, t) >0, x <t neven, (18.12)

where z,t € [a,b].
In the next we work under the terms and assumptions of Theorem 18.1 and
Corollary 18.2, and the rest of the above conclusions.

18.2 Results

We give the following weighted Neumann—Poincaré like inequality.

Theorem 18.5. Let p, ¢ > 1: %—l—% = 1, v > 0. Consider f,up € C*([a,b]),
uo >0 on [a,b].

Then
b
L= ; ! I® 4 < -ty | 1S . (18.13)
uo —a.Jq Uo (t) L, (a,b) Uo Lq(a,b)
When v = q we obtain
1t L
2) R I® g < (b—a) Lif (18.14)
Ug b—a a U0 (t) Ly(ab) Uo Ly(a,b)
When v = p = q = 2 we have
P L
3) L IO g < (b—a) Lif (18.15)
UQ b—a a U0 (t) La(a,b) Uo La(a,b)
Equivalently,

[(in_ L fio, i
a U()(Q?) b—a a U’O(t)
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oo [[ () o

(18.15%)

Proof. Let A = bL f b uf (&) gt By the intermediate value theorem there exists

o(t)
¢ € [a,b] with f(c)) = A.
Thus by (18.8) we get

fla)  fl _ [TLif(s),.
@ w )
ie.
f@) L,
A= e el
Hence
f (@) VIO 1AV O]
ey A <[ ] < [
b q 1
<(b—a)'? </ (%) ds) , Vz € la,b].
Therefore
f@) <(b—a)r Llf , Vz €la,bl].
ug (x) w0 |1, ()
Consequently we obtain
/b /(@) —Aydxg(b—a)(%ﬂ) L
o o () U0 L, (a,b)

proving the claim.

Corollary 18.6. (to Theorem 18.5) Let fb I t) dt = 0. Then

1) S S(b—a)(%Jr%) L.f ,
Ug L, (a,b) Uo Lgy(a,b)
o L] ze-of2L
U0 ||, (a,b) U0 L, (a,b)
oL ze-of2L
U0 || Ly (a,b) U0 |l Ly(a,b)

equivalently,

[ () oo [ (555) o

It follows the related result.

(18.16)

(18.17)

(18.18)

(18.19)

(18.20)

(18.21)

(18.22)

(18.23)

(18.23%)
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Proposition 18.7. Let v > 0 and consider f,ug € C* ([a,b]), uo > 0 on [a,b].

Then
ot L
L= ; I® 4 < (b—a)|2f (18.24)
Ug —a Jq uo(t) Lo(ab) U0 |1, (ab)
When v =1 we have
b
2 L - : ! G <p-a|Bs (18.25)
Ug —a Jq uo(t) La(ab) U0 |1, (ab)
Proof. By (18.18) we have
f@ 1o,
uo(z) b—af, ug(t)
< Lt , Vx € [a,b]. (18.26)
U0 L, (a,b)
So that
b b v v
/ f@ 1 IO 4l dr < b—a) | 2L , (18.27)
a |UO (33) b—a a "o (t) Uuo L1(a,b)
proving the claim. O

We continue with generalized Dirichlet—Poincaré like inequalities.

Theorem 18.8. Let f,ug,uy,...,u, € C" 1 ([a,b]), n € Zy; Wo, Wr,...,W,, >0
on [a,b], and for fixred xo € [a,b] suppose that L;f (xz9) =0,i=0,1,...,n. Let p,
qg>1: 1—17+%:171/>0.
Then
1/v

b x v/p
1) ||f||Lu(wO7b)§</ (/ (gn(x,t))pdt> dx) NLnsrfll ooy - (18:28)

Zo

1/q

b x q/p
2) ||f||Lq<zo,b>s</ ([ @noya) dx> ILwsi oy (18:29)

Also,

b - 1/2
3) ||f||L2(zo,b)<</ </ (gn(%b‘))gdt) dw) ILnt1flly@opy - (18:30)

0

Proof. By (18.7) we have

|f (@) =

/w gn (2,t) Ly f (2) dt‘

0
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< / g (@ 0) [ Ly £ (1) dt

0

<(/ . (.0 ) " (/ aaf OF ) v

x 1/p
< ([ @tyd) 1wl Yo € ot

0

That is

x V/P
@) < ( [ Gtz dt) IEwirf 15 oy

0

and
b b z v/p
/ |f<a:>|"dxs< / (/ <gn<a:,t>>”dt) da:> 1Lt F1%, o)

proving the claim.
We give

Theorem 18.9. Same assumptions as in Theorem 18.8.
Then
1/v

zo zo v/p
1y ||f||LV<a7m0)§</ ([ oo ar) dx> TR

1/q

o o q/p
2) I, (amo) < / (/ |gn(x,t)|pdt) dx I Ln+1fll L, (a,m0) -

Also,

zo zo ) 1/2
) Wl = ([ ([ 0 )P a) o) Tl

Proof. By (18.7) we have

|f (@) =

/w gn (2, 8) Ly f (2) dt‘

0

[ e Lt @ dt‘

< / g (@ D) | L f ()]

To 1/p o 1/q
g(/ |gn<x,t>|pdt) (/ ILn+1f(t)|th)

(18.31)

(18.32)

(18.33)

(18.34)

(18.35)

(18.36)
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Zo 1/p
= </ |gn (2, 8)[7 dt) ILns1 fll L, (a,20) - (18.37)
That is
v Zo v/p y
F@F < ([ @i a) WSl (839
and
Zo y Zo Zo v/p Y
Jr@ras ([7([Ma@ora) ) 1Ll ., 0539
proving the claim. O

We continue with

Proposition 18.10. Let f,uo,ui,...,u, € C""1([a,b]), n € Zy;
Wo, Wi,...,W,, > 0 on [a,b], and for fized xo € [a,b] suppose that L;f (xzg) = 0,
1=0,1,...,n; v >0.

Then

1/v

b T v
].) ||f||Lu(I0,b) < (/ </ gn (l'7t) dt) d(ﬂ) ||L"’L+1f||Loo(zo,b) . (1840)
o o

b T
2) /115, (mo) < (/ (/ gn(a:,t)dt> dx) Lot 1 Fllo oot - (18.41)

Proof. By (18.7) we have

CEy g (@) L f (0)] di

Zo

< (/w gn (7,1) dt) I Ln+1 Nl oo, (2o, - (18.42)
zo
That is
P < ([ o) 1L (18.43)
Zo
and

b b x v
JNCIRTE ( [ ([ avwna) dx) i f oy (18.44)

proving the claim. O
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We give

Proposition 18.11. All as in Proposition 18.10.
Then
1/v

1) ||f||LV(WD)§</ (/ |gn(x,t)|dt) dx) 11 fllp(amey - (18.45)

o o
) Wi = ([ ([ lon @0l dt) o) WSl - (1840

Proof. By (18.7) we have

S [ lon 0] Eaead O]

< ([ o @0 0) Vi o (18.47)
That is
F@F < ([ lon @) IEair o (15.45)
and
J@ras ([ m o) dt) NI o (1549
proving the claim. O

We continue with reverse Dirichlet—Poincaré like inequalities.

Theorem 18.12. Let f,ug,u1,...,u, € C"" ([a,b]), n € Zy; Wo, Wr,...,W,, >
0 on [a,b], and for a fixred a < xo < b assume that L;f (x9) =0,i1=0,1,...,n. Let
0<p<l g<O: % + % =1, v > 0. Further suppose that L,y1f is of fixed sign
and nowhere zero on [xo,b].

Then

b x v/p 1/v
1) ||f||Lu<mb>>< / < / (gn<x,t>>”dt) dx) |Loerfllp, ooy - (18:50)
xo xo

1/p
2 £l >< ( (9n (2.1)) dt)dz) Iwiiflo oy (1851)

1/p
3) ||f||L1(wD7 > ( ( (gn (z,1)) dt) dx) ||L"+1f||Lq(wo7b)' (18.52)

Proof. Here we have by (18.7) and assumption that

e " g (@, 8) [Lusn f (O] d, (18.53)

Zo
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YV € [xo,b].
Hence by reverse Holder’s inequality we derive

If (z)] > </I: (9n (x,t))pdt>1/” </I: |Ln+1f(t)|th>l/q
1/q

> (/” (gn (2, 1)) dt)l/P </: |Ln+1f(t)|th> , (18.54)

true for all z € (xo,b].
That is

x v/p
PP = ([ @ ae) 1w I (18.55)

0

true for all z € [zg, ],

and
b b x v/p
/ |f<a:>|"dxz< L ([ @) da:> M fls oy (18:56)

proving the claim. O
We give

Theorem 18.13. Let f,ug,u1,...,u, € C"" ([a,b]), n is odd; Wo, W, ..., Wy >
0 on [a,b], and for a fixred a < xo < b assume that L;f (x9) =0,i=0,1,...,n. Let

0<p<l g<O: % + % =1, v > 0. Further suppose that L,y1f is of fixed sign

and nowhere zero on [a, zo] .
Then

o xo V/P 1/v
D Wl = ([ ([ Conteora) ar) 1Lunfli e

(18.57)

zo zo 1/p
) Wyt = ([ ([ Contetnar)de) 1L fly oy (1559

Zo Zo 1/p
3) ||f||L1<a,m>></ ([ Contonyya) dsv) 1Lwerf 0y - (1859)

Proof. Here by (18.7) and assumption we have

/z 9n (33, t) Ln+1f (t) dt‘

0

[f (@) =

[ o) s @ dt\
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(18.12)

[ oo Liar o dt\

-/ (g (2.0)) [ f (1) d.

So by reverse Holder’s inequality we find

@1z (" meora) N ([ itwar ora) :

2o 1/p
> ([ o7 ) 1l

true for all z € [a, o),
and

xo V/P
F@I > ( [ o <x,t>>”dt) T

true for all x € [a, z¢] .
Thus

X0 xo xo V/P
/ If(:v)l”dw></ (/ (—gn<x,t>>pdt) dx) IEsr S o

proving the claim.
We add

Theorem 18.14. Now n is even, the rest as in Theorem 18.13.
Then
1/v

To To v/p
1) f e, (am0) = (/ (/ (gn (z,1))" dt) d;v) [ Ln+1f1 L, (.20 -

xo xo 1/20
2) ”f”Lp(a@o) > </ </ (gn ($7t))p dt) dl‘) ||Ln+1f||Lq(a7w0) .

o o 1/p
3) 1L (aeo) = </ (/ (9n (a:,t))pdt) da:) I Ln+1fll L, (a,20) -

Proof. Similar to Theorem 18.13.
We continue with Sobolev like inequalities.

Theorem 18.15. Same assumptions as in Theorem 18.8. Call
1/v

b T v/p
— . p
Ml/,l T Ogljagxn LO </m0 (gj (xvt)) dt) dx ’

(18.60)

(18.61)

(18.62)

(18.63)

(18.64)

(18.65)

(18.66)

(18.67)
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v > 0.
Then

Mu,l =
DAz @op < <n+1) ZHLJ'—HfHLq(zO,b)

=0

=0

and when v = p = q = 2 we obtain

My 4 ”
9 W lisean < (323 ) | Z 181 s
=0

j=

M n
2) Wl < (525 Z|Lj+1f||Lq(zo7b>) ,

where

b - 1/2
L ) 2
s ([ ([ )

225

(18.68)

(18.69)

(18.70)

(18.71)

Proof. The assumptions of Theorem 18.8 are fulfilled for all j = 0,1,...,n. Thus

by (18.28) we derive
1/v

b T v/p
||f||L,,<mo7b>é</ </ <gj<x,t>>"dt) dx) 151 o

< Mlal ||Lj+1f||Lq(wD7b) s

forall j =0,1,...,n.
From (18.72) by addition we get

(A D1l aoy < Mot | S IZs1 1l oy | -
j=0

proving the claim.
We continue with

Theorem 18.16. Same assumptions as in Theorem 18.8. Call
1/v

xo xo » V/P
MV,Q = ()Iéljagxn /a </r |gJ (33, t)| dt) dx )
v>0.

Then

MV,Q ”
U £ (0 < <n+1) DML fll, o) | -
j=0

(18.72)

(18.73)

(18.74)

(18.75)
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Mo\ [
) Wl < (323 ) | 001110 )

J=0

and when v =p = q = 2 we obtain

My o =
9 st < (323 ) | S 1015 |

J=0

where

My i= max. { (/ (/w (g5 (z,1))? dt) d:c) 1/2} .

Proof. Similar to Theorem 18.15, based on Theorem 18.9.
We continue with L., results.

Proposition 18.17. All as in Proposition 18.10. Call

b . v 1/v
Ky = OI%ljaan </wo </$0 g;j (z,t) dt) dx) ,

v > 0.
Then

Kl/71 s
D Ul = (220) (S 2iaSl o |
=0

and

K s
) Wlisenn < (2 ) | E 18517
=0

jf
Proof. Similar to Theorem 18.15, based on Proposition 18.10.
Proposition 18.18. All as in Proposition 18.10. Call

zo 0 v 1/v
Ky2 = max </a </I Ign(w,t)ldt) dw) ;

v > 0.
Then

Kl/72 ”
D Wl < (222 ) (15010 )

Jj=0

and

Kip ”
) Wlasor < (32 ) | 15015

§=0
Proof. Based on Proposition 18.11.

(18.76)

(18.77)

(18.78)

(18.79)

(18.80)

(18.81)

(18.82)

(18.83)
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We continue with reverse Sobolev like inequalities.

Theorem 18.19. Assume here that Lji1f is of fivred sign and nowhere zero on
[0,b], for 5 =0,1,...,n. The rest are supposed as in Theorem 18.12. Call

b . v/p 1/v
— mi _ P
Sy = oin (/mg (/IO (g5 (z,1)) dt) da:) , (18.84)

v>0.
Then
Su,l =
1Hwhm@zQ+J > sl ean | (18.85)
Sp.1 -
2) Wflyean = (224 Slbnflin | 0550
and
S11 -
3) ML, oy = <n+1> ;JHLjJrlfHLq(wb) . (18.87)

Proof. The assumptions of Theorem 18.12 are fulfilled for all j = 0,1,...,n.
Thus by (18.50) we obtain

b T v/p 1/v
|wmm@></(/<%mw%@ dﬂ 125110
xo xo

> Sva ILjtfllL, o) - (18.88)

for all j =0,1,...,n.

From (18.88) by addition we obtain
(n+1) ||f||L,,(I0,b) > Su1 Z ||Lj+1f||Lq(ch7b) ) (18.89)
§=0

proving the claim. O

We continue with

Theorem 18.20. Assume all as in Theorem 18.13. Here n = 2k + 1, k € Z;
v > 0. Further suppose that Lj1f is of fized sign and nowhere zero on [a,xo)] for
all odds j € [1,n]. Call

o o V/P 1/V
Suai=  min / ( / (—gj(a:,t))pdt) da . (18.90)
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Then
Sl/72
1) ”f”L,,(a,zo) > <k‘—|— 1) Z ||Lj+lf||Lq(a7€E0)
je[;[f]
Sp,2
2) 1511, (a0 = (kL) > M1 f Lo
je[;&n]
and

S1,2

3) Il om0y = <k+ 1)

Z ||Lj+1f||Lq(a,rg)

JE[L,n]
odd

)

)

(18.91)

(18.92)

(18.93)

Proof. Asin Theorem 18.19, based on Theorem 18.13. Since n = 2k+ 1,k € Z,

there are (k + 1) odd numbers in [1,n], so we apply (18.57) (k + 1) times.

‘We finish with

0

Theorem 18.21. Assume all as in Theorem 18.14. Here n =2k, k € Z,; v > 0.
Further suppose that L;y1 f is of fized sign and nowhere zero on [a, x| for all evens

j€0,n]. Call
Sy3 = min
even j€[0,n]
Then
Sy,
D Wl > (24
Sp.3
2) ”f”Lp(a,rg) 2 (ﬁ)
and

S1,3

3) 1Nz, (a,w0) = <k+ 1)

(1 ([ )

N 17

J€[0,n]
even

Z ||Lj+1f||Lq(a,wO)

J€[0,n]
even

Z ||Lj+1f||Lq(a7;ED)

j€[0,n]
even

1/v

(18.94)

(18.95)

(18.96)

(18.97)

Proof. As in Theorem 18.19, based on Theorem 18.14. Since n = 2k, k € Z,

there are (k + 1) even numbers in [0,n], so we apply (18.64) (k + 1) times.

0



Chapter 19

Poincaré and Sobolev Like Inequalities for
Vector Valued Functions

Various L, form Poincaré and Sobolev like inequalities are given for functions valued
in a Banach vector space with applications on C. This chapter relies on [44].

19.1 Introduction

This chapter is motivated by the famous Poincaré inequality, see [2]: Given a
bounded domain Q C R™, n € N, it holds

HU’HLP(Q) <C ||vu||LP(Q)

for real valued functions u with vanishing mean value over Q, 1 < p < oo, under
very general assumptions on (2, where || Vu| 1, g, is defined as the LP—norm of the
euclidian norm of Vu.

Especially in [2] is proved for a convex domain ) C R™ with diameter d that

d
ull 20y = 5 VUl o)

for any u with zero mean value on 2, also the constant 1/2 is optimal.

We are also motivated by [92], where the authors prove the following: Let 1 <
p < 00, —00 < a < b < 0o. The best constant C' (independent of a, b) for which the
1—dimensional Poincaré inequality

L f

2—2 1 o
S <CO=a)" 7 1 2o am)

L ([a,b])

Hf

holds for all real valued Lipschitz continuous functions f, is C' = % (1+4+p )_1/ 4 ,
where p’ > 1: %—i—%:l.

This chapter is also motivated by the famous Sobolev inequality of the following
form, see [139], p. 263: (the Gagliardo—Nirenberg—Sobolev inequality). Assume
1 <p < n. Then exists a constant C, depending only on p and n, such that

HUHLP*(RTL) <C ||Du||Lp(]Rn) )

229
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for all real valued u € C! (R™).

Here p* := n"—_’;), p* > p, and Du is the gradient of w.

Also we are motivated by the following result, p. 265, [139]: estimates for
Sobolev space WP, 1 < p < n. Let U be a bounded, open subset of R™, and
suppose the boundary OU is C1. Assume 1 < p < n, and real valued v € WP (U) .
Then u € LP" (U), with the estimate

lullLor 0y < Cllullyrs @y
the constant C' depending only on p,n and U.

So here we derive Poincaré and Sobolev like inequalities of L,, form for Banach
vector space valued functions. Most of the Poincaré and Sobolev like inequalities
here are of Dirichlet type. We assume in this case initial conditions prescribed equal
to zero.

But we give also a Neumann—Poincaré like inequality involving the average of
the engaged function, see Theorem 19.3.

At the end we apply the results to C-valued functions.

We need

19.2 Background

(see [230], pp. 83-94)

Let f(t) be a function defined on [a,b] C R taking values in a real or complex
normed linear space (X, ||-||). Then f(t) is said to be differentiable at a point
to € [a,b] if the limit
f/ (750) — }ILIL% / (tO + hi)l f(to)
exists in X, the convergence is in ||-|| . This is called the derivative of f (t) at t = to.

We call f (t) differentiable on [a, b], iff there exists f’ (t) € X for all ¢ € [a, b].

Similarly and inductively are defined higher order derivatives of f, denoted f”,
f® . f® keN, just as for numerical functions.

For all the properties of derivatives see [230], pp. 83-86.

Let now (X, ||||) be a Banach space, and f : [a,b] — X.

We define the vector valued Riemann integral f: f(t)dt € X as the limit of the
vector valued Riemann sums in X, convergence is in ||-||. The definition is as for

(19.1)

the numerical valued functions.

If f:f(t) dt € X we call f integrable on [a,b]. If f € C([a,b],X), then [ is
integrable, [230], p. 87.

For all the properties of vector valued Riemann integrals see [230], pp. 86-91.

We define the space C™ ([a,b], X), n € N, of n-times continuously differentiable
functions from [a,b] into X; here continuity is with respect to ||-|| and defined in
the usual way as for numerical functions.
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Let (X, ||-]]) be a Banach space and f € C" ([a,b], X), then we have the vector
valued Taylor’s formula, see [230], pp. 93-94, and also [227], (IV, 9; 47).
It holds

En(2,y) = fy) = f(x) = [ (@) (y —2) -

1

T @ -

S @) (g2 -

1 v .
= — )" ™ () dt, v b]. 19.2
5 [ =0T O W Ve e o (19.2)
In particular (19.2) is true when X = R™, C™, m € N, etc.
In case of some z¢ € [a,b] such that f*) (z0) =0, k=0,1,...,n — 1, then
y

1 n—1 n
F0)= o= / (y— 6" £ @y at, Vy € [a.], (19.3)

0
see also [52].
In that case E, (z0,y) = f (y).

19.3 Results

Here we consider always X to be a Banach space, n € N, and f € C" ([a,b],X),
[a,b] CR. We fix 29 € [a,b]; p, g > 1: %+%=1,V>O.
We present the first results which are of Dirichlet—Poincaré like inequalities.
Theorem 19.1. Let y € [x0,b], 2o < b. Assume f*) (20) =0,k =0,1,...,n—1.
Then

(b—l‘o)<ﬂ71+%+%)

17z, o,

D AN, 2o,y < 7 (194)
(=) G —1)+1)" (v (n -1+ 1) +1)
When v = q we obtain
(0= 0)" I/, 0.0
2 < 220 . 19.5
) Mgy < o (19.5)
And for v =g =p =2 we have
(0= =20)" [[IFN s,
3) ||||f||||L2(w0,b) < La(z0.b) (19.6)

(n—1))v2n—1v2n
Proof. By (19.3) we have

RO —

(n—1)!

<ty Lo

0

[ -0l

Zo
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= (n—ll)! </w: (y—t)mnl)dt)l/p( :

1 (y _ 1.0)(7171

q 1/q
) t)H dt)

n)
- (n=D'pm—-1)+1)"" H ‘ Lq(wo,b) (19.7)
Thus
v 1 (y — fO)V(n £
IO < G o D717 HH ey (199)
b (b — z0) IR £
Puoras i O O I g
: (u(n—1+5)+1)(p(n_1)+1)
proving the claim. O

For the next result we need

Theorem 19.2. (see [230], p. 90) Let f (t) be an integrable function on an interval
[a,b], with values in a Banach space X. Then the mean value of f(t) on |[a,b]
belongs to the closed convex hull of the set of values of f(t) on [a,b].

That is we have that

bia/abf(t)dt: ad%ﬁozjf 1) Aty (19.10)
where
Mi={a=ty<7o<t1 <7 <ta<...<tn_1 <Tn_1 <ty,=0}, (19.11)
with
d (II) := max {Atg, At1,...,Atp_1}, (19.12)

Aty = tgyp1 — tg.

Next we give Neumann—Poincaré like inequalities.

Theorem 19.3. Here f € C* ([a,b],X), X a Banach space, p, ¢ > 1: %_,_ % —1,
v>0.
One has
b ' 1,1
= L < o= NN (1913)
“ L, (a,b)
When v = q we obtain
) HH (t) dt <(b—a) ||||fl||||Lq(a,b) . (19.14)
Ly(a,b)
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When v = p = q = 2 we have

e

equivalently,
/ £ (t)dt

Pl

Proof. Since f € C!([a,b],X) we have by (19.2) that

—|—/ f()dt, Yo,y € [a,b].
So by (19.16) we have

ﬂ@zfm»+/3%ww

Vs € [a,b] and k =0,1,...,n— 1.

< O=a) lllF M zyan) -
Lg(a,b)

Hence
Aty _ Aty Aty s
g =t [
and
1= 1
1 (s) b—aZAtk T b—ua
k=0
n—1 n—1 s
Zf(Tk)Atk-FmZAt ‘/T f’(’r‘)dr
k=0 k=0 k
Therefore we observe that
1 n—1
A
_a/f _akZ:Of(Tk) t

and

ds < (b—a) </|u ||@>.

233

(19.15)

(19.15%)

(19.16)

(19.17)

(19.18)

(19.19)

(19.20)
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/Tj ' (r)dr
=

1 b
f (1) Aty — f)dt
b_akzzo k k b /

—a J,

/ 1 ()]

1 n—1 1 b
mkz_of(m)mk—m/a £ () dt

That is we proved

n—1
1
— At
+b—akZ:0 F

n—1
1
—_— At
+b—a}§ k

<

b
+ / Ilf ()] dr. (19.21)

b
Hﬂs)—ﬁ/ o

T

1 1—1 1 b
S mkz_of(Tk)Atk—m/af(t)dt

b
—|—/ |f (r)||dr, Vs € a,b], (19.22)

for any partition II.
Taking the limit in both sides of (19.22) as d (II) — 0 we obtain by (19.10) that

b b
Hﬂs)—ﬁ/ ral < [Ir e

b 1/q
S(b—a)l/p (/ |f’(7‘)||qdr> , Vs €la,b]. (19.23)
Consequently we find
1 b v b v/q
Hf(s)—m/ Fa] <o (/ ||f’(r)||"dr> Vs € o).

(19.24)
Finally we have
/a

/ab f(s) /f t)dt|| ds < (b—a) (/ If (r ||qdr> , (19.25)

proving the claim. O
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Corollary 19.4. (to Theorem 19.3). Additionally assume that f: f@)dt=0.
One has

D AN Loany < @ =@ MU, 0 - (19.26)
When v = q we obtain
2) MM L, 0y < © = a) HLF Mz, o) - (19.27)
When v = p = q = 2 we have
3) MM 508y < 0= a) LM 25 0,0) » (19.28)
equivalently
’ 2 2 b 2
[lr@Pas<e-a ( [l ds> . (19,28

We continue with

Theorem 19.5. Let y € [a, 0], 2o > a. Assume f*) (29) =0, k=0,1,...,n— 1.

Then
— )T |1
o —a
U AN < (o= ) LA PO . (19.29)
L, (a,z0) L /v
(=) -1+ 1" (v (n-1+1)+1)
When v = q we derive
(2o —a)" |[Il/ M|
2) ML o 0) < ey (19.30)
(n =D (p(n—1)+1)""(qn)
And for v =q = p = 2 we have
(o = )" [[Il/ "M e
3) MM L ame) < Lalago) (19.31)

((n—1)v2n —1v2n

/y W1 )

ﬁ/ =0 ]

<ot ( / (- dt)l/p ( / e <t>qut>”q

N
=DM pm -1+ )P

Proof. By (19.3) we have

If (y )II—

A

Hf(n)

o

(19.32)

(a,70)
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Hence
y 1wy .
IO < G, in__1)+_1V“,HHf<> [ (19.33)
and
zo 5 1
[ e < =
To — a (V(n 1+ +1 (n)
( 0 ) ||||f ||HL (a,x0) (1934)
(p(n—1)+1)"'? (u (n—1—|—;) —l—l)
proving the claim. O

We continue with L; results.
Proposition 19.6. Let y € [20,b], zo < b. Suppose f*) (z0) =0,k =0,1,...,n—
1.

Then

n—1+1 n
= 20)" ) £,

1 19.3
) AN L, 2o,y < DD (19.35)
When v =1 we get
(b — o)™ || || £ .
2) 1170 gu iy < —— mb L) (19.36)
Proof. By (19.3), (19.7) we have
1 Y n—1 (n)
1P WIS gy [ w0 e a
(y —z0)" " (n) =20 [ )
SCE A (0] ae = =1 [ Loy 1930
That is
If @ll” < g%%;——————‘Mf’“ Loy’ (19.38)
and
b B R i | A0 [/
J Il dy < = e (103)

proving the claim. O
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The countercase of the last result follows.

237

Proposition 19.7. Let y € [a, 0], 2o > a. Suppose f*) (x0) =0,k =0,1,...,n—

1.
Then

(20 — )" ||| s ey
((n =1 (v (n—1)+ 1)

1) I ey <

When v =1 we get
(o —a)" HHf(n)H ||L1(a,ro)

2) MM L, (a,20) <

Proof. By (19.3) and (19.32) we have "
I Wl < ﬁ/ (=9 [ £ 0 at
<l [ o
_ n—1
o e [
That is
v(n—1 v
If @)” < —(x(”(; _y)l;)u ) i

and

o v (zo — a)(y(nil)ﬂ) || ||f(n)HH21(a,zo)
Lo a s =

proving the claim.

We continue with Sobolev like inequalities

Theorem 19.8. Let y € [x0,b], 2o < b. Assume f*) (29) =0,k =0,1,...

Then

M, [ i
D ANz, @00y < =~ (Z HHf()
=1

where

Lq(wmb)) ’
(b— xo)(i—1+%+%)

) ) 1 ) 1 1/v
(-0 @G-+ (v(i-1+1)+1)
When v = q we derive

‘ Lq(wmb)) ’

M. - i
2) WA 2y momy < =* (Z HHf v
=1

M, := max
1<i<n

(19.40)

(19.41)

(19.42)

(19.43)

(19.46)

—~

19.47)
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where
M, = max { ‘ (?’_xo) o 1/q}- (19.48)
tsisn (=D (p(i—1)+1)77 (i)
For v=q=p=2 we have
M, (& ;
3) MM ooty < 50 (ZHHf<> » b)>, (19.49)
i=1 2(Zo,
where
(b—x0)"
My = . 19.50
2T { (i — ) V2 - 1v2 (19.50)

Proof. By assumption of Theorem 19.1 we have that f € C*([a,b],X), for all
i=1,...,n, and that f® (z9) =0, k =0,1,...,i—1; foralli =1,...,n, n € N.
Thus by (19.4) we find

(b= 20) NN o

(=) (p@E-1) +1)1/p (V (i— 14+ %) +1)1/v

AN L, o) <

<M, H H @ ‘ 19.51
f LQ(IO’b) ( )
foralli=1,...,n.
So that
wmmmwﬂ@@NW“huQ’ (1952
i=1 a(%o
proving the claim. O

We continue with

Theorem 19.9. Let y € [a, 0], 2o > a. Assume f*) (29) =0, k=0,1,...,n— 1.
Then

A, (& ,
1 — HH (@ ‘ , 19.53
) ||||f||||L,,(a,rg) n (; f Ly(aw0) ( )
where
_ (-1 241
A, = max (@o—a)t 77 — (19.54)
G- e+ (v (i-1+ 1) +1)
When v = q we obtain
2 Mg < 22 (S]], ). (19,59
Falan) = n \ & Ly(a,20)
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where
(w0 — a)’
Ag = max { : : 0 7 (- (19.56)
sisn (G- (p (i = 1) +1)7"" (q7)
For v=q=p=2 we have
Ay (& i
3) MM o) < =2 (ZHHf“ | ) (19.57)
n i—1 L2((L:E0)
where
(zo —a)'
As := max . 19.58
27 1<i<n { (i — 1)) V2 — 1V2i (19.58)
Proof. Based on Theorem 19.5, similar to the proof of Theorem 19.8. U

We continue with L; results.

Proposition 19.10. Let y € [x0,b], zo < b. Suppose f*) (z0) =0,k =0,1,...,n—

1.
Then
0, [ ;
. <O HH (%) } ’ 19.59
) ANz, o) < - <; f L (x0,b) ( )
where
oy (i-142)
6, = mex (b—z0) b (19.60)
1=ign | (- 1)) (v (i - 1)+ 1)
When v =1 we get
01 n .
: <5 (]l ’ oot
) ||||f||||L1(wo7b) - n (; f Li(zo,b) (15,61
where
01 := max {M} (19.62)
1<i<n 7!

Proof. Based on Proposition 19.6. We have from (19.35) that
i—141 i
0= 20" N,

AP R
Ly (0,b) ((i— 1)) (v (i — 1)+ )Y
foralli=1,...,n.
Consequently we see that
<9, H ) ‘ ’ 19.64
||||f||||L,,(aco,b) = f Ly (zo,b) ( )
3.112: ]_7,..,71.
Thus
. <0, HH (i) ’ : 19.65
LA 2, (0.0 <Zl T || P o6

proving the claim. O



240 ADVANCED INEQUALITIES

Similarly we give

Proposition 19.11. Let y € [a, 0], 2o > a. Assume f*) (20) =0,k =0,1,...,n—

1.
Then
1) WMo < 2 (3219 (19.66)
Ll/(a’lwo) - n — Ll(a,rg) ’
where
_ o)71+3)
T, := max (zo —a) s (19.67)
Iisn (((G—D) (w(@E—1)+1)""
When v =1 we get
2 MW o < 2 (307 , (19.68)
Li(a,z0) = o, — L1 (a,0)
where
71 := max {LO — ) } . (19.69)
1<i<n i!
Proof. Based on Proposition 19.7 as in Proposition 19.10. U

19.4 Applications

Here X = C, f € C" ([a,b],C), n € N, g,y € [a,b]. Furthermore suppose that
f® (29)=0,k=0,1,....,.n—1;p, g >1: %+§=17 v>0.
First we give the following Poincaré like inequalities results.

Corollary 19.12. Let g < b. One has

(b =o)L

< .
MWz = (n—1)) (p(n—1)+ 1) (V (n 1+ ;) + 1)1 1o
Proof. Use of (19.4). O
We continue with
Corollary 19.13. One has
1 b 1,1
foim [ rwa] <G, (19.71)
e L, (a,b)

Proof. Use of (19.13). O
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Corollary 19.14. Let g > a. One has

(20 — a)(n71+%+%) ||f(”>HLq<a,zo>

111z, (am0) <

Proof. Use of (19.29).
We continue with L Poincaré like results on C.
Corollary 19.15. Let zg < b. Then
n—l-&-% n
(b= 0)" O
(n—1)) (v (n—1)+ 1)

11|z, 2oy <
Proof. Use of (19.35).

Corollary 19.16. Let zg > a. Then

(zo — @)(H_H’l’) ||f(n)HL1(a,wo)
(n=1)) (wn-1)+1)""

111z, (are0) <

Proof. Use of (19.40).

We finish with Sobolev like inequalities results on C.

Lq<wo,b>> ’

Corollary 19.17. Let zg < b. Then

M, - i
120 oty < = (Z 7o
=1

where M, as in (19.46).
Proof. Use of (19.45).

Corollary 19.18. Let g > a. Then

AN - i
1 ey < = (Z s
=1

where A, as in (19.54).
Proof. Use of (19.53).

Lq(a110)> ’

At last we give Ly Sobolev like results on C.

Corollary 19.19. Let zg < b. Then

1712 oty < 2 (; |

where 6, as in (19.60).
Proof. Use of (19.59).

Ll(rg,b)> ’

(n=1))(p(n—1)+1)"/? (u (n— 1+ %) n 1)1/11'
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(19.72)

(19.73)

(19.74)

(19.75)

(19.76)

(19.77)
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Corollary 19.20. Let g > a. Then

TV n ;
11z fasee) < - (Z |7
i=1

where T, as in (19.67).

Proof. Use of (19.66).

L1(a,10)> ’

(19.78)



Chapter 20

Poincaré Type Inequalities for
Semigroups, Cosine and Sine Operator
Functions

Here we present Poincaré type general L, inequalities regarding Semigroups, Cosine
and Sine Operator functions. We give applications. This chapter relies on [50].

20.1 Introduction

This chapter is motivated by the famous Poincaré inequality, see [2]: Given a
bounded domain Q0 C R™, n € N, it holds

lull Loy < ClIVUll L)
for functions u with vanishing mean value over Q, 1 < p < oo, under very general
assumptions on S, where ||Vu||Lp(Q) is defined as the LP—norm of the euclidean
norm of Vu.
Especially in [2] is proved for a convex domain ) C R™ with diameter d that

s ey < 5 190l 1co
for any u with zero mean value on 2, also the constant 1/2 is optimal.
We are also motivated by [92], where the authors prove the following: Let 1 <
p <00, —00 < a<b<oo. The best constant C (independent of a, b) for which the
1—dimensional Poincaré inequality

b
J, f(t)dt _1
f= b—a < C(b—a)2 ’ ||f/||Lp([a7b])
L ([a,b])
holds for all Lipschitz continuous functions f, is C = 1 (1 + p')fl/pl , where p’ > 1:

1,1
s+ =1
p ' p

So here we present Poincaré type inequalities for Semigroups and for Cosine and
Sine Operator functions.

20.2 Semigroups Background
All this background comes from [79] (in general see also [147]).

243
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Let X a real or complex Banach space with elements f,g,... having norm
I£151lgll ;- - - and let € (X) be the Banach algebra of endomorphisms of X.
If T ee(X), ||T| denotes the norm of T.

Definition 20.1. If T'(¢) is an operator function on the non-negative real axis
0 <t < oo to the Banach algebra ¢ (X) satisfying the following conditions:

(1) T(t1+t2) =T (t1) T (t2), (t1,ts > 0),
{ 1(”) 2T (0) = } : I= ideiltiiy operator) , (20.1)

then {T"(¢); 0 <t < oo} is called a one-parameter semi-group of operators in e (X).
The semi-group {7T'(t); 0 <t < oo} is said to be of class Cy if it satisfies the
further property

(i) s— lim T() f=f (f€X) (20.2)

referred to as the strong continuity of 7' (¢) at the origin.

In this chapter we shall assume that the family of bounded linear operators
{T(t); 0 <t < oo} mapping X to itself is a semi-group of class Cy, thus that all
three conditions of the above definition are satisfied.

Proposition 20.2. (a) ||T (t)|| is bounded on every finite subinterval of [0, 00) .
(b) For each f € X, the vector-valued function T (t) f on [0,00) is strongly
continuous.

Definition 20.3. The infinitesimal generator A of the semi-group {T'(¢); 0 < t <
oo} is defined by

Af:s_rli%l+ATf’ A.,.f:%[T(T)—I] (20.3)

whenever the limit exists; the domain of A, in symbols D (A), is the set of elements
f for which the limit exists.

Proposition 20.4. (a) D (A) is a linear manifold in X and A is a linear operator.
(b) If fe D(A), then T (t) f € D(A) for each t >0 and
d
ST =ATW) =T WA (1> 0); (204
furthermore,

Df—f= / W Afdu (t>0). (20.5)

(¢) D(A) is dense in X, i.e. D(A) =X, and A is a closed operator.

Definition 20.5. For r = 0,1,2,... the operator A" is defined inductively by the
relations A° = I, A = A, and

D(A")={f; feD(A"") and A" 'fe D(A)}

ATf = A(ATf) = s = lim A (A71f) (feD(A). (20.6)
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For the operator A” and its domain D (A") we have the following

Proposition 20.6. (a) D (A") is a linear subspace in X and A" is a linear operator.
(b) If f € D(A"), so does T (t) f for each t >0 and
%T(t) f=A"T@)f=T(t)A"f. (20.7)
Moreover

7);/0 (t—u)" "' T (u) A" fdu,  (20.8)

r—1

At 1
Ac(t) f=T(t)f =) A" = (
k=0 "

the Taylor’s formula for semigroups.
o0

(¢) D(A") is dense in X forr =1,2,...; furthermore , D (A") is dense in
r=1
X. A" is a closed operator.

The integral in (20.8) is a vector valued Riemann integral, see [79], [164].

20.3 Poincaré Type Inequalities for Semigroups

Here always we consider T'(t), A as in the Semigroups Background and f € D (A7),
r € N. Also we consider p, ¢ > 1: %4—%:17 along with a, v € R: a, v > 0.
We present the first result.

Theorem 20.7. One has
1) A () L, 0.

1 1
a’f‘—1+;+;

(T—l)!(p(r—1)+1)1/p (y (7‘—14_%) +1)1/u

When q = v we have

1T #) A" Fllll £, 0,0y - (209)

2) A @) £l 2, 0,0

= nwe—n g 1O e (20.10)

Proof. By (20.8) we have

120 1l = | [ 6= 70 7

<= [ =0T @A

< ﬁ (/Ot (t—u)"" Y du)l/p </Ot I (u) Arf”qdu)”q
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tr_1+% t 1/q
_ g
a (T—l)!(p(r_1)+1)1/10 (/0 1T (u) A™ f]] du) .
That is we get

t'rflJr% a - 1/q
I8 011 < e ([ )
Thus
(r=143)
A, v < A" fIIIY ,
I8 011 S e e T O 4 I
and

vir— i T v
o’ IT (1) A FINIZ, 0,0)

Aum@wwms

proving the claim.
We continue with

Corollary 20.8. (to Theorem 20.7)
Case of p=q = 2. We have

D [l1A @) £l L, 0.0

rféJrl
< T @) A" Il 2, 0,0 -

(r= DR =1 (v (r— 4) + 1)

When v = 2 we derive

2) A @) FllllLy0.0) <

a/?"

(r— W/ (2r —1)V2r

We treat next the L, case.

Theorem 20.9. One has
rT— 1 T

T NT () ATl 1 0.0
(r—D(v(r—1)+ 1"

D A @) .z, 0.0) <

For v =1 we get

a” [T () A" fIlll £, (0,a)
7! '

2) A @) fIlllz, 0,0 <
Proof. We observe that

1 ! r—1 r
1A~ (@) fIl < W/O (t—u)" [T (u) A" f|| du

r—1 a
<oy [ T Asldu

(r =D =1+ 1) (v(r—1+1) +1)

= [I17°(t) AW 0,0 -

(20.11)

(20.12)

(20.13)

(20.14)

(20.15)

(20.16)

(20.17)

(20.18)

(20.19)
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So that
tu(r 1) . .
1A, (t) fII” < ST T () A" fIl 7, 0,0) (20.20)
and
“ a”COFIT (u) AT (I,
v 1(0,(1)

A () fl]7 dt < , 20.21
[ 1w =D =1+ 1) (20.21)
proving the claim. O

‘We finish this section with

Application 20.10. (see also [80]) It is known the classical diffusion equation

ow 9w
with initial condition
thm+ W (x,t) = f (), (20.23)

has under general conditions its solution given by

W (.t f) = [T (1) ) (@) = 2%/% / T f e i, (20.24)

the so called Gauss—Weierstrass singular integral.

The infinitesimal generator of the semigroup {T'(¢); 0 <t < oo} is A = §%/0x?
([159], p. 578).

Here we suppose that f, f%) k = 1,...,r, all belong to the Banach space
UCB (R), the space of bounded and uniformly continuous functions from R into
itself, with norm

[fllc == sup|f ()] (20.25)
z€R
Here we define
r—1
B ) f (@) =Wt )= 2, £ (), for all 7 € R. (20.26)
k=0 "
So by (20.9) we find
H ||ZT (t) L,(0,a)
ot

W Il 0
H f ClL4(0,a)

(20.27)

< /v
(r—l)!(p(r—l)—i—l)l/p (V(T‘—l—‘r%)—f—l)

‘We notice here that
w6 5)| =

2r)

(r+u)e ™ “/4 gy

2\/_
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27‘) x_’_u)}efug/‘ltdu

2\/_
< [}£en L/m et gy
- C 2\/E —0c0
_ || peem .1:H @) < for all ¢t € R.
Hf o f . oo, for a

That is
w (-t £ H <H (2r)
H (’ o f ) c f

Also by (20.10) we obtain

18- @) fllcll 2, 0,0
a’r
< I G )l
(r=D!(p(r—1)+1)"/7 (gr)"/ ( / ) Ly(0,a)
By (20.15) we have (p = ¢ =2)
18- @) £l 0.0
aT7%+%
s W ()
ra T | AASCPL
And by (20.16) (v = 2) we see that
A @) fllell 1 0,0
a//l"
< w (-, t, £ H
*(r_l)!\/m\/ﬂHH ( / ) L>(0,a)
We finish application with L results.
By (20.17) we find
1A )
r—1+ll/
o | LA GV W A
(r=! -1+ cllzio.a

and by (20.18) (v = 1) we obtain

Ha- @)

(-’t’ f(zr)) Hc

fHC||L1(O,a) < Il L1(0,a) .

(20.28)

(20.29)

(20.30)

(20.31)

(20.32)

(20.33)

(20.34)
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20.4 Cosine and Sine Operator Functions Background

(see [93], [147], [192], [191])

Let (X, ||-]|) be a real or complex Banach space. By definition, a cosine operator
function is a family {C (¢); t € R} of bounded linear operators from X into itself,
satisfying

(1) C(0) =1, I the identity operator;

(i1) C(t+s)+C(t—s)=2C(t)C(s), forallt,seR; (20.35)
(the last product is composition)
(#91) C () f is continuous an R, for all f € X.
Notice that
C(t)=C(-t), forallteR.

The associated sine operator function S () is defined by
¢
S@)f = / C(s) fds, forallt € R, forall f € X. (20.36)
0

The cosine operator function C (-) is such that ||C (¢)|| < Me“*l for some M >
1,w >0, for all t € R, here ||-|| is the norm of the operator.
The infinitesimal generator A of C (-) is the operator from X into itself defined
as
) 2
Af = t£%1+ e c@)-1)f (20.37)

with domain D (A). The operator A is closed and D (A) is dense in X, i.e. D (A) =
X, and one has

/tS(s)fdseD(A) and A/tS(s)fds:C’(t)f—f, forall f € X. (20.38)
0 0

Also one has A = C” (0), and D (A) is the set of f € X such that C (¢) f is
twice differentiable at ¢ = 0; equivalently,

D(A)={feX: C()feC?®R,X)}. (20.39)
If fe D(A), then C(t)f € D(A), and C"(t)f = C(t)Af = AC (¢) f, for all
teR; C'(0) f =0, see [140], [232].

We define A =1, A2 = Ao A,..., A" = Ao A" ! neN. Let f € D(A"),
then C (t) f € C?" (R, X), and CC™ (t) f = C (t) A*f = A"C (t) f, for all t € R,
and C*=D(0) f = 0,1 < k < n, see [191].

For f € D(A™), t € R, we have the cosine operator function’s Taylor formula
([191], [192]) saying that

2n—1

_ e [T .
T, (t)f.—C(t)f—kgomA f_/o mC(S)A fds. (20.40)
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By integrating (20.40) we obtain the sine operator function’s Taylor formula (see
[45])

t3 t2n—1 o1

My (t)f:=SW f = ft=gAf =~ Gy A"'f
- /t Mc(s) A" fds, forallteR (20.41)
=), @) ’ ’ '

all f e D(A™).
The integrals in (20.40) and (20.41) are vector valued Riemann integrals, see
[79], [164].

20.5 Poincaré Type Inequalities for Cosine and Sine Operator
Functions

Here always we consider C (t), S (t), A as in the Cosine and Sine operator functions
Background and f € D (A™), n € N. Also we consider p, ¢ > 1: % + % =1, along
with a, v€R: v > 0.

We present the following result

Theorem 20.11. Let a > 0, ¢t € [0,a]. One has

a(2n—1+%+%)

1) ||||Tn (t) f””LI,(O,a) < (2TL . 1)' (p (2’)1 N 1) + 1)1/17

@) A" fllll L, 0,0)

. YR (20.42)
1
(1/(211—14—5) —l—l)
When v = q we have
|| a?n
2) T (&) Fllll 2, 0,0) <
La00) = o — 1) (p(2n— 1) + )P
C(t)A™f u
e @) 1||/||Lq(0, ) (20.43)
(2qn) "
When v = q = p = 2 we derive
a?n

3) T () Fll 0,00 < 5

Proof. By (20.40) we have

2n—D)nvan -1 IIC @) A™ fllll 1,00y - (20:44)

1

1T () fll = @no1)

/ "t 21 (s) A7 fds
0

< G [, e A as
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1 t 2n1) 1/p t 1/q
< - _ g\pPlen— n g9
< ey ([ e as) (e arsas)
S R Ay (20.45)
(2n —1)! (p(2n—1) + 1)1/P Lq(0,t) :
That is
1T (0) 1) < B e ) il (20.46)
" ~ (2n-1)! (p(2n —1) + 1)1/p Lq(0,a) - :
Consequently
T (0) 17 < s ) e ) Al (20.47)
" T (@e—-1Y (pen—1)+ )" Ly(0,a) ° :
and thus
@ 1
1T () fII" dt < o
/0 ((2n—1)1)
CaCr e 10 ) A 0 0.1
(@n=1)+1)"" (v(2n =14+ 1) +1)
Therefore
a 1/v 1
T, v G
([imwara) <5ty
no14lal n
b C () Al 0 0,19
1/p 1 v’ .
-1+ 1" (v(2n—1+1) +1)
proving the claim. O
Next we give the counterpart of the last theorem.
Theorem 20.12. Let a <0, t € [a,0].
One has
1) T &) Ul o)
_ (2n—141+1) n
a » C(t)A
- (—a) HC @) A" Fllll 2, (a0 _ (20.50)
@n-1!pEn-1)+1)"" (v(20-1+1) +1)
When v = q we have
a® 1C (&) A" fllll 1, (a0
2) ||||Tn (t)f||||Lq(a7o) < a(2,0) (20.51)

@2n—1)! (p(2n —1) 4+ )7 (2qn)"/*
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When v = q = p = 2 we obtain
a® [1C () A" fllll a0
2(2n—D/nydn —1

3) T (@) £l £,y (a,0) <

Proof. By (20.40) we have

(20.52)

_ 1 i 2n—1 n
17011 = Gy || (=97 € o) a7
0
- ﬁ /t (t=5)"" C(s) A" fds
0
< @romi ), -0 IO@ A
1 0 - 1/p 0 : 1/q
=@ < / (s =ty ds) ( / IC (s) A f||qu)
1 (—t)(2n1+3) :
T (2n-1)! (p(2n—1)+ 1)1/p 1 (s) A f||||Lq(t70) . (20.53)
That is
(_t)(2n—1+%)
I O < G iy 7y 1O Mo (205
Consequently
v 2n—1+%
1T (1) £II” < = ) IlC @) A™ FIIY (20.55)
(2n— 1)) (p(2n — 1) + 1)/ Lq(a.0)
and hence

(— )u(zn—1+%)+1

0
iz s ae< o

I () A" FIIIIZ (a0

. . (20.56)
(2n—1))" (p(2n— 1)+ 1)"/?
Consequently it holds
0 1/v 1
([Imora) <gty
2n—1+-++ n
(~a) e @) A £, w0 2057)

-(p(zn—1)+1)1/p (u (Qn—l—&-%) +1)1/V7

proving the claim. O
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Next we treat the Lq case

Theorem 20.13. Let a >0, t € [0,q].
One has

a2 1 () A £, 0.0

1) ([T (t) f o < . 20.58
)T Tl 000 € o= s (20.58)
When v = 1 we obtain
a IC®) A" fllll 1, 0.0
2) 11T () £l 1, 0.0y < 0.0) (20.59)

(2n)!
Proof. By (20.40) we have

1 K 2n—1
T, (t = — t— A" fd
17011 = Gy || (=97 €0 4
1 t o1 th—l a
< — —5)" A" < —— A" .
<G | e Ie@anlas < g [ic e any) cz% .
That is
t2n 1 "
1T @) fll < 5— 2n =1y C () A" flll £, 0,a) - (20.61)
and
1T, 0 £ < o lC (s) A (20.62)
@1 L |
Therefore
@ avCGn=DFD O (8) A 117
v 1(0,(1)
T, (t) f|I" dt < . 20.63
/0 T (&) £ (Cn—1N"(v(2n—-1)4+1) ( )
Finally we find
e Sl | OB
(/ I (¢) fll”dt) < n®a, (20.64)
0 (Cn—1Hw2n-1)+1)
proving the claim. O
Next we give the countercase of the last result.
Theorem 20.14. Let a < 0, t € [a,0].
One has
(=) C () A"y 0o
D) T (8) £l a0y < 100 (20.65)
(Cn—=1)H(w(2n—-1)+1)
When v =1 we derive
a®™ [[[|C ) A" flll 1. (a.0)
2) 1170 () Il 1y a0y < < (20.66)

(2n)!
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Proof. By (20.40) we have

0
1T @) fll = ﬁ /t (t— )" C(s) A" fds
0
< —(2n1_1)! | =0 e A s
277, 1
/ 1C (s) A" f]|| ds. (20.67)
That is we see that
2n—1
I, ()f||<E L NC O A" Al o (20.68)
and
. (_t)u(anl) . ,
[T (2) fII” < @n =1 e @) A" FIIL, (a0 - (20.69)

Consequently we obtain

(=a) DN C ) A FIY oy
(2n—1))" (v (2n—1)+1)

0
/ 1T (8) fI|” dt < (20.70)

Finally we observe that
0 1/v —a (Qn—l—&-%) O () A"
(/ I, (t)f||”dt> - (—a) I (@) f””L;/(:,O)’ (20.71)
a (Cn—1H (v (@2n—-1)+1)

proving the claim. O

Next we continue with Poincaré like inequalities involving the Sine operator
function.

Theorem 20.15. Let a >0, t € [0,q].
One has

BT NC () AL, 0

1) Mo () £l 00y < )
v(0,a /v
1
(2n)) 2+ 1) (v (20+ 1) +1)
When v = q we have
a® [IC &) A flll 2, 0.0
2) M () £l 00y < lnon g
((2n)1) (2pn +1) 7" (¢ (2n + 1))
When v = q = p = 2 we obtain
a® I1C () A" Fllll 20,0
3) 1M (8) Flll 1y(0.0) < UL (20.74)

(2n)) Van +1,/2@2n + 1)
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Proof. By (20.41) we have

I3, 0) 1l = o H / (- 5 O (s) A" s

]- t 2n n
SW/O (t— > [|C (5) A" || ds

1 t N
sm( / (t— 5 ds) 1C ®) A" Fll., 0.0

1
t2n+;

= ol ) HE @ A" Iz, 0.a) -

Consequently

tu(2n+ %)

M, (t) fII” <
IO 1 < o T

e @) A" FINZ, 0.0) »

and

. (2t 2)4) 1@ A LI 0
M, Yt < —
/0 1M, (1) fII” dt <

(@)™ (2pn+1)"/7 (v (20 + 1) +1)

proving the claim.
Next we give the counterpart of the last theorem.

Theorem 20.16. Let a < 0, ¢ € [a,0)].
One has

(~a) 5D I (6) Al o)

((2n)!) (2pn + 1)1/17 (1/ (2n+ 1_17) . 1)1/1/'

D) M (8) FNl 2, (a,0) <

When v = q we have
a® ([T () A" fllll 1., (a0

2) M () fllll 1, a0y < (@2n)) 2pn + 1) 77 (g (2n+ 1)) 7/¢

When v =q = p =2 we get
a>™ |[|C () A" fIll| ., a,0)
(2n))Van +1,/2(2n+ 1)

3) MM () FIlll £y a0y <

Proof. By (20.41) we have

1M () £ = H/ (s — 1) C (s) A" fds

< o / (s =) C (5) A" | ds

255

(20.75)

(20.76)

(20.77)

(20.78)

(20.79)

(20.80)
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1/p

0
< G (] =077 ds) OO A 0

B 1 (_t)2n+% O (1) A"
= o a1 MO O A Ml -
Therefore
v (_t)V(QnJF%) n v
M (2) fII” < @ Gt 1) e @) A™ L, (a0 »
and

(—a)(*Cr+3)+1) 10 () A £, a0

0
/ 1M, () f1)” dt <

proving the claim.
It follows the corresponding L treatment

Theorem 20.17. Let a >0, t € [0,q].
One has

a2 ) e () A £, o, @
((2n)) (2vn + 1)

1) 1M (8) fllll 2, 0.0y <

When v =1 we find

a@ U 10 (8) A Flll 1, 0.0

2) IV (@) fIHl L, 0,0) < @n+ 1)

Proof. By (20.41) and (20.75) we have
1 ! 2n n
1M, () f1] < W/ (t— )" |C () A" | ds

t2n

= 2!

NE® A" Il 2, 0,a) -

Hence
t2vn

1My (2) FII” < @)

e IIC @) A" I, 0.0)

and
a@ D C () A I 0.)
((2n)")” (2vn + 1) ,

/0 1M, () £ dt <

proving the claim.

(u (2n+ 1—17) + 1) ' (20 (2pn + 1)

(20.81)

(20.82)

(20.83)

(20.84)

(20.85)

(20.86)

(20.87)

(20.88)
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The counterpart of last theorem follows.

Theorem 20.18. Let a < 0, ¢ € [a,0].
One has

(~a) ) 10 () A Flll 1, 0

1 M, < 20.89
) 1M (1) £l 1, a0y < G G D (20.89)
When v = 1 we derive
() C @) A £l 1,
2) 1M (&) Il 00y < — e (20.90)
Proof. By (20.41) and (20.81) we have
1 /0 "
I3, (0711 < / (s — 0" |C (5) A" | ds
(_t)zn n
< G 11 O A0 (20.91)
Thus
_ 2vn
130, ) 1 < {0 1€ 0 A1 0 (20.92)
and
0 (=) @) AN a0
a1 s TS e a0y
proving the claim. O

Application 20.19. (see [147], p. 121)

Let X be the Banach space of odd, 2r—periodic real functions in the space of
bounded uniformly continuous functions from R into itself: BUC (R). Let A := %
with D (A") = {f€X: f®M e X, k=1,...,n}, n € N. A generates a Cosine
function C* given by

C*(t)f(x):%[f(x+t)+f(x—t)}, Vot € R, (20.94)

The corresponding Sine function S* is given by

S*(t)f(x):%[/Otf(x—&-s)ds—k/otf(x—s)ds}, Vot R (20.95)

Here we consider f € D (A™), n € N, as above. By (20.40) we obtain
1 n—1 tQk (k)
T ==[f( REAY -
O =50+ TC-01- 3 gt

_ /t (2’5(; 5) "1_)' (£ (4 9) 4 70— )] ds, vicR. (20.96)
0 n — :
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By (20.41) we get

:%{zjf(+st+Zifﬂ—®d%“nlgiﬁb

Ft—s)™ (2n) (2n)
:/0 o (760 (- 5)+ £ (- 5)] ds, Ve R

Let g € BUC (R), we define ||g|| = ||g|, :=sup|g (z)| < oo.
r€R
Notice also that

I1C* (s) A fll ol L = m C* (s) F2m)

=%HH(f<2”><-+s>+f<2"><-—s>)H

<l ceal )+l ol ] ] <o <o

where

o=
Let a > 0, t € [0,a]. By (20.42) we derive

a(2"_1+%+%)

T*
T 0 W00 < G T

e @ 2|z 0,
1/v’
(1/(2n—1+%) —l—l)
Also by (20.72) we get
Ao 2)
((2n)!) (2pn + 1)V/P
llle= @ 1271 0.0

(v(2n+3)+ 1)”” .

a2n

Gn— Dvan 1

1185 (&) Fllll, 0.0y <

By (20.44) we find

T2 @) Flll 0,00 < 5

L2(0,a)

f(Q(k—l))

(20.97)

(20.98)

(20.99)

(20.100)

(20.101)

(20.102)
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By (20.74) we have

2n

a
M (¢ < ——F
HH n( )f””Lz(O,a) — ((2n)|) \/m
C* f(Qn)
e O 7o -
2(2n+1)
Also by (20.58) we obtain
Cr ) [le @ s
* a L1(0,a
N5 @) iz, 0,09 < o) (20.104)
(Cn—1)Hw(2n-1)+1)
and by (20.84) we observe that
a2 |[lo= @ ||
* L1 (0, a)
M*(t) f o< 20.105
M 0 00y < —— o (20.105)
Let now a < 0, ¢ € [a,0]. Then one by (20.50) has
1 1
: (ca)r o)
T @) fllll 2, (0,00 <
B0 = on 1)1 (p (20 — 1) + 1)/7
C* (t) f(Qn)
LY o
(1/(2n—1+%) —l—l)
and by (20.78) we get
1 1
(_a)(2"+z+7)
M) f w0y <
5 0 11l < oyt e
C* (t) f(2n) .
e © 7y -

(v (nrt)+))"

a® [[[le* @ £ 1, o
I3 8) £l oy < a2 eoa0s)

and by (20.90) we see that

By (20.66) we find

()P lle* @)
(2n+1)!

Similarly one can apply the rest of the results here on Cosine and Sine Operator
functions.

i | Py

NI 0 £ 2y oy < (20.109)
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Chapter 21

Hardy—-Opial Type Inequalities

Various L, form Hardy-Opial type sharp integral inequalities are presented involv-
ing two functions. This chapter follows [32].
21.1 Results

Let f € Ly([a,b]) and g € Ly([a, b]), with p, ¢ be such that % + % = 1. We consider
the generalized Hardy type operators (for the basic Hardy operator see [204], p. 306),

T, (1) = / o(s)f (s)ds,

and

b
T (1) = / o(s)f (s)ds.

We present here integral Hardy—Opial type sharp L,-inequalities involving or related
to Ty, T,;. Here L | stands for Lebesque integral, R [ for Riemann integral and
(R — 8) [ stands for Riemann-Stieltjes integral.

The first result follows.

Theorem 21.1. Let p,q > 1 such that %—i—% =1, with f € Lp([a,b]), g € Ly([a,b]),
xo € [a,b] be fizred. Then

cf (cf ) 90701t ) )l
< 27U/ (R/gc <c/ww |g(t)|th>dw> " (c/w |f(t)|pdt>2/p, all 7o < s < b.

(21.1)

Inequality (21.1) is sharp, that is attained when f(t) = g(t) = ¢ > 0 a constant, for
all t € [zo,b)].

261
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Proof. 1) For xg < w < b, by Holder’s inequality we have

/:/ ()]dt < (.c/w |g(t)|th>1/q </3/:|f(t)|pdt>l/p

w 1/q
= (e [ latopar) e, 212)
zo
where
= /.3/ t)|Pdt > 0, z(xo) = 0. (21.3)
Here z is an absolutely continuous function. Hence we have a.e. that
Z'(w) = [f(w)[” >0, (21.4)
and
|f(w)] = (' (w)P, ae. (21.5)

Therefore it holds

L wIQ(t)f(t)ldt [fw)] < { L wlg(t)l"dt 1/q(Z(w)Z’(w))l/’”’ (21.6)
(¢ woreia s = (e [ oora)

a.e. on [xq, b].
Hence by integrating (21.6) over [z, s], where s € [x¢, b], we obtain

£ [ (e [ s i

< c/ ( / |th>1/q(z(w)z'(w))1/”dw (21.7)
(using again Hélder’s inequality)
< (R / (/: / w |g(t)|th)dw>l/q (.c /T :z(w)z’(w)dw) v (21.8)

([ (< [ morajae) ™ o)
(=] Z(w)dz(w)>l/p (= [ (e[ ttoprar)au) v (%)”

(21.10)

—olp (R/w (.c/; |g(t)|th)dw) v (.c/ |f(t)|”dt>2/p. (21.11)

That is proving inequality (21.1).
2) The sharpness follows. We see that
c3(s — xp)?
2 )
establishing attainability of (21.1). O

L.H.S.(21.1) = RH.S.(21.1) = (21.12)
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We also give

Theorem 21.2. Let p,q > 1 such that %—i—% =1, with f € Ly([a,b]), g € Ly([a,b]),
xo € [a,b] be fizred. Then

e[ (e [T woso) i
<o (R (e [ o) dw> " (¢ [ o) "

all a < s < xg. (21.13)

Inequality (21.13) is sharp, that is attained when f(t) = g(t) = ¢ > 0 a constant,
for all t € [a, zo].

Proof. 1) For a < w < xg, by Holder’s inequality we have

.c/ ()]dt < (.c/w |g(t)|th>1/q </:/w |f(t)|pdt>1/p (21.14)

_ (.c [ |g<t>|th)1/q(z<w>>””, (21.15)

w

where

z(w) =L |f(@®)|Pdt > 0, z(xg) = 0. (21.16)

L/ |pdt—£/ t)Pdt. (21.17)

Here z is an absolutely continuous function.
Hence we have a.e. that

That is

Z'(w) = —[f(w)|P <0, (21.18)
and a.e. that

—2'(w) = [f(w)[" >0, (21.19)
and a.e. that

[f(w)] = (=="(w)"/7. (21.20)

Therefore it holds
(ﬁ s Ig(t)f(t)ldt> F(w)| < (.c s |g<t>|th)w(z(w)(—z'(w))l/”, (21.21)

w w
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a.e. on [a, Zg]. Integrating inequality (21.21) over [s, z¢], where s € [a, 2], we derive

e[ (e [ slar) i

<r / ( / |th)Uq(z(w)(—z/(w)))l/pdw (21.22)

(again using Holder’s inequality)

<(cf"(c /:0|g<>|th)dw)l/q (2 /mz(w)( e >>dw)1/p (21.23)

(R [ (e[ 10 |th)dw) (~m-9) [zt ))1/p<21.24>
RN R
e ) e o)

That is proving (21.13).
2) The sharpness follows. We see that

3 2
L.H.S.(21.13) = R.H.S.(21.13) = % , (21.27)

establishing attainability of (21.13). O
We have
Corollary 21.3. Let p,q > 1 such that %—l—% =1, with f € L,([a,b]), g € Ly([a, b]).

Then
b w 1/q
gl il < 2‘1/”|f||§[<7€ [ (<] |g(t)|th>dw>
b b 1/q
+<R [ (<] |g<t>|wt)dw) ]<<b—a>1/qnf||§|gnq. (21.28)

Inequality is sharp, attained when f =g =c> 0.

Proof. We apply Theorem 21.1 for zp = a and s = b. We have

ef (¢ [ las@lar) i
< 27l <R/b (c/aw |g(t)|th>dw> " <£/ab|f(t)|pdt)2/p. (21.29)

We also apply Theorem 21.2 for zg = b, s = a. We find

c/( [ 1o ldr) | (wla
< 271/p <R/b (E/wb|g(t)|th>dw> B <£/ab|f(t)|pdt)2/p. (21.30)
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We add (21.29) and (21.30) to observe that

/:/< / \dt+£/ () |dt)|f( Y[ dw
< 2—1/p||f||§,[<7z / b(ﬁ I |g<t>|th)dw> "
+ <R/b (.c/wb |g(t)|th)dw> Uq]. (21.31)

L.H.S.(21.31) = [ £gll1[1f]lx, (21.32)

proving first inequality in (21.28).
Since 1/q < 1 we get

b w
R.H.S.(21.31) < 2*1/P|\f||§21—% [R/ (L/ |g(t)|th)dw

But it holds

1/q

+ R/ ( / |th) dw} (21.33)
b b 1/q
)2 [R / (ﬁ / |g<t>|th) dw] (21.34)
= 1 £II5llgllq(b — a)*/, (21.35)
proving second part of (21.28). Sharpness is obvious, by all three parts being equal
to ¢3(b—a)?, when f =g=c> 0. O

Next comes

Corollary 21.4. Let f,g € L2([0,1]). Then

e [ (e [ lawswiar) i
< g <R/O (L/Ow g2(t)dt> dw) - <£ /0 fg(t)dt),all 0<s<1.(21.36)

Inequality (21.36) is sharp, that is attained when f(t) = g(t) =1, all t € [0,1].
Proof. Apply Theorem 21.1 for p =g =2 on [0, 1], and z¢ = 0. O

We obtain the following Opial type (see [75], [6], p. 8) basic inequality which
implies Opial’s inequality [195].

Corollary 21.5. Let f € C'([0,1]) such that f(0) =0. Then

/|f W)dt < % /Os(f’(t))zdt, Vs € [0,1]. (21.37)
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Inequality (21.37) is sharp, namely it is attained by f(t) =t

Proof. We apply (21.36) for g(t) = 1, Vt € [0,1], and in the place of f we plug
in f’. We then have by (21.36) that

/ O (1)ldt
’(t)dt‘lf’(w)ldwé / < / wlf’(t)ldt)lf’(w)ldw (21.38)

- 0 0

< g (/Oswdw) v </Os(f’(t))2dt) (21.39)

2 /S(f’(t))zdt (21.40)
0

That is proving (21.37). Sharpness now is obvious. |

The extreme case follows.

Proposition 21.6. Let f € Loo([a, b)), g € L1([a,b]), o € [a,b] be fivred. Then

ﬁ/( / )0t o >|dws||f|;<RL:(LLj|g(t>|dt)dw>,

(21.41)
for all s € [0, D).
Furthermore
c / (¢ [T 1t slar) ifwlaw < 1112 (R [ (e[ o) dw>,
(21.42)
for all s € [a,xo].
Both (21.41), (21.42) are sharp, attained by f(t) = g(t) = ¢ > 0.
Proof. Obvious. U

To complete the chapter we present

Q I

Theorem 21.7. Let 0 < g < 1 and p < 0 such that % L' — 1, a fived ¢ € [a, D]
and s € (xg,b]. Assume that g € Ly([a,b]), f € Ly([a,b]), f is nowhere zero and
|fl <k a.e, k>0. Then

e[ (e[ wmsar
> 271/p <R/$ (c/w |g(t)|th>dw> a (c/w |f(t)|pdt>2/p. (21.43)
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Inequality (21.43) is sharp, namely it is attained when f(t) = g(t) = ¢ > 0, for all
te [.1?0, b]

Proof. Let o <w < s. Here |f| > 0 and |f| <k a.e., k > 0. Hence 1 < ‘—},' a.e
—p > 0 and kP < |f|P a.e. Therefore

_r / 2)Pdx > kP(w — 20) > 0, 2(z0) = 0, (21.44)

and when wy > wy we derive

2(wg) — 2(w1) = E/w2 |f|Pdz > kP (wy —wy) > 0. (21.45)

w1

That is proving that z(w) is strictly increasing on [z, s, and z also is an absolutely
continuous function there.
Next, by reverse Holder’s inequality we obtain

c / ()]dt > (.c /T w |g(t)|th>1/q (/: / j| f(t)|”dt)1/p (21.46)

- (.c /I ’ |g(t)|th>1/q(z(w))1/P,for o <w< s (21.47)

0

It holds a.e. on [z, s] that

Z'(w) = | f(w)]P >0
and

[f(w)] = ('(w)"/?, a.e. on [zo, 3]. (21.48)

(z / w Ig(t)f(t)ldt) 1 (w))

w 1/q
> (E/ |g(t)|th> (z(w)YP(2'(w)YP, a.e. on (xo,s].  (21.49)

[¢]

Therefore

Take now g < 0 < w < s and 0 < s. We observe that

c / (¢ / )0l wldw = fim £ [ (2 / SO0t ) )l

> lim lﬁ /05 (ﬁ /Iw |g(t)|th> l/q(z(w)z’(w))l/pdw] (21.50)

leo 0

(again by reverse Holder’s inequality)
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Jim (R [ (e [ atopar) dw> " i (2 [ =) ersn
(R (e[ wopar) dw) " i (R=5) [ stwyistu) Vo)
(v f (< [ o) g (22570)

2 /p (R / (c / w |g<t>|th) dw> Y oy

= o7/ <RL (c/; |g(t)|th>dw> " <£L |f(t)|pdt)2/p, (21.53)

proving (21.43).
Sharpness same as in Theorem 21.1. O

Y

The counterpart of Theorem 21.7 follows.

Theorem 21.8. Let 0 < g < 1 and p < 0 such that % + % =1, a fized xy € [a,]
and s € [a,x0). Assume that g € Ly([a,b]), f € Ly([a,b]), [ is nowhere zero and
|f| <k ae., k>0. Then

e[ (e [ sia) s
> 9~/ <7z / " (.c /w " |g(t)|th>dw> . (.c / “ f(t)|”dt) o oLse)

Inequality (21.54) is sharp, that is attained when f(t) = g(t) = ¢ > 0 a constant,
for all t € [a, zo].

Proof. Let s <w < xg. Here again kP < |f|P a.e. Therefore
o
2(w) = z:/ FOPdt > k(w0 —w) >0, 2(x0) =0, (21.55)

and when wy < wy we find
wy

2(w2) — 2(wy) = ,c/ FOPdt > kP (wy — ws) > 0. (21.56)

wa
That is proving that z(w) is strictly decreasing on [s, z¢], and z also is an absolutely
continuous function there.
Next, by reverse Holder’s inequality we obtain

a/ ()]t > <c/: |g(t)|th)1/q (L/ﬂ |f(t)|”dt)1/p

_ </; /: |g(t)|th)1/q(z(w))1/p,for s<w<azo (2157)
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It holds a.e. on [s, x| that

Z'(w) = —[f(w)[P <0, (21.58)

—2'(w) = [f(w)[P >0, (21.59)
and

f(w)] = (=2 (w))"/?, (21.60)

a.e. on [s, xo]. Therefore

<E /w Ig(t)f(t)ldt) |f(w)] = <£ /: Ig(t)l"dt) 1/q(Z(w)(—Z’(w)))1/ g

a.e. on [s,xo). (21.61)

Take now s < w < 0 < xp and s < 6. We see that

e[ (e Idt>|f( Jldw
= m ( (0l o >|dw>
Y / 1/p
> 911{3) [ |th) (z(w)(=2"(w)) dw] (21.62)

(again by reverse Holder’s inequality)
1/q

> Iim (n (e[ o) dw) i (2 [ ) (- w)aw) 169
e )

(o[ (e M) (25T e
— g (R [ (e [ o) dw> " e (21,660
— v (R [ (e[ o) dw> " (c [ wora)”. e

that is proving (21.54).
Sharpness is obvious. O

Jim (—(R _5) / ' z(w)dz(w)) o1

We give
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Corollary 21.9. Let p,q > 1 such that % + % =1, with f € Ly([a,b]), zo € [a, D]
be fized. Then

c/( / 110t (w)ldw
<o [ L e ey — e )| " (¢f ar) "

(21.68)
for all xo <s<b.

Proof. By (21.1) we have for all zg < s < b that

e[ (e[ etrtar) saan
<91/ ( / ( / eqtdt)dw> v (.c /I | f(t)|pdt>2/p (21.69)

1/q s 2/p
ot (A ey e —ag)| ) (2 [Cir@par) ermo)
proving (21.68). O

We finish the chapter with

Corollary 21.10. Let p,q > 1 such that %—l—% =1, with g € Ly([a,b]), here a > 0,
and let v #£ 0. Then

/:/ L(ﬁ/ |g()|dt)d
o W a

1—rp _ 1—rp\ 2/P s w 1/q
§2‘1/”<%> <R / <£ / |g<t>|th)dw) ,

(21.71)
forall a <s<b.
Proof. From (21.1) for f(t) = &, we obtain
e[ L (e [ )
s w 1/q S 1 2/10
<o l/p (R/ <£/ |g(t)|th) dw) </ tr—pdt) ,
all a < s <b. (21.72)
But
s 1 Slfrp _ alfrp

proving (21.71). O



Chapter 22

A Basic Sharp Integral Inequality

A sharp multidimensional integral type inequality is presented involving n-th order
(n € N) mixed partial derivatives. This is subject to some basic boundary condition
satisfied by the involved multivariate function. This chapter is based on [60].

22.1 Introduction

This chapter is motivated and inspired by [16] and [123] about Ostrowski type
inequalities; see also Ostrowski’s paper [196], 1938. Though the presented results are
quite different from Ostrowski type inequalities, the working spirit is the same. T.
Apostol’s book [62] was used as a reference for some basic facts related to integration
and differentiation.

22.2 Results

We present

Theorem 22.1. Let f € C™"(B), n € N, where B = [a1,b1] X - - - X [an,by], a;,
bj € R, with a;j < b;, j = 1,...,n. Denote by OB the boundary of the box B.
Assume that f(x) =0, for all x = (x1,...,x,) € OB (in other words we suppose that
fG-aj,--)=f(-bj,---)=0, forall j=1,..,n). Then

/B|f(x1a-.-,xn)|dxl...dxnS mZ(f)/B

where m(B) = H;-Zzl(bj — a;) 1is the n-th dimensional volume (i.e. the Lebesgue
measure) of B.

O f(z1, ..., Tn)
0x1 -0z,

dzry - - - dzy, (22.1)

Theorem 22.2. Inequality (22.1) is sharp (in the sense that equality can be asymp-
totically attained).

Proof of Theorem 22.1. Let (x1,...,x,) € B,ie. aj <z; <bj, forallj=1,.. n

271
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The assumptions give

xla.--v / / n 8 f Sl,.“, )d51 'ds’nv
b1 n
F(T1, ey Tn / / 0 f S )d51 - dsy,

More generally, if we introduce the intervals

and

Ij70 = [aj,xj] and Ij71 = [(Ej,bj], ] = ].7...771,
we have

f@1, . an) = (1) F +5"/ S(s1, 0 Sn)d81-~-dsn, (22.2)
Ilsl

0s
In,en n

where each €; can be either 0 or 1. Adding up (22.2) for all 2™ choices of (g1, ..., ep)
we derive

2"f(3:1,...,33n)= Z 51+ Hen /I1 / 8({9];151,..., )dsl -ds,,.
E1yeeny En €1 In.cp
(22.3)
Next by taking absolute values in (22.3) and using basic properties of integrals
(noting that the 2™ “sub-boxes” I ., X --- X I, ., form a partition of B) and the
subadditivity property of the absolute value we find that

8nf($1, ceey xn)
|f (@1, ey 2n)| < 2”/3 m

true for all (x1,...,x,) € B. Inequality (22.4) has by itself its merits.
Finally by integrating (22.4) over B we establish the result. a

dry -+ - dxy, (22.4)

Proof of Theorem 22.2. Without loss of generality, to establish optimality of
(22.1) it is enough to prove sharpness of the following inequality

/|f do < = /|f )| dz (22.5)

(this is obtained from (22.1) by taking n = 1 and [a1,b;] = [0,1]). Clearly here it
is assumed that f € C1[0,1] with f(0) = f(1) = 0.
Let 0 < e < 1. Consider the function

2

Tz o, 0<z<e,
fe(z) =< 1, e<z<1-—g,
2
2ol Ooe) ] _e<a <.

Clearly fo(x) >0 on [0,1], and f-(0) = f-(1) =0 (in fact fc(z) = f:(1 — ), that is
fe(x) is symmetric about x = 1/2). Furthermore
2(e—x)

52 b OS$S€7
fi(x) =10, e<r<l-—g¢,
M,1—5<m§1,

£2
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hence f! is continuous on [0, 1].
Next we calculate and find for f. that the right hand side of (22.5) is 1, while
the left hand side of (22.5) is 1 — (2/3)¢, i.e. (22.5) becomes
2

Therefore, by letting € \, 0, we see that equality in (22.5) is asymptotically attained.
O

Remark 22.3. Notice that lim.\ o fe(z) = 1 (pointwise) for all z € (0,1). In this
sense equality in (22.4) is also asymptotically attainable.

Remark 22.4. There is no function other than the trivial f(z1,...,x,) = 0 that
makes (22.1) an equality. Indeed, if there were such an f, then, by continuity (22.4)
should be an equality for all (z1,...,x,) € B, thus f should be constant which is
impossible due to the boundary condition, unless, of course f = 0.

Remark 22.5. The function f of Theorem 22.1 can be complex valued.

Remark 22.6. The case n = 2 is quite interesting: Let f € C?([a,b] x [c,d]), a < b,
¢ <d, with f(a,-) = f(b,") = f(-,¢) = f(-,d) = 0. Then (22.1) becomes

/Cd/ab|f(a:,y)|dxdy§ W/j/;% )l dedy.

Notice that the operator 20,, becomes the wave operator Oy, — O, after a 45°-
rotation of the axes = and y.

Remark 22.7. It is a curious fact that inequality (22.1) fails badly in a variety of
domains. For example, given a,b > 0, let D, C R?, k=1,2,3,..., be the domain

2k 2k
Di={(my eR: 2 _+¥ <1
k Y T2k Tk = (e

Notice that Dy C B = [—a,a] x [—b,b] and we can make Dy, as close to B as we
wish, by taking k sufficiently large. However, if fj is the polynomial
22k 2k

Y
fe(z,y) = P 1,
then, of course, fx € C?(Dy) and fi, = 0 on 0Dy, but

0 fi(@,y)
0x0y
hence (22.1) fails completely if Dy is the domain of integration!
We finish chapter with

=0,

Theorem 22.8. Let f € C""2(B), n € N, B = [a1,b1] X ... X [an, by),a;,b; € R,
with a; < bj,j=1,...,n. Assume that

0*f
@(...7%...)__?(... Jbiyoo) =0,

J
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foralli,j=1,--- ,n. Then

/ |V2f(x1,...,xn)| dxi,dxs . ..dx,
B

< (It (b = o) (Z ( /

i=1

o2 f(x1,...,20)
Oxy...0%x;...0z,

day . .. d;vn>> . (22.6)

Proof. We observe the following

n 2 2
V2 f (@) =D L < Z o7 xl’ Ff@r, o) (22.7)
=1 =1
< (by (22.4), set instead of f the function J;)
n 1 on (_) (xl,...,xn) p p
;_” /B 0z ...0x, TL-- - A
1< o2 f(z1,. .. 2y)
=— dzy...dzy, ). 22.
2";(/3 Oxy...023 ... 0y o x) (22.8)

So we get true that

n

Vel < 52 3 ()

YV (21,...,2,) € B. Integrating (22.9) over B we get (22.6). O

8"+2f(x1, e ,xn)
Oxq...0x3 ... 0z,

dzy ... d;vn> . (229



Chapter 23

Estimates of the Remainder in Taylor’s
Formula

Estimates of the remainder in Taylor’s formula are given. This chapter relies on
[55].

23.1 Introduction

The following theorem is well known as Taylor’s formula or Taylor’s theorem with
the integral remainder.

Theorem 23.1. Let f : [a,b] — R and n a positive integer. If f is such that )
is absolutely continuous on [a,b], xo € (a,b), then for all x € (a,b) we have

f((E) =T, (f;anx)+Rn (f;anx)a (231)

where T, (f;xo,-) is Taylor’s polynomial of degree n, i.e.,

2R (20) (= mo)F
T, (f; 0, ) =Zf ( O)k( 0) (23.2)
k=0
(note that fO = f and 0! = 1) and the remainder can be given by
1 xT
Ra (fian) = [ =0 50 () at. (23:3)

Zo

For a mapping g : [a,b] — R and two arbitrary points xo,x € (a,b), define

Hg”[zo,z];p =

1
z P
/'mwfﬁ\,p>1
Zo

and

||g||[zoz],oo ‘= €585 sup |g (t)| .
t€(zo,x]
(t€lz,zo])

Using Holder’s inequality, we may state the following corollary.

275
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Corollary 23.2. With the above assumptions, we have

[ B (f320, )|
o=l ||f(n+1)‘|[;p07m]71 if f"*Y € Ly [a,b];
< Ixfm":% Hf(n+1)||[ ] if fD € Ly [a,b],
nl(ng+1)1 @0,],p
p>1, % + % =1
et £ oo S € Lo [0,

(23.4)

For some applications of (23.4) for particular functions, see [101].

23.2 Some New Bounds for the Remainder

The following simple result comes from G.A. Anastassiou in [16].

Lemma 23.3. Suppose that the mapping f : [a,b] — R is such that Fr=1 s
absolutely continuous on [a,b] and x¢ € (a,b). Then for all x € (a,b) the remainder
R, (f;x0,2) in (23.1) can be represented by

Ry, (f;w0,7) = ﬁ /ﬂ: (700 (8) = £ (@o)| (@ = )" at, m=1. (285)

Proof. We apply Taylor’s formula with the integral remainder for n— 1 obtaining

x

f@) = Tur (fio) + =gy [ @=0" 7 1

0
x

=7, () = SR (0 o)+ 2 [ g @

n! .
1 x
_ . - (n) _ r(n) _ p\n—1
T, (fa 330,33) + (n — 1)' LO |:f (t) f (330):| (3} t) dt7
which produces the representation (23.5). O

The following theorem holds.

Theorem 23.4. Suppose that f, xo and x are as in Lemma 23.3. Then we have
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the bounds
|Ry (f3 0, 2)]
z—wo|" " n n . n
‘ no!l Hf( ) — ft )(9CO)H[%’IL1 if f(") € Ly [a,b];
< M £ £ (20) i(")GLab
) (-D(n—1)g+1)7 I ! 0 ||900,90]x17 ff [ ]
p> 1 = = =
‘wiff![)l ||f(n) - f(n) (xO)H[wo,w],oo iff(n) € L [ ]

(23.6)

Proof. We have

1 T on - n—
o (i) < g | [ [0 0= 10 o) -0 an
< ﬁ / £ () — £ (x0) |x—t|"1dt‘ = M (zo,2) .
If f") € Ly [a,b], then
M (zg,2) < (n_l ol tes[;lgw] o — ¢t /wo F) () — f (330)‘ dt‘

(telz,zo])
700 = £ o)

and the first inequality in (23.6) is proved.
Using Holder’s integral inequality, we have, for f( € L, [a,b], that

/aj
Zo

= = | = 1 o)

|TL—1

1
= — |z —xo
n! [z0,2],1

M (zg,x) <

= ﬁ f(n) (t)—f(n) (xo)‘pdt‘p

|!E . l’o|(n71)q+l q
[®o,2],p

1
- t|("_1)th‘

(n—1)g+1

1 n—1+2+
(n—1n-1)g+ 1]
and the second inequality in (23.6) is proved.
Finally, we have for ") € L, [a,b], that

() — f) (o)

[zo,7],p

1 @ e
M (zg,x) < ess sup ‘f(") (t)— (xo)‘ — / o — " dt‘
t€(zo,x] (n - 1) o
(t€[z,x0])
= o= aol” [/ — £ (o)
n! [0,2],00

and the theorem is proved. O
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The following result for Holder type mappings also holds.

Theorem 23.5. Suppose that the mapping f : [a,b] — R is such that £ s of
H — r—Hdélder type. That is,

FO @)= f™ ()| <Ht—s|" forallt,s e (a,b) (23.7)

and H > 0 is given. Then we have the inequality:

HB(r+1,n)

1) |z — x|, (23.8)

[ B (f320,7)| <

where B (-,-) is Euler’s beta function.
Proof. As f" is of H — r—Holder type, we may write
1 / *

(n =1/,
H * T n—
: zo

[ B (f; 20, 7)| <

ARIOES AR (xo)} |z — ¢! dt‘ (23.9)

Assume that 2o < z. Then

N (20,2) = /I (t— 20) (2 — )" dt = (z — )" /1 (1= 0" dr

0 0
=(@—z)"T"B(r+1,n).

A similar equality can be obtained if x < xy. Consequently, in general
N (zo,z) = |z — 20| ™" B (r+1,n)
and then, by (23.9), we deduce (23.8). O

Corollary 23.6. Suppose that the mapping f : [a,b] — R is such that ) s
L— Lipschitzian on [a,b], i.e.,

f @) = fM ()| <Lt —s| forallt,se (a,b), (23.10)

where L > 0 is given. Then we have the inequality

Lz — xo|"™"

(23.11)

Proof. For r =1 we have

B(2,n) = /0 t" (1 —t)dt = ﬁ

Using (23.8), we deduce (23.11). O
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We can now state the following result as well.

Theorem 23.7. Let f,xo and x be as in Theorem 23.1. Then the remainder
R, (f;x0,x) satisfies the bound

| Ry (f320, )|

Il =t ol [ £ ] 7 € Lo o

Zo

IN

z n— 1 n . n
i o e = e = ol (£, g, | 50D € Ly o8],
p>1, 1+1:1
b].

(n—1)! fjo |z — t|n71 ||f(n+1)H[ro,t]71 dt‘ fo(n+1) el [

[xo,t],p

(23.12)

Proof. As f(™ is absolutely continuous on [a, b] we may write that
t

F @) = " (@o) = [ FY (w) du

and then, by (23.5), we have the representation:

Ro (f;20,2) = ﬁ /w (/; £ () du) (@ — )" dt. (23.13)

By (23.13) we may write:

(Ro (f;70,7)] < / £ () | — o7 e ‘ (23.14)
Now, if f*+D € L [a, b]7 then
t
[ e @y <t -l i)
o xo,t|,00
Also, by Holder’s integral inequality we have (for p > 1, % + % = 1) that
t 1 t p %
[ s @i < fe ol | [ 740 @) du
o o
=t- I0|% Fon
[zo,t],p
and . ,
/ FOHD () du| < / £ ()] | = || 7 ,
To zo [zo,t],1
Consequently, we have
[t = 2ol £y .00
t . .
/ FOD (u)du| < { [t — 200 ||f<n+1>\|[m07t]7p (23.15)
o

£ 1.
Using (23.14) and (23.15), we easily deduce (23. 12) O
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23.3 Some Further Bounds of the Remainder

Let us consider the Chebychev functional defined by

b b b
T (g,h) = ﬁ/ h(x)g(x)dx—ﬁ/ h(x)da:/ g(@)de, (23.16)

where h, g : [a,b] — R are measurable on [a,b] and the involved integrals exist on
[a, b].

The following identity which can be proved by direct computation is well known
as Korkine’s identity:

T = gt /L/ 1) (g(2) ~ g(v) dedy.  (28.17)

The following lemma holds.

Lemma 23.8. Suppose that the mapping [ : [a,b] — R and xo, x are as in Lemma
23.3. Then we have the representation

Ry, (f; %0, ) .
= Hf("fl); o, x} — ™ (xo)] S _n;fo) +5 o 1)} @ —20)

/‘/ = 1) (w=0"" = (@—s)"") deds,

(23.18)

Proof. Applying Korkine’s identity, we may write:

! /IUmww—ﬂmum)@—w”*ﬁ

r — X

_(x_%o/m (f<n t) — f™ (z ))dt'm—lxo/:(x_t)nldt

T / / FO @) = 1)) (=07 = (= )" drds

which is clearly equivalent to:

[ (50 0= 1 @) o - o

zo
(z —20)"

:=UW*W@—f”Nm%—@—xwﬂ”@w} -

s L L 005 @) (= ) e

from where we get (23.18). U
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The following theorem holds.

Theorem 23.9. Assume that the mapping f : [a,b] — R has the property that
f™ € Ly[a,b] and zo,x € (a,b). Then we have the inequality:

| R (f; %0, )|
_$0|"

< Hf("fl);xoax} _ (580)} | 5

(n—1) |z — xo|" 1 -k (n—1). 273
nlv2n —1 T — Tg Hf [zo,2];2 ({f ,mo,xD ’
(23.19)
where
b= [ o
[zo,z];2 Zo
Proof. We have, by (23.18), that
Ry, (f; 20, 2)]
_ n 1
< (n—1). _ r(n) |$ $0|
- Hf ,a:o,a:] / (xo)‘ n! 2(n—1)!z — zo]
x‘/!/ Omwﬂ—me$)“x—ﬂml—@—sWALMk.
(23.20)

Using the Cauchy-Buniakowski-Schwartz inequality, we have

/ / (7 @) = 1™ () [ =" = (@ = 9" ] atds
| [ (0= 5 ) duas|
/ / (=0 = =] s
= [(x — ) | RO ( / £ dt) 2] ;
e e ([

[210-1];2 B (f(nil) () — f=Y (xO))z}

(2 — ) 2D+ (z — 20)" 273
x[(x—xo) 2(n(J_1)+1 —( no )

IN

1
2

[

[SIE

:2%$—mwvw
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([

:2|x—x0|[

[xo,x];2
1
2

" [(a: - x0)2" (z - xo)%]

2n —1 n?
1
2732
[z0,2];2 ({f("_l);mo,m})]
Zo,T 1

nln?—2n+1 3
X | = ol n?(2n—1)

n 1 n 2
=2z — x| [x_—xOHf( )

:2|3:—3:0|{

woal2 ([ﬂ”—l);xo,x}ﬂ 2 n\;l%

1
~2(n—1) |z — 2o|" ! 1 H |2 (n—1). 272
N nyv2an —1 T — Xo [zo,2];2 (|:f ,$0,$:|)
and then
(n) (n) e _\n—1
ST (s )) [(a; 0 (z — 5) ] dtds
1
(TL - 1) |I B .I‘0| 1 H (n) (n—1) 2|2
< — ; .
TL!\/ 2n —1 T — X f [zo,z];2 (|:f ,$0,$:|)
Using (23.20), we deduce (23.19). O

23.4 Some Inequalities for Special Cases

In this section we assume that zo,z € (a,b) and z > .
The following theorem holds.

Theorem 23.10. Let f : [a,b] — R be such that f™ is monotonic nondecreasing
(nonincreasing) on [xo,x]. Then we have the inequality:

f(@) < (2)Tn(fimo,2) + Hf(” Dz, x} —fm (xo)} (J:_TTO)H (23.21)

or, equivalently,

T —1 n
f(@) < (2) Toer (f320,2) + % [/ 30,2] (23.22)
Proof. We use the following Chebychev inequality

T(g,h) >0 (<0) (23.23)

provided that (g, h) are synchronous (asynchronous), i.e., we recall that the map-
pings (g, h) are synchronous (asynchronous) if

(9(x) —g(y)) (h(x) —h(y) =0 (<0) forallz,ycla,b]. (23.24)
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As the mapping h (t) := (z — )"~ is monotonic nonincreasing on [x¢, z], then we
have, for £ nondecreasing,

T (5 @) <0
and then, by (23.18) we conclude that

R, (f;z0,2) < Hf(”fl);mo,x} — f(") (a:o)} %. (23.25)

The case when f(™ is monotonic nonincreasing goes likewise and we omit the details.

The following refinement of Chebychev’s inequality is known (see for example
[129])

T (g,h) = max{|T (g, |h)[,|T (Ig], R).|IT (lg], [D[} = 0. (23.26)

Using (23.9), we may improve (23.21) as follows. O

Theorem 23.11. Let f : [a,b] — R be such that ™ is monotonic nonincreasing
on [xo,x]. Then we have the inequality:
f (@)= Tha (fi20,2) — [f(nfl);xoax} w
n!

IR I TS N O RS B A P
> | [l @@= aa [ ] o0
(23.27)
Proof. Apply inequality (23.26) for g = ("), h = (x — -)nil to derive
T (70, (= )"") = max {4l | Bl G} (23.28)
where
A =1 (1. Jtw =) =7 (5o =)
. 1 ey e
B =1 (|| (@~) 1)%_%/% £ @) (@ ="t
1 [Thw e
($—$0)2/zof (t)‘dt /zo(x H"
L [T N P10 (@—z0)"
— [l 0] (m_xO)Q/%f (0] ar- =
and

Cr = (|7 Jim =) =}
Now, using the fact that (see Lemma 23.8)

f (@) = Tu(fimo, @) = [[1 D520, 2] = £ (20)] w (23.29)

=t (g o)

then by the inequality (23.28), we may deduce (23.27). O

(o =)"t) =By,
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The following theorem also holds.
Theorem 23.12. Let f : [a,b] — R be such that ) is convex (concave) on [xg,x].
Then we have the inequality:
> 1
(<) (n+1)!

[ (@) =T, (f;20,) =D (20) (2 — o)™ (23.30)

Proof. As f(™ is convex (concave) on [z¢,z], we may write that

£ () = £ (o) <) F (o) (t— o), t € [wo, 2]
which implies that
FO ) = £ @) @ =" 25O (o) (= w0) (21"t fmn.al.

Integrating over ¢ on [zg,x] and using the representation (23.1), we may get

Rufir0.9) > () gy [ 1070 o) (¢ =) =07
= ﬁf("*l) (zo) /: (t —@0) (x— )" dt
= /" @) e =20 B )
= o o) @ =)
and the inequality (23.30) is proved. O

23.5 Taylor-Multivariate Case Estimates

Let Q be a compact convex subset of R¥, k > 2: z := (z1,...,21), Xo =
(xm, ce. ,ﬂiok) € Q.

Let f : @ — R be such that all partial derivatives of order (n — 1) are coordinate-
wise absolutely continuous functions, n € N. Also, f € C"~!(Q). Each n'* order
partial derivative is denoted by f, = g;f, where « = (aq,...,qa1), a; € Z7T,
i=1,...,k and |a| := Zle a; = n. Counsider g, (t) := f (xo+t(z —x0)), t > 0.
Then

99 (1)

= <Z(2’Z—$01) 82‘) f ($01—|—t(21—x()l),...,ﬂfok+t(2’k—3}0k)),

(23.31)
forall 7 =0,1,2,...,n—1.
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Note that g0 (t) is given in a similar way.
Example 23.13. Let n = kK = 2. Then
g- (t) = f(wor +t (21 — 2o1), wo2+1t(22—202)), tER

and

of (o +t(z —x0)) .

6 (t) = (=1 — o) §7f (00 + (2 = 20)) + (22 — 02) 5

In addition,

!’

a2 () = 1 =) (o 1 - 1‘0))>/ a0 (5L o+t a0)) )

= (21 — wo1) {(21 — Zo1) gf% () + (22 — 202) % (')}

+ (22 — 202) {(Zl — o1) 83:59332 (1) + (22 — wo2) gf% ( )}

Hence,
" a 2 8 §
62 () = (21— a0n)” 3 () + (2 = ) (22 = a0a) 20 )
o 2 o 2
+ (21 — @o1) (22 — wo2) 83;1{9332 () + (22 — z02)” 6—535 OF

Similarly, we derive the case for n, k € N for g™ ().
Notice that, if || fa||(,, .; exists for all a such that || = n, then

g H also
[0,1]

exists; ||-|| is any type of p—norm (p € [1, o0]).
Therefore, we derive the multivariate Taylor Theorem:

Theorem 23.14. With the above assumptions, we have

[z, m) =g-(1) = Z ggj).,(o) + R, (2,0), (23.32)
where ”
R (2,0) = /O 1 ( /O Y ( /O o (4 (1) 02 () dtn> . ) iy, (23.33)
R.(20)= 1 5 /0 Y1 gy (42 @)~ 4 (0)) db. (23.34)
A simpler form is
Fn ) =g (=S O 5 (23.35)
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Rn(z,o)::j€1<j€h---(j€%1g§”(bﬁcﬁn>...>(ﬁl, (23.36)

R*%m:(ninl

where

or

t/d(l——ﬁ)”lggw(H)dﬁ. (23.37)
0

Notice that g, (0) = f (o).
For a mapping f : Q — R, z,20 € Q, @ C R¥ compact and convex, we define

1
/ £ dy
[x0,2]([2,z0])

Here f[mo (e 15 A k" multiple integral. Also,

, p=1 (23.38)
”f”[fo,z];oo ‘= €8s sup Lf Wl (23.39)
y€lzo,2](yE€lz,20])

1 o, 2)ip((2,20)) =

where [z, 2] = [z, z¢] are line segments in Q.
We first find estimates for Ry, (z,0) as in (23.37).

Remark 23.15. Let ||-|| be any norm on the functions from @ to R.
Let ||f0*‘||[zo,z] = IIil‘i)rgl ||f0¢||[rg,z]' Then

th
o U[m]

k n
H(Z (zi — xoi) 3?%) f] (o1 +t (21 —x01) ..., Tor +t (21 — Tor))

[0,1]

k n
< (Z |2; — £U0i|> Nfallize,2 5
i=1

that is,
th
bz()wﬂ

Here ||| (g 1> [I*ll z,-) may be any kind of p—norm (p € [1, o0]).

< (2 =zolly,)™ - 1fall oo (23.40)

We now state the first result in estimating the remainder R, (z,0).
Theorem 23.16. With the above assumptions, we have

ifg™ e L,[0,1];

1 (n)
(n—1)! ng La0,1]

1
(n=1){(pn—p+1)

Q) if g™ € Ly [0,1],

L4[0,1]

1
Lhi=1,p>1;

P
(n) if g™ € Loo [0,1].

1
nl |92

[0,1];00



Estimates of the Remainder in Taylor’s Formula 287

Proof. We have

‘Rn (z,O)‘ <

gt (1))

L1[0,1]

That is

Hggn)
L.(0.1] (23.41)

’Rn (z,O)‘ < W;

given that g,g”) € L, [0, 1], the last is implied by all f, € Ly [zo, 2].
Again we observe that

9" ()| do

z

[ (2,0)] < %/01 (1—0)"

(n—1

([ 0oy ([ o)

IN

1 ! ®
= 1-6)""de n)
e (] o) o,
_ 1 | gm '
m—Dl(pn—p+1)» Lq[0,1]
That is,
- Hggn) L,[0,1]
‘Rn (2, 0)‘ < = -, (23.42)
P

(n=D!(pn—p+1)

where p,q > 1, % + % =1; ¢ ¢ L, [0,1], the last is implied by all f, € L [zo, 2]
Also it holds

R (2,0)| < %/01 (1—6)"

gt (0)| o

(n—1
<t /1 (1—6)"""do) |[g"
“(n=D!'\ Uy 9z [0,1];00

(n)
_ = [0,1];00
- n! ’
that is
SL)
}Rn (z,O)‘ < % it g e Ly[0,1], (23.43)

the last is implied by all f, € Lo [0, 2]. O
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Remark 23.17. Observe that

k o "
gt (0) = [(Z (2i — wos) 8xi> f] (o),

=1

where z¢ := (201, ..., Tok)-
Similarly, we find

() - g (0)]

L1[0,1]

R, (2,0)] < 23.44
R (2,0) —7 (23.44)
given that ¢ € L1 [0, 1] which holds when all fo € L [xo, 2.
Also
o @ -0,
|Rn (2,0)] < e (23.45)
(n=1lpn—p+1)»
where p,q > 1, % + % =1 gzn) € L, [0,1], when all fo € Ly [0, 2]
Furthermore we obtain
0= o
Ry (2,0)] < o =it g™ € Loo [0, 1], (23.46)
when all f, € Lo [0, 2].
Suppose now that (for all « such that |a] =n)
[fo (@) = fa @I < L- o=yl 0<B<T, (23.47)

for all z,y € Q, L > 0, where [|-[|; is the [; norm in R*. Here f, is any partial
derivative of order n. Then clearly (for all a such that |a| =n)

| fo (z0 + £ (2 = 20)) = fa (x0)] < L-t7- |2 = 0]} , (23.48)
where ||z — x|, = Y1y |2 — zoil.
Thus, if z # xg, then for at least one i € {1,...,k}, we have z; # xq;, ie.,
|2 — xoll;, # 0.

So, without loss of generality assume that z # g, which implies that
|z — woll;, # 0. Hence by (23.33)

R (2,0)]
1 t1 tn—1 |H _ |
n i= 1|Z1 3301| I6] B8
S/o /O /0 § Ll ol 1) dt | | d

\al

1 t1 tn—1
Oék' ' Jo \Jo 0

lee|=n

~L iIz»—x | nl\z zoll? ! _ ez olly™
- ; ' o 0 b H] 1(6—’_]) HJ:I(/8+j)

i=1
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Consequently, we state the following result.
Theorem 23.18. Let f,, satisfy (23.47), then
+n
Iz — ol

OIS E

, forall z€Q, o] =n.

Another matter to discuss:
‘We have

-1 ()
9 (0
g ,|( )+Rn71 (Z,O),
=0
where
1 ! 2
b _ )2 (g () — gD
51 | =0 (0 0 - oY ) ao

(n—

— 1 ! n—2 ‘ n)
_mfou_o) (/0 ()du>d0.

Rn—l (Z, O) =

Furthermore

[Ru_1 (2,0)] < ﬁ /01 (1— )2 </09 o) w) du) o,

Now, if all fo € Lo [0, 2], then gg " ¢ L [0,1], and thus

/‘g") uSG gt

Let p,q > 1 such that 1—17 + E =1, then
0
| ls
0
where g{") € L,[0,1], when all f, € L, [z, 2].

Also,
0
| o
0

where g{" € L, [0,1], when all f, € L1 [zo, 2]
Thus we state the following result.

Loo[0,0]

9z Ly[0,6]

gtm

L1[0,0] ’

Theorem 23.19. With the above assumptions, we have

|Rn—1(2,0)]

289

(23.49)

(23.50)

(23.51)

(23.52)
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o =020 | d0; if ¢\ € Lo [0,1],
all fo € Lo [0, 2]
1 n—2 pi (n) cap o) _
S ﬁfo (1—9) -9q . gZ Lp[o)g]de’ /Lf gz ELP[O,].], %—’—%—17
p,q> 1, all fot € Lp [CEO,Z] ;
1 n—2 n . n
iy =0 o s if gt e Laf0,1],
all fo € Ly [0, 2].
(23.53)
Remark 23.20.
a) Using Lemma 23.8, we have the representation
n— n— n 1
R (2,0) = [ (497 (1) = g™ () =g (0)] —
1 ot _ _
- () (1) — o) A e N SRR
TCEy /O /O (9@ = g () (A =" = (1= )" ) duds.
(23.54)

Next, suppose that g™ € L, [—1,2]. By Theorem 23.9 we get (0,1 € (—1,2)):

(6 (W) = 6"V () ~ o (0)

R (2,0 < -
+ (TL—].) |: (n) 2
nlv2n —1 Z o152
. . 273
(e w-ar o) (23.55)
where
) SRS :
n = n t‘ dt
o= ([ o f @)

b) By Theorem 23.10, assuming that g,g”) is nondecreasing (nonincreasing) over

[0,1], we have

f(z,. 0, 28)

n ) gV (1) = g" 7V (0)) — ¢t (0)

< (>)Zgzj!(0) + ( — ) } (23.56)
§=0

That is
f(zla' 7Zk)
n=1 () D (1) — g0

) PEn (7w - 0) (23.57)
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¢) By Theorem 23.11, assuming that g§”> is monotonic increasing on [0, 1], we

find that

n—1 (5) gnfl) (1) _ gnfl) (O)
f(2'1,...,zk)_zgz (0)_(9 g )

=0

1 1t

[l ofa-o=ra- [

0 nJo
d) At last, by Theorem 23.12, for gi”’ convex (concave) on [0, 1], we derive

n_ () (n—1)

g9z (0) g: " (0)
S — > (< .

Jj=0

J! n!

= gt (t)’ dt' . (23.58)

(23.59)
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Chapter 24

The Distributional Taylor Formula

We present a distributional Taylor formula with precise integral remainder. We give
applications using it and estimates for the remainder. This chapter relies on [51].

24.1 Introduction and Background

This chapter is motivated by the important works of R. Estrada-R. P. Kanwal (1990)
[135]; (1992), [136]; (1993), [137]; and A. Durdn-R. Estrada-R. P. Kanwal (1996),
[134]; B. Stankovic (1996), [234], and R. Estrada-R. P. Kanwal (2002), Chapter 3,
section 3.2, [138]; I. M. Gel’fand-G. E. Shilov (1964), Vol I, pp. 146-151, and pp.
331-345, [146]. It is also motivated by the seminal works of B. Ziemian (1988), [251];
(1988), [253]; (1989), [252].

All the above authors either give distributional Taylor type asymptotic expan-
sions, or distributional Taylor formulae where the remainder is not precisely spec-
ified and it is rather vague. Other times Taylor expansions are only for the delta
function distribution.

Author’s work with S. S. Dragomir (2001), [55], was also another inspiration for
this chapter.

Other stimulating works are the ones by V. I. Burenkov (1974), [77] and (1998),
[78], see Chapter 3, both for Sobolev’s integral representation. But this chap-
ter would have been impossible without the existence of the excellent monograph
“Analysis” by E. H. Lieb-M. Loss, 2001, [178].

We are based mainly on the following result from last.

Theorem 24.1. ([178], p. 143, Fundamental theorem of Calculus for distributions)
Let f € Wltcl (R™). Then, for each y € R™ and almost every x € R™,

1
f(x+y)—f(x)=/ y-Vf(x+ty)dt. (24.1)

0
Before using (24.1) we would like to give an equivalent result to Theorem 24.1 and

some useful definitions, however for full details on basic distribution theory we use
we refer the reader to [178], Ch. 6 pp. 135-169.

293
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So we give the equivalent to Theorem 24.1 result.

Theorem 24.2. Let f € Wl})cl (R™). Then, almost every x, z € R™ we have,

f(z)—f(m)z/o (z—x) - Vf(zx+t(z—2a))dt. (24.2)

Proof. Easily we see that (24.1) is equivalent to (24.2). O

Remark 24.3. Notice that (24.1) is true for any y € A C R™ and almost all z € A
such that = +y € A, where A is a compact and convex subset of R™. The null set
of z’s (24.1) does not hold depends on y, f. Similarly (24.2) holds for almost every
x, z € A, where A is as above.

In both cases f € W' (R™).

loc

The following terms and definitions are taken from [178], pp. 136-144.

Let © be an open, nonempty subset of R, n > 2, C2° () denotes the space of
all infinitely differentiable, complex-valued functions whose support is compact and
in Q. The space of test functions is denoted by D (). The dual space of D (Q) is
denoted by D’ () which is all continuous linear functionals T': D (Q2) — C, we call
T’s distributions.

By L?

P .(€2) we denote the space of locally p'"—power summable functions, 1 <

p < oo. Such functions are Borel measurable functions defined on all of 2 and values

in C and with the property ||f||,, ) < oo, for every compact set K C €. Clearly

LY () D LP (Q) and, if r > p, we have L} (Q) D L . ().
We must mention

Theorem 24.4. (Functions are uniquely determined by distributions, see [178], p

138) Let Q C R™ be open and let f, g € L},.(Q). Assume that the distributions
defined by [ and g are equal, i.e.

/ fo= [ g (24.3)

for all ® € D(Q). Then f(z) =g (x) for almost every x € ).

By Vf we denote the dlstrlbutlonal gradient of f, that is the n—tuple
(O1f,02f,...,0nf), where f € L} (Q) —functions are an important class of dis-
tributions.

We denote by VV1 Cl (Q) the class of functions from L}, (€2) whose distributional
(weak) first derivatives are also in L], . (Q).

We further define, 1 < p < oo,

Wz})’ (Q):={f:Q—-C: felLl () andd;f, as a distribution in D’ (Q), is a
LY () — function for ¢ = 1,...,n}. (24.4)

We have WP (Q) D W2 (Q) if 7 > p. We can also define the Sobolev space
WP (Q) € Wy,7 () :
WP (Q):={f:Q—C: f and
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Of€LP(Q), i=1,. .. n}. (24.5)
Similarly we define W,”* () , and W™? (Q), m > 1. In these the Borel measurable

loc
functions f : Q — C and all of its partial distributional derivatives up to order m
belong to LY (), and L? (), respectively. Clearly W™P () C WP (Q).
We end this section with the known basic and useful results, usually given as

exercises. We put them together.

Theorem 24.5. Let f € I/Vlzlc’l (), Q is open subset in R™. Then the distribu-
tional partial derivative D, ., f(x), © € Q, remains unchanged almost every-

where, when the indices 1, ..., are permuted, each r; is a positive integer < m.
There are < +Z ) distinct distributional partial derivatives of order k in n

dimensions, however there is a total of n* distributional partial derivatives of order
kE<m.
We demonstrate the first part of the last theorem.

Example 24.6. Let f € W>! (Q). We see that

loc
[rl0 oo [ oo
o' 0x0ydz  Jo 0z 0ydz  Jo Oydz Oz
3f
=~ ), dz0y0n ——&, Vo € D(Q). (24.6)
Similarly we obtain
»Pe [ 9F 0%®
02020y  Jo Ox 020y
0%f 00 3f
Qﬁz&ca_y__ Qﬁyazaxq)’ Yo e D(Q). (24.7)
However
e 0P
0x0ydz  0x020y’
thus
2P 020
/Qfﬁxayaz B /Q f&mazay’ (248)
hence
3f o3f
chb— Dy0:07 ——&, V& € D(Q). (24.9)
Therefore by Theorem 24.4 we derive
3 3
o = o7 , a.e. on €1, (24.10)

0z0ydx  0y0z0x
etc.
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24.2 Main Results

We present the main results.
We start with

Theorem 24.7. Let f € W™ (R"); m € N, n. € N—{1}. Then for every y € R"

loc
and almost every x € R™ we have

m—1

f(33+y) _f('r) = Z ( Ji-- Jl <Hyjl>

=1 \Jji,j2;--0=1

t Z (H%>/ o O <x+Htry>dt1 dt, (24.11)

~Jm=1 r=1

where y 1= (yl,...,yn), x:=(T1,..., %) .

Equality (24.11) is true for any y € A and almost every x € A such that z+y € A,
where A is a compact and convex subset of R".

The above theorem is equivalent to

Theorem 24.8. Let f € VVch’l (R™); m € N, n € N—{1}. Then for almost every
z, z € R™ we have

+ Z <H(ZJ1_%1)>/[ o . <x+1_[1tr(z—x)> dty ...dtn,

Jiseenjm=1 \i=1
(24.12)
where z 1= (z1,...,%n) -
Equality (24.12) is true for almost every z, z € A, where A is a compact and
convex subset of R™.
Another useful equivalent form of Theorem 24.7 follows.

Theorem 24.9. Let f € W/»' (R"); m € N, n. € N—{1}. Then for every y € R"
and almost every x € R™ we have

m n l
Fetn =10 -30 3 @) ()

=1 \J1s--ssi=1

+ Z (Hyﬁ>/ ) (a;*;mjmf <m+Htry> — O f(x))dty ... dby,

dm=1 \i=1 r=1
(24.13)
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Above (24.13) is also true for any y € A, almost every x € A: z+y € A, where
A is compact, convex subset of R™.
Similarly, Theorem 24.8 is equivalent to

Theorem 24.10. Let f € W' (R™); m € N, n € N—{1}. Then for almost every
xz, z € R™ we have

m

n l
P -f@ =31 S (@) (Huﬁ—m)

=1 \ j1,-5i=1 i=1

+ _ <1 1 (2, — a:g;»)) /{071]7” <3}7f___jmf <x+rl:[1tr (2 — x))

Jiy--sim=1

=07 L f(x)dty...dtn. (24.14)

jl b 'an
The last (24.14) is true for almost every z, z € A, where A is a compact, convex
subset of R".
We demonstrate the validity of Theorem 24.7 by giving the following.

Proposition 24.11. Let f € I/Vlicl (R™), n > 2. Then for every y € R™ and almost
every x € R™ we have

fle+y)—f(z)=y-Vf(z)

n n

1 1
+> ) yjlyh/ / 05,05, [ (z + tot1y) diadt. (24.15)
0

j1=1j2=1 0
Proof. By Theorem 24.1 we have

n 1
Farn—1@ =3 v / O f (& + try) dtr. (24.16)

Jji=1
Let ® € D (R™), then

[ @@y - f@ld=

n 1
/n@(x) Zyjl/o 5, f (x +try)dty § dx. (24.17)

Jj1=1

Next we apply (24.17) for each 0, f, j1 = 1,...,n, to obtain

[ o@ 05 f o+ t) - 05,7 () do =

n 1
/ (0] (33) Z Yio / an 8j1f (33 + tQtly) dts p dx. (2418)
n 0

J2=1
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That is

[ 2@a.1 @+ tiy)do =

/ |:aj1f Z Yja / j2j1f x + tgtly) dtg] dzx. (24.19)

Jj2=1

Here all integrands are integrable and we can apply Fubini’s theorem. Therefore we

/n@(x) </018j1f(x+t1y)dt1> dx

:/n (x) laglf + Zygz/ / 5J2J1f(x+tgt1y)dt2dt1] dr.  (24.20)

Jj2=1

derive

Next we apply (24.20) into (24.17) to find
[ e@f @y -1 @)ds

5 (s s}

Ji=1

(24.20) Z m (/n [8ﬁf + Z Yis

Jji=1 Jj2=1

/ / iaji [ (2 + t2try) dthtl] dx) : (24.21)
So we find from (24.21) that

[ e@ir @y - @)

n

/ |:Z y]la.hf + Z Y1 Y52

n
J1=1 J1=1j2=1

/ / 21 5C+t2fly)dt2dt1] dz, (24.22)

for every ® € D (R™).
Using now Theorem 24.4 on (24.22) we get (24.15). O
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We continue with the next step of the above established procedure of iteration.

Proposition 24.12. Let f € I/Vlicl (R™), n > 2. Then for every y € R™ and almost
every x € R™, we have

fa+y) —f@)=y-Vf( Z UiV f (@) D Uil

J1,j2=1 J1,J2,J3=1

+ Z YirUia Yis /[01] 03 i [ (@ + tatatry) dtsdtadty. (24.23)

J1,J2,J3=1
Proof. Here we plug into (24.17) 9;,0;, f, for all j1, jo € {1,...,n}, to obtain

[ 8 @)10:.0:.5 (@ + tatrg) - 01,05, F (0)] da

/ Z Yjs / J3J2J1 $ + t3t2t1y) dts p dx. (2424)

jz=1
That is

/ B (@), oty dr

Z Yis / ]3]2]1 33 =+ tStQtly) dtB dx. (2425)

Jjz3=1

[ ow |2,

By Fubini theorem we derive

/ P (33) </ 832231f (33 + tQtly) dt2dt1> dr =
n [0,1]2

)

/ P ((E) J2J1 -l— Z Yjs / J3J2]1f ((E + tgtgtly) dtsdtadty | dx. (2426)
" Jjz=1

Next we put (24.26) into (24.22) to get

[ e@Uery - s@a= [ 2@ |y i@ > mo.

J1,J2=1

j2]1 + Z Yis / 8;’3j2j1f (33 + t3t2t1y) dtgdthtl dx

Jjz3=1

:/n(p(x) Y- Vf Z y]lyj2 jzjl ( )+

Ji,j2=1
Z Yir1 Y52 Yjs / 8?3j2j1f (33 + tgtgtly) dtsdtodty | dx, (2427)
Ji,d2,43=1 [0,1?

true for every ® € D (R™). By Theorem 24.4 we derive (24.23) . O
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We continue recursively as above but now on Wlicl (R™) to establish

Proposition 24.13. Let f € I/Vlicl (R™), n > 2. Then for every y € R™ and almost

every x € R™ we derive
n

f(x+y)—f( )_y Vf Z y]1yJ2 3132 ( )+ Z yj1yj2yjsaj31j2j3f(x)+
Ji,J2=1 Ji,J2,J3=1
Z YirYia Yz Yia / 8;11]2]3]4,]0 (33 + t1t2t3t4y) dtdtodtsdty. (2428)
J1,d2,33,Ja=1 [0,1*

Proof. Now we plug into (24.17) 9 for all j1, jo, j3 € {1,...,n}, to obtain

J3J2J1 f’

/n (z) [8.733]2]1f( + tstat1y) — (9]3]2]1f(a:)] dx

/ Z Yia / J4]3]2]1 33 + t4t3t2t1y) dt4 dx. (2429)

Ja=1

That is we have

/ @ (x) 8J33.72J1f (z + tatat1y) do

= /n [0} ((E) J3J2J1 -l— Z yJ4/ J4]3]2]1 +t4t3t2t1y) dty | dz. (2430)
Jja=1

Using again Fubini’s theorem we find

/n D (x) </[0 . ('95’mjlf (x + tstatry) dtgdtgdt;L) dx

:/n(I)(a:) 3 i (@) + ZyM/ 0, juinjs | (@ + tatstatry) dtadtsdtadty | de.

Ja=1

(24.31)
Finally we put (24.31) into (24.27) to derive

[ e@Uern-s@a= [ 0@ |y vr@ s 3 vl @)

J1,j2=1
+ Z Yi1 YiaYjs { 131211
J1,J2,53=1
+ Z Yja / J4J3J2]1f (w + tatstat1y) dtsdtzdtadt, dz, (24.32)

Ja=1
for every ® € D (R™).
Using Theorems 24.4 and 24.5 and Fubini’s theorem we establish (24.28). O



The Distributional Taylor Formula 301

Clearly by mathematical induction we establish
Theorem 24.14. Let f € W' (R"), where m € N, n € N—{1}. Then for
every y € R™ and almost every x € R™ we have

f($+y)_f( )—y Vf Z y]ly]28j1j2f( )

J1,J2=1
n n
3 m—1
+ E yj1yj2yj36j1j2j3f($) .t E YirYjo -+ Yjm— 18]1]2 e 1f((E)
J1,J2,93=1 J1,J25 s Jm—1=1

n

+ Z yjlyj2---yjm/ Oy g f (@4t tmy) dtydtsy .. dipy,
J1,d2,435+ 5 dm=1 [0,1]™

(24.33)
Writing (24.33) into a compact form we have (24.11).

Remark 24.15. (on Theorem 24.14)
1) Let few>! (R3), for every y € R?® and almost every x € R? we get

loc

f(x+y)_f( )_y vf Z y]lyJQ ]1]2 ( )

J1,J2=1
3
Y YUY / 03 i f (@ + titatsy) dtrdtadts. (24.34)
J1,J2,J3=1 [0,1)°

2) Let f e Wh! (R*), for every y € R* and almost every z € R* it holds

f($+y)_f( )—y Vf Z y]1yj2 jljg ()

J1,J2=1
4 4
+ Y U YRYE Dl @+ Y YUYl
J1,J2,53=1 J1,J2,93,Ja=1
./[0 . 0, jaisin ] (@ + tatatstsy) dtydiadtsdty. (24.35)

3) Let fe W>! (R*), for every y € R* and almost every = € R* we derive

f(x+y)_f( )_y vf Z y]lyJQ ]1]2 ( )

J1,J2=1

4

4
3 4
+ Z yj1yj2yj38j1j2j3f(m) + Z yjlyj2yj3yj48j1j2j3j4f(m)

Ji,j2,43=1 J1,J2,38,Ja=1



302 ADVANCED INEQUALITIES
4
+ Z Y51Y52Y55Y54Y5s
J1,J2,793:J4,5=1

: / 5a§1j2j3j4j5 (2 + titatstatsy) dtydtadtsdtsdts. (24.36)
[0,1]

4) Let fe Wi! (R*), for every y € R* and almost every = € R* it holds

4
faty)—f@) =y- Vi@ + > ypypdi,,f @)+

Ji,j2=1
4 4
3 4
E : yjlyjzyj?,aﬁjzjgf(x) + E yjlijijyj48j1j2j3j4f(ir)
J1,J2,d3=1 J1,J2,73,J4a=1

4

5
+ > Yir Y52 Y55 Y32 Y5 05 josiags | ()
J1,J2,73,J4,J5=1

4

+ E Y5:1Y52Y53Y5a Y55 Yje
J1,32,93:J4,J5,d6 =1

6
. /[0 ; B i f (x + Ht1y> dty ... dt. (24.37)

=1
Notice here that for example
>’f >Ff

o5 = 0 = —=, etc.
32234f 83}‘381‘%83338334 44444f 8332

24.3 Applications

1) Let f € W™L(R"); m € N, n € N—{1}, y € R". Consider the convolution
operator

(Lf)(y) := - flz+y)de. (24.38)

Using (24.11) and Fubini’s theorem we obtain

LN~ ENO = | Fltyde— | fa)dr

l
= j Lo f(x)dae
- Z <Eyjl> A" 8]1...]Lf( )d

=1 ji,....51=1
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+ > <Hyj> /[01]m </ mo <x+Htry> d;v) dty .. .dty,. (24.39)
G1aeenim=1 \i=1

r=1
Using (24.13) we find

n

(Lf) (v) lﬁ; Jhg 1<Hyﬁ> 0, f)) (0| + i <Hyg>

JiyeensJm=1
. /[0 1™ ( 8;? dnd <H try) i gm f)) (0)| dty ...dt,. (24.40)

2) Let nonempty B measurable subset of R", with Vol (B) # 0. Let f €
Wt (R); m € N, n > 2, y € R™, then it holds

Jpll@+y)de  [5f [ ! [5 0k i f(x)de
- Vol (B) ?/ol 12; i zj:l L 1;[ JVOE (B)
n m fB 8;711jmf <$ + ﬁl try) dx
. = dty...dty,. (24.41
+j17~§n:1 <z1:[1 yjl) /[071]’" Vol (B) h bm- )

) Let f € W/  (R™), m € N, n > 2. Then for y € R” and almost all z € R"
by (24.11) we derive

m—1 n !
T:=|f(x+y) —[f(z)— { (@ f @) <Hyj>}
=1 | j1,..0o5i=1 i=1
n )/ 3;711”'jmf <x+ Hh-y)

< Z <H 1Y
by 9t i f <x + H t y) being in L; ([0,1]™), as a function of ¢,

Jiyenim=1

dty ... dty, < oo, (24.42)

ot
=1
If addltlonally we suppose that
o . <x+ Htry> € Lo ([0,1]™),
r=1
then by (24.42) we derive
T< > <H |y, ) g @t oy - (24.43)
Jiseesgm=1

4)Leta,beR”,wesayagblﬁ’aigbi,foralli_l

n. Let heR™ h>0,
fewm™(R"), meN, neN-{1}. We define the first L; modulus of continuity
of f as follows:

(£ i= s [ 17+ h)— f @)l (24.44)
0<h<s JRn
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OSCSERR, ie. hlgéuz:l,,n
By (24.13) we obtain (for almost every x € R™)

m n l
Faam-f@ <3 S ol s |(Haﬁ)

1=1 | ji,..ii=1 i=1

+ > (Hm)/ o ;. <x+Htrh> o i f ()| dty ... dtn
J1seesim=1 " r=1
(24.45)
Consequently we have
m n l
[ren-sera<38 S ([ @) (T0s)
" =1 | j1,ii= i=1
Ji--ndm=1 \t=1
./[0 . /]R o f (a:—i—Htrh) — o f(2)|dedty .. dty.  (24.46)
) r=1

We have derived the conclusion

m n l
< Z Z || J1-- JlfHLl(Rn) <H6]L>

1=1 | j1,..0ii=1 i=1

+ f: <H5>/ (Jl i f,Ht 5) dty ... dt,. (24.47)

J1s-dm=1 \i=
We finish the chapter with
5) Let f € W™ (R"); m € N, n > 2, yo € R" be fixed. Then for almost every

loc

zo € R™ with the property 8;1 g f (@) =0, forall I = 0,1,...,m — 1, and all

Jiy--yg1 €{1,...,n}, by (24.11) it holds
J (o +yo) =

n

Z <H y%) / m ;rlz m f <330 + H try()) dtl .. .dtm. (2448)
r=1

Jis--mdm=1



Chapter 25

Chebyshev—-Griiss Type Inequalities Using
Euler Type and Fink Identities

In this chapter we present Chebyshev—Griiss type univariate inequalities by using
the generalized Euler type and Fink identities. The results involve functions f, g,
f™, g™ neN, and are with respect to || - llp, 1 < p < oo. This chapter relies on
[41].

25.1 Background

Here we mention the following inspiring and motivating results.

Theorem 25.1 (Cebysev, 1882, [88]). Let f,g: [a,b] — R absolutely continuous
functions. If ', ¢’ € Loo([a,b]), then

_a/f da:—(b_a/f da:)( 1a/abg(a:)dx>

1

< 0=l leollglloo- (25.1)

Also we mention

Theorem 25.1* (Griiss, 1935, [150]). Let f, g integrable functions from [a,b] into
R, such that m < f(z) < M, p < g(z) < o, for all x € [a,b], where m, M, p,o € R.

Then
e oo (L 0) 52 )

< i(M—m)(U—p). (25.1)*

Let Bi(z), k > 0, the Bernoulli polynomials, By := By (0), k > 0, the Bernoulli
numbers, and Bj(x), k > 0, are the periodic functions of period one, related to the
Bernoulli polynomials as

Bj(z) = Bg(z), 0<z<1, (25.2)

305
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and
Bi(z+1) = Bj(z), z€R (25.3)

Some basic properties of Bernoulli polynomials follow (see [1, 23.1]). We have

1 1
.Bo(ﬁ):].7 Bl(x)::v—§, Bg(ﬁ):$2—x+g,

and
Bi(z) = kBy_1(z), k€N (25.4)
Bi(z +1) — Bp(x) = ka1, E>0. (25.5)
Clearly By =1, B is a discontinuous function with a jump of —1 at each integer,

and By, k > 2, is a continuous function. Notice that By (0) = By(1) = By, k > 2.
We need the general

Theorem 25.2 (see [35]). Let f: [a,b] — R be such that f"~Y n > 1, is a
continuous function and f) (z) exists and is finite for all but a countable set of x
in (a,b) and that f™ € Ly([a,b]). Then for every x € [a,b] we have

n— 1

R 0 i X O (G 0 - e

= e

The sum in (25.6) when n =1 is zero.

If (=1 is just absolutely continuous then (25.6) is valid again. Formula (25.6)
is a generalized Euler type identity, see also [98], [171].

We need also Fink’s identity.

Theorem 25.3 (Fink, [141]). Leta,b € R, f: [a,b] — R, n > 1, f~1 is absolutely
continuous on |a,b]. Then

/f Pt — ,H( 'k>(f(’“‘”(a)(x—a);“_—j(’“‘”(b)(x—b)")

' -1 (n)
+m/ﬂ (x —)" " k(t, x) f (t)dt, (25.7)

where

t—a, aSthSba
k(t,2) '_{t—b, a<z<t<b. (25.8)

When n =1 the sum Z in (25.7) is zero.

In this chapter based on Theorems 25.2 and 25.3 we present Cebysev—Griiss type
inequalities, see (25.1), (25.1)*, involving f, g, f™, ¢, n € N, with respect to
I llps 1 <p < oo, see Theorems 25.4 and 25.6 and Corollaries 25.5 and 25.7.
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25.2 Main Results

We present the first main result based on generalized Euler type identity.

Theorem 25.4. Let f,g: [a,b] — R be such that f*=V, g~V n € N, be con-
tinuous functions and f, ¢ exist and are finite for all but a countable set of
x € (a,b) and that ™, g™ € Ly([a,b]). Denote

n—1 _a k—1
T’{ 1(2) = Z 0 k') Bk<b_ )(f(k Y ( ) — f(kfl)(a)), (25.9)
k=1 ’
(To( )=0),
n—l - a k 1 r—a
n 1 = Z By < b a) (g(k_l) (b) _ g(k—l) (Cl)), (2510)
(Tog( )=0)
and
At /f dm——</f )(/ (x)dx)
5 [T @) + L ) @25.11)

1) If f™ g € Loo([a, b)), then

b—a)” b n!)?2 Tr—a
|A(f7g)|§( 2n!) </a <\/E2n))!|32n|+B§i(b_a>>da:>

X [l llsellg™lloo + llgllocll S llsc]. (25.12)
2) If f™, 9" € Ly([a,b]), where p,q > 1 such that §+ 3 =1, then

L 1/q
b_a 77.—5 b 1 €r—a q
1Al < % l/ (/0 B,(t) — By <m) dt)dx]

< {1119 Ny + llglloll £l }- (25.13)
When p = q = 2, it holds

b_an—% b n!Q of T —a i
[Aral < % M <E2n))!|32"| +B”(b—a>>d4

< {11129 11z + llgl2llF ™12} (25.14)

3) With respect to || - |1 it holds
(n!)? r—a
By, | + B2
\/(m)!' ml+ B 5

X {1 1allg ™ oo + llglall £ oo }- (25.15)

(b—a)"
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Proof. We have by Theorem 25.2 that

/ fdt+ T (z) + R (), (25.16)
where
lh— g)kt T—a
T = T () (S0 - @), esan

R£@0F:_<b—;w‘llf[32(fii>"B"<§:Z)]fmkwﬁ7Vme&gii&

b
o) = s [ gty + T, () + RE (@), (25.19)
where
n—1 _a k—1 r—a
T ((x) =) b k!) By, ( — a) (g%~ (b) — g% V(a)), (25.20)

xr—t r—a
B — B, (n) )
’n,(b_a) <b_a)‘|g (t)dt7 vxe[a”b]

n!
(25.21)
Then
Fa)ga) = 22 /’f (dt + 9T (@) + ()R (2), (25.22)
and
T b
@1 = L [ g0+ (@@ + F@RA @), Vo elatl. (2523)
So that
[ setor = 5 ([ i) (| o)
+/ 9(2)T!_\(z )d:v+/ g(x)RE (x)dz,  (25.24)
and

[ smtane = ([ o) ([ oto)

+/af()”1 dx+/f )R (x)dw.  (25.25)
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That is we get
" t@a@ar - ([ @z ([ gayis
. b—al\l, .
-/ @@y + / ' g@)RL ()
/ F@)TO_ (z)dz + / " F@)RS (1), (25.26)
Therefore we have
[ s dx——</ s ([ oter)
= %{/ (F@T2 1 (@) + 9T () dr
+ /ab(f(x)R%(a:)+g(x)RfL(a:))dx}, (25.27)
and
s e[ ) [
2/a(f< DTS (x) + o)) (2))d
1 b
=3 / (f(2)RE(2) + g(z)R{ (2)) da. (25.28)
1) We estimate A(fygc)b with respect to || - ||oo. We have
Bl <5 [Iflloo [ me@ae + gl [ |Rz§<a:>|d:c] . (25.20)

But we see that
n—1 b
f (b—a)
R < == |

(b)

(‘) 5 (5=2)
(Zii) B, (5=0 )|
-5 (5= )|
1 o ! t—a v
< =g (/0 (Bn(t)—Bn<m)> dt) . (25.30)
That is

IR (2)] < ||f(:!||oo(b—a)n (/01 (B,L(t) —Bn<%>> dt) . (25.31)

|FO(t)]dt

<

||f ™ loo

i ”>||oo

n!

(b _ 77.
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Using (25.31) into (25.29) we get

(b_a’)n n n
O el e + ol 7 ]

x (/;(/01 <Bn(t) —Bn<z:2)>2dt> de) . (25.32)

Finally by [98], p. 352, we find

b—a)" n n
801 < E D 11l e + gl £ )

x <Lb\/ggg)2!|32n| +B§(§:Z>dx>, (25.33)

1Al <

proving the claim.

2) We estimate Ay 4y with respect to || - [|,. Let p,q > 1: % + % = 1. Then
1
Aol < 5 IR g + lgllplIRA o] (25.34)
Notice that
q
(b—a)a»=1 ol (-t r—a n
RS ()| < B Baly— ) Bl £ (1)) dt

(b— a)atn=1) b
= T b </

r—t r—a
B! - B,
" <b - ) (b = )
Furthermore it holds that

I1F 113 - '
f(r)|e — q)i(n—1)
|R] ()7 < (n!)qp(b a)d(n=1+1 </0

q
dt) [ £m])2. (25.35)

dt) . (25.36)

q 1/4q
dt) dx) .

B,(t) — B, (%) q

Also it holds

IRE ()l < %(b—aﬁ (/(/ Ba(t) —Bn@:ﬁf)

(25.37)
Hence by using (25.37) into (25.34) we get

1 1/q
b—a)""» b ! z—a\l|?
Al < % l/ (/0 Bn(t) — By, <m) dt)dx]

< {1F11plg ™ llp + Mg lloll 1l 3 (25.38)

proving the claim.
When p = g = 2, then

Al < % l/: </01(Bn(t) —Bn<§:2)>2dt>da@1

< LN 2llg™ 2 + llgllzll £ )2} (25.39)

1/2

M
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Consequently by [98], p. 352 we derive
. b ) 1/2
(b—a)"z / (n!) sfT—a
A < B B d
Aol = 2n! a (2n)!| 2l + By b—a “

< {1 Fll2lg™ 12 + llgllallf ™11z} (25.40)

3) We estimate A 4 with respect to || - [|1. We observe that

b
fg>|<§</ @) Ry @)de + [ |g<x>||7e£<x>|dx) (25.41)
1

< SIRIRE @)oo + gl IRE @)ls0)- (25.42)

Next we observe that

n—1 b
f :(b—a) / fr—t) T —a )
IR (@) o0 = ——— ) Bily—) Bl ) |/ @)t (25.43)
But we see that
b—a)" ! b Tz —t
f < (7 * [ ) (n)
Riwl < =0 s (520 - 652 )‘If (1))t
(b—a)" ) /1 T —a
< VY ey B, (1) — By, . 95.44
< Il ; (t) 77 )| (25.44)
That is
b—a)” ! x—a
/ < C=a) _
IR < C 1l | [ ) - B (50 )| e
(by [98], p. 352)
(b—a)" (n!)? r—a
<N n 2 )
< e [yt 1Bnl + Bi\ 5= (25.46)
Using (25.46) into (25.42) we find
(b—a)” (n!)? r—a
< 2
Aol = 2n! (2n)!|B2n| B b—a
X {1 lallg™ oo + lglall £ oo } (25.47)
proving the claim. O

We give

Corollary 25.5. Let f,g € C(la,b]) and f',g" exist and are finite for all but a
countable set of x € (a,b) and that f', g’ € L1([a,b]).
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1) If f/ag/ € Loo([a,b]), then

. /ab f(@)g(x)dz ﬁ </b f(x)dx) (/abg(x)dx)

(b

< 4_8") {4v/3 —n[3a + 2V3(b — a) — 3b]
+ In[~3a + 2v3(b — a) + 30} || fllscllg’ | + [lglloc]l £ lloc] - (25.48)

2) If f',¢' € Lp([a,b]), where p,q > 1 such that % + % =1, then

i [ st g ([ s ([ o)
[ ( [-(=2) H

< {1 1pllg'lls + gllpllF 1l }- (25.49)

When p = q = 2, it holds

. /ab f(@)g(z)da ﬁ </b f(x)dx) (/abg(x)dx)

< = {11l + Nl o} (25.50)

3) With respect to || - |1 it holds

b i o /ab f(z)g(z)dz — ﬁ </ab f(x)dx) </abg(x)dx)

< 27 b—a) VP

1
< — oo + Moo }. 25.51
< 2\/§{|\f||1|\g lloo + Ngllallf Nl } (25.51)
Proof. By Theorem 25.4 for n =1, etc. |

Next we present the second main result here based on Fink’s identity.

Theorem 25.6. Let f,g: [a,b] = R, n € N, f=0 g=1 are absolutely continu-
ous on [a,b]. Denote

e n= kN (fFEDO) (@ bk — fE D (a) (@ — a)F
Fl_(x) = M( x )( - ) (25.52)
nly F=D () (2 — b)Y — ¢* =D (a) (2 — a)F
() < mk) (g (b)( b)b_i (a)(z — a) ) (25.53)
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(Fg(x) =0), and

Ar) = / ' fa)ge)da - ( / b f(x)dx) ( / bg(:c)dx)
b

- % l / (9(x)F_(x) + f(a:)Fg_l(x))dm]. (25.54)
) If f™, g™ € Loo([a,b]), then
(b — a)nJrl (n) (n)
|A(f,g)| = m [”f”oo”g lloo + llglles|l.f Hoo] (25.55)

2) If £, g™ ¢ L,([a,b]), where p,q > 1 such that % + % =1, then

(b—a)" 3
(n—1)!
<[ pllg™ My + glpll £ 1) (25.56)
When p = q = 2, it holds
(b= a)"
(n —1)12y/n(n+1)(4n? — 1)
3) With respect to || - |1 it holds

(b—a)"
2(n+1)!

_ _ 1
A¢rg| <27VP(qn+2)"9(Blg(n — 1) + 1, + 1)) /*

Aol < [ l2llg™ N2+ Nlglzll £ l2] . (25.57)

[Aggl < (11l oo + Ngllllf ™ llos)- (25.58)

Proof. Since f: [a,b] — R has f(»~1) absolutely continuous over [a,b], by Theo-
rem 25.3 we have that

b

f@) = 7= [ #0idt+ Bl @)+ RE), (25.50)

where

n—1
¢y S kY (D0 =0 — D @) = )

Fl_(x): ;( o ) ( — ) (25.60)

and

b

RS (2) = m / ( — )"~ k(t, 2) ) (t)dt, (25.61)

with

k(t,2) ::{t—b, a<z<t<b. (25.62)

b
o) = / gB)dt + F9_(z) + RO (x). (25.63)
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Then

f(@)g(x) =

Then by integrating we obtain

/f

/a ' f)g(a)a

That is

ADVANCED INEQUALITIES

b
= (@) [ 1O+ g@F (@) + g(@0)R] @

n

EREDIVRED

+ /: (z)F_ (x)dx-i—/a 9(2)R}(2),

= . - (/abf(;v)dx> (/abg(;v)dac>

b
@) [ g+ S@FL @) + f@RAG

)7

b b
4 / F@)FY_y (@) + / F(2)RE (2)dx

Adding the last we derive

s [ w5 o) [ s

2

5[/ (9(0) Py (@) + f@) F_ (@ ))dm]

b
l / (f(@)RE(z) + g(m)Ri(x))dx] .

Next we estimate Ay, g)-
1) Estimate with respect to || - ||oc. We have that

1
Aol <5

But it holds

[
[

b b
11100 / RS ()]dz + g]loc / |Rz§<a:>|dx] .

|\f<" Hoo /(/ ot k(. 2) |dt>
||9(")Hoo / (/ |z — t|" k(L 2) |dt>

)

).

(25.64)

(25.65)

(25.66)

(25.67)

(25.68)

(25.69)

(25.70)
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Consequently we find

Ayl < m </b (/b P :v)|dt> dx)

< (1o llg™ oo + llgllooll £ lloc] - (25.71)
We have that
b
n—1 1 n+1 n+1
- - [z - 25.72
[ =kl = (@ =0 s ] 572)
and
b b 2(b — a)"+?
-t = 25.
/(/ P |k(t,x)|dt>dm Texmyres SENCED
giving us
(b—a)"t (n) (n)
< -t .
35l < L (1l e + el ). @570

that is proving the claim.
2) Case of || - ||+ Let p,¢ > 1 such that %4— % = 1. Then

1
Al < §[|\f||p|\Rg|\q+ IgllpIRE ] - (25.75)
But it holds

q 1/q
IRl = ( d:c)
q 1/q
= (n_1 (/ (/ o —t" 7 k(E, ar)llf(")()ldt) da:) (25.76)

< T (/ [(/ o a1 Dls ) IIf”)IIp] >/

That is

(n) b b 1/q
IR llq < % </ (/ |z — 7D k(¢ :v)lth>dx> . (25.77)

We find that

b
/ |z — |7 |k (¢, x)|2dt
= Blgin—1)+1,q+1)[(z — a)™ 4 (b — x)q”H}, Yz € [a,b], (25.78)

(/: </b |z — t|q(”1)|k(t7x)|th> d:c) v

= (B(g(n— 1)+ 1,q+1))/92"9(qn +2)"V9(b — a)" 5. (25.79)

)" k(t,2) £ (t)dt

and
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Consequently by (25.79) and (25.77) it holds

1™l
(n =1t
We conclude by (25.80) and (25.75) that

IRL Nl <

D] < 27Y7(qn +2) Y9 (Blg(n — 1) + 1,q + 1))/
(b — a)n 1+ n n
X W[Ilfllpﬂg Ny + lglpll £ ™)
proving the claim.
When p = ¢ = 2 we find

Al <27+ 1)@2n— D)@2n+ 1))

b— n
X%ﬁ%ﬂWMWWh+MMWMM-

3) Case of || - ||z. We have

Aol =5 (||f|| IR e + gl IR lloo)-

It holds
1L/ oo ’ e
R ()] < m/ & — ¢ k(¢ @) |dt,
and
e I
1L/ oo n n
ZWH( a)" ™+ (b — ) +1||oo
LF ™ oo
= W oo gy gym,
(n+ 1)!( @)
That is
b—a)®
fl <y
IR lloo < 11F™[loo TESR
Finally by (25.86) and (25.83) we obtain
b—a)” " n
Al < §m+bmmm¢ww+wwmwu»

proving the claim.
We end chapter with

Corollary 25.7. Let f,g: [a,b] — R be absolutely continuous.

[2(gn +2) 7' Bla(n — 1) + 1,g+ 1))V (b — a)" 11

(25.80)

(25.81)

(25.82)

(25.83)

(25.84)

(25.85)

(25.86)

(25.87)
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D Iff',¢ € Loo([a,b]), then

_a/ rais o ([ @) ([ war)

< )

= [ £llssllglloe + Ngllsll.f lloo]- (25.88)

2) If f',g' € Lp([a, b]), where p,q > 1 such that % + E =1, then

b—a/ f(@)g(z)de - ja)2<[lbf($)dx)<[lbg(m)dx>

_1 _1 2_
< 275 (q+2) 7 g+ 1) (b= a) T I £llg'lp + Nglloll £ llp] - (25.89)
When p = q = 2, it holds

b . a / f@gtea - % ( / b f(w)dx) ( / bg(x)dx)

[ £1l2llgll2 + g2/ 112] - (25.90)

,2\[

3) With respect to || - |1 it holds

b i o /ab f(z)g(z)dz — ﬁ </ab f(x)dx) </abg(x)dx)

1
< 7Tl oo + gl Nl oo ) (25.91)
Proof. By Theorem 25.6 for n = 1, etc. (]
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Chapter 26

Griiss Type Multivariate Integral
Inequalities

Griss type multidimensional integral inequalities are presented involving two func-
tions of any number of independent variables. This chapter is based on [27].

26.1 Introduction

One of the most famous integral inequalities was given by Griiss [150] in 1935 and
it can be stated as follows (see [187, p. 296]),

bfa/abfu)g(x)dx_ (bfa/abfu)dx) (bia/abg(w)dx>

1
< (M —m)(N = n),

where f and g are integrable functions on [a, b] and satisfy the conditions
m< f(z) <M, n<g(z) <N,

for all € [a,b], where m, M, n, N are given real numbers.

A great deal of attention has been given to the above inequality and many articles
related to various generalizations, extensions, and variants of it have appeared in
the literature; see Chapter X of the book [187] by Mitrinovié, Pecarié¢, and Fink,
where more references are given.

Here we give the multivariate analog of Griiss inequality for as many as possible
independent variables, given in two variations. Griiss inequalities for functions of
two variables were first given by B. Pachpatte in [200]. His paper is one of our
motivations. Next we mention one of his results. We follow the notations of [200]
exactly.

Here R denotes the set of real numbers and A = [a,b] X [¢,d], a, b, ¢, d € R. We
denote by G(A) the set of continuous functions z: A — R for which Dy D1 z(x,y) =
% exists and is continuous on A and belong to L. (A). For any function
z(2,y) € Loo(A), we define [[2][oc = sup(, yyen [2(2, y)]-

319
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We need the following notation

k= (b—a)(d—c),
(b—a)2+<x—a;—b>2

(d—6)2+<y—c;d>2

i b d
Flz,y) = | (d— o) / f(ty)dt + (b—a) / f(w)ds],

)

.
|

Hi(z) =

)

Hy(y) =

T
B~ =

i b d
G(a,y) = |(d— ) / ot,y)dt + (b — a) / g(as)ds],

M(z,y) = |g9(z,y)| |[D2D1f|loe + |f(z, )| |D2D1g]s0,

for f,g € G(A).
Then we have

Theorem 26.1 ([200]). Let f,g € G(A). It holds

//fxy (z,y) dy dx
+<%/a / f(ﬂf,y)dydm> <%/;/Cdg(w7y)dydx>

b d
5w [ [ G @)+ 16w 0) dy i

b pd
< o | M H@H dyds

Another motivation for this work is the approach in [60].

26.2 Auxiliary Result

We need the following generalized Montgomery type identity.
Theorem 26.2 ([23]). Let f: X [ai,b;] — R be a continuous mapping on X [ai, bi],
i=1 i=1

n
and W exists on izl[ai,bi] and is integrable. Let also (x1,..., x,) €

X [a;, b;] be fived. We define the kernels p;: [a;, b;i]*> — R:
1

i=
oy s ai s € Jag, 3],
pz(xzasz) = {31' —b;,8; € (a:i,bi],

foralli=1,...,n
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Then
L 8”f($1,...,8n)
b1, = i(Tiy $i)—F————F——ds1 -+ -dsp
1, /; o] il;[lp (i, 8i) D51 Os, S1 ]
= { <H(bi - ai)> fla, xn)}
i=1
[ = bi
- Z H(b]_a]) f(xlv 7515"'7mn)d5i
i=1 | j=1 @i
L i
(Z) n b; b
+ H (b, — ax) flxi, ooy Siye oy 8gsn .., Tn)dsids;
=1\ k=1 i g
L k (2¥] (f)
—4 = (=)
(nil) P
(bj—aj)/n f(s1,.. 24, .., 8n)ds1---dsj---dsy,
i=1 J 2 laebi]
i#]
+(=1)" /n f(s1,...,8n)ds1 - dsp =: 02, (26.1)
X [aq,bi]
The above ¢ counts all the (i,7)’s,i < jand i,j =1,...,n. Also d/s\j means ds;

is missing.

26.3 Main Results

We present

Theorem 26.3. Let f,g € C"(B), n € N, where B := X [ai, bi], a;,b; € R, with

i=1

a; < by, 1 = 1,...,n. Denote by OB the boundary of the boxr B. Suppose that

fl@)=g(x) =0, for all x = (z1, ...

,Tn) € OB (in other words we assume that
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n

foralli=1,...,n). CallV, := [](b; — a;). Then
i=1

_/|f 1) 9@ x| day - day

<— e, Iy _
—2n+1 |:/%|g(mla , L )|H88168n

dry--- dxn} . (26.2)

o0

+ |f(l‘1,

,Jin)| H 881 s 5Sn

Proof. Let (z1,...,x,) € B, ie., a; < x; < b;, for all i = 1,...,n. By the
assumptions we obtain

T g f (s, ...,
f(mlv . xn / / gsfl )d51 ds’n)

b
! o f(s1,...,
flae,. ... z,) = / / 8;1 B )dsl -dsy,

In general we introduce the subintervals

oo

and

Ii,O = [ai,xi] and Ii,l = [in,bi], 1= 1, ey .

Then we find that

flar,. ) = (1) +5"/ / 8f81""’ )dsl cdsn,  (26.3)
Ilsl En 851

I,

where each €; can be either 0 or 1. Adding up (26.3) for all 2™ choices for (e1,...,&y,)
we derive

2"f($1,...,xn): Z (—1)51+"'+5n/

€1,--,En Iiey
O"f(s1,..-,5n)
- ————————=ds1 - - dsp. 26.4
/In € 8Sl T 8811 *1 8 ( )

Next by taking absolute values in (26.4) and using basic properties of integrals
(noticing that the 2™ “sub-boxes” I ¢, X --- X I, o, form a partition of B) and the
subadditivity property of the absolute value we find that

Flar o) < o [ |2 @0 2n)

n oxy---0xy, day - day
A
T 27 || 0z - O || o
That is we have that
\%4 of
e n S on Il .. 26.
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is true for all (z1,...,2,) € B. Similarly it holds

Vo, o"g
o) < 2 —z
|g($1, y L )| = on 3$13wn -
true for all (x1,...,2,) € B. Therefore
Vn
|f@r, . an)l gz, an)| < 2—n|g($1a~-~,$n)| ‘ a1 - Oz, N
and
Vo o"
|f(@1, . an)llg(@y, . an)| < 2—n|f(331,---,$n)| Hﬁ .
Hence by adding (26.7) and (26.8) we see that
|f(a:1,...,xn)||g(x1,...,a:n|
Vi o"f
< — s Tp)| |
= 9nt1 ('g(xla y L )| Hamlamn -

+ |f($1,

)

Zn)| H oz - - aa:n

is true for all (x1, ..

Remark 26.4. Inequality (26.9) has by itself its own merits.
We also give

., Tn) € B. Integrating (26.9) over B we obtain (26.2).

323

(26.6)

(26.7)

(26.8)

(26.9)
O

Theorem 26.5. Consider the class of functions G := {f: X [a;,bi] — R continu-
i=1

ous, n € N: the partial a”,;w erists on

X [ai,bi] and belongs to Loo( X [ai,bi])
= i=1

CETEE e
with norm || - |l }. Here (z1,...,2,) € >< [ai,bi], Let f,g € G. Denote
Vi = 11 (bi — a;), and
i=1
Cas)2 b, —x.)2
Hy(ay) o= GO ml
Set
(1)
Fi(xy,...,2,) := b —aj/ flxa, .o si, .., xn)ds;
i=1 ]:1
J#i
[ = bi
Gi(z1,...,2p) = H bj —aj) / g1,y Siy e, Tn)ds;
i=1 | j=1 @i
J#i
FQ(xlv"'a

1

(il ]

-f(gcl,...,si,...,sj,...,xn)dsidsj> 1,
()
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where £ counts all (i,7)’s, 1 < j, and i,j=1,...,n, also

() / = bi b
Gg(xl,...,xn)iz—[Z<H(bk_ak) ‘ /

(bj — aj) /n
X [ai,bi]

=1 i=1
1#]

-g(sl,...,a:j,...,sn)dsl---dsj---dsn].

Also define
877..]['
My (z1,. .. 20) = |g(x1, ..., 2p)] HW
a"g
+|f(9€1,,xn)|Hm )
Then

1
- _/n flze, .. xn)g(xr, ...,z )dey - - day,
X

1
+ (=) —/n flze, ... zy)dey - - dxy,
Vi Xl[ai,bi]

i=

: /
‘N /. g(ml,...,xn)dxl...dmn
Vn ,.>_<1[a'i7bi]

n—1

=(/
=1 /. g(x1,. .., xn) Fi(z1,...,zp)
2V ( ,zl[af’bdl 27
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n—1
+f(z1,. .., 2p) ZGj(gcl,...,xn)l d;vl---dxn>

Jj=1

n

n 3717 .. xn H ij dﬂ?l d . (2610)

_2V ><[a1 h

Proof. We define the kernels p;: [a;, b;]*> — R:

(24, 8:) = si = i, 8 € [ag, @i,
Pi\Zi, Si) : s;i — b, 8; € (fﬂi,bi]a

foralli=1,...,n
We also have that

‘/[ , |pj($j78j)|d8j:Hj({Ej), j:17...7n.
aj,05

From Theorem 26.5 ([23]) we get

Vaf(x1, ..., zn ZF T1,... xn)—i—(—l)"“/ f(s1,...,8,)dsy -+ dsp

; [ai,bi]

6" f(s1y---,8n)
(T, ) —————=ds1 - - dsp. 26.11
/>< lanbi] i Hp 0sy -+ Osp, v ( )

And also

vng<x1,...,xn>:Zej<x1,...,xn>+<—1>”“/ G(s1, - 5n)dsy -+ dsn

n
X [ahbi]
i=1

" 8g(s1, ..., )
i(Ti, Si —d -ds,. 26.12
+/; oy Ipens) = s, (26.12)

Next we multiply (26.11) by g(z1,...,2,) and (26.12) by f(z1,...,z,) and we
add the resulting identities, to find

2V f(x1, .. xn)g(z, .o )
n—1 n—1
g(z1,...,x ZF xl,...,a:n)—i—f(a:l,...,xn)ZGj(ajl,...,a:n)]

+ A (21, ..., n)—l—Bn(xl,...,xn). (26.13)

Here we have

An($17...7xn) = (—1)’"«4—1 [g(xl,...,mn)- /n f(Sl,---,Sf,L)dSl"'dSn

—|—f(x1,...,xn)/n g(sl,...,sn)dsl---dsn], (26.14)
X [ai,bi]
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and

By(x1,...,2,) = |g(x1,...,2

'n.

2 fan 11 Dzt - Osn,

i=1

i )/ |n| (w3, 51) glor, a5
Tlyee oy & i(x5,8;) ————=
! " X Jaibi 1p1 ot Osy - -0sy,

We see that

|Bn(1, ... 2n)| < Mu(z1,. .., HH (z;)

Next we integrate (26.13) over >< [al, b;] and we derive

1
V n f(xlv'”axn)g(irl,...,xn)dxl--.dxn
n ,Zl[airb'i]
1 n—1
= n g(mla xn) F (3}1, ’an)
2Vn2 <»/>< [ai,bi][ J:Zl J

2/
— /. g(x1,...,xp)dzy -+ - dy,
‘/n ’_>_<1[a,i7b¢]

1
+—/ Bu(x1,...,xp)dxy -+ - dxy,.
2V J % tau b
Consequently we obtain
1
r, < — |Br(x1,. .., xn)|dry - - day,.

>~ 2Vn2 ‘%1[ai,bi]
At last using (26.18) along with (26.16) we have established (26.10).
Remark 26.6. From (26.13), (26.14), (26.16) we get

2V f(x1, - xn)g(ze, .y xn) — g1, ... Tp)

S1y...,8
sz $1,81 M

dSl"'

)

dSl"'

ds,

ds, | .

(26.15)

(26.16)

(26.17)

(26.18)

S Tp)
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< My(z1,...,2y) HH zj) |, for (z1,...,2p) € ‘Ql[ai,bi]. (26.19)

1=

We also give

Corollary 26.7 (to Theorem 26.3). Consider the class of functions F := {f €
C™(B), where n € N, B := Q [ai, b;] such that f(x) =0, for all z = (x1,...,2,) €

i=1
n

OB (the boundary of B)}. Let f € F. Let also g € C"(B). Put Vy, := [] (b; — a;).
i=1
Then

e |f($17;xn)||g($1,7$n)|d(p1d$n

Vn
) L/ o (f9)
= 9n || 921 01n

Proof. Totally the same way as in the proof of Theorem 26.3 we find

farm) < 5 [

Integrating over B the last one we obtain

(T1,...,2n)| dxy - - - dxy. (26.20)

O f(x1,...,Tn)

dzy---dx,, V .
T 1 T fer

5”f (z1,...,2 )
Ox1-++0xy,

/|f(x1,..., n)| day - - dxnf
B

2” dxy -+ - dzy, (26.21)

true for any f € F.
The inequality (26.21) was also proved in [60]. Clearly here f-g € F.
Finally applying (26.21) for f - g we establish (26.20). O

Finally we have

Corollary 26.8 (to Theorem 26.5). Case of n = 3. Here we consider the class

; * L .3 ; . *f ; 3
of functions G* := {f: izl[ai,bi] — R continuous: z—515-— exists on iél[ai,bi]
3 3
and belongs to LOO( X [ai,bi]) with norm || - ||oo} Let (x1,22,23) € X [ai,b;] and
i=1 =1
3
fyg € G*. Denote Vs := ] (b; — ai), and
i=1

(zj — aj)* + (b — x;)*

Hj(x;) == 5 ,
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Put

3
Fi(x1,z2,23) :

|
-M“

@
Il
-

b;
(b; —ap/ Far, s )dsi | |
Jj=1 @i
J#i

3
Gi(z1,22,23) == Z

b;
(bj—aj)/ g(x1, 85, 23)ds; | ;

1

~.
—_

—
S

[
Hll

bi bo
Fy(x1,x2,23) = — [(b3 - &3)/ f(s1,52,23)ds1dsz
by rbs
+ (bQ — 0,2)/ f(Sl,JZQ, 83)d51d53
ba bg
+ (b1 — a1 / f(x1, s2, 83)d52d53] ,

bi b
Ga(z1, 22, 23) == [53 —as) / / g(s1, 82, 3)ds1dss

b1 b3
+ (bQ — 0,2)/ / g(Sl, o, 83)d81d83
ay as
by b3
+ (b1 — al)/ / g(x1, 82783)d82d83] ;
a as

3f
(981 882683 00

23g
881682683 00

M3(x17x27x3) = |g(I1,$Q,Z‘3)

+ |f($1,$2,$3)|

Then

1 b1 pba b3
A / / flx1,x2, 23)g9(21, 2, x3)dx1 duods

1 b1 pba pb3
- 7/ / f(x1, 22, x3)dw1drodrs
3 Ja: as as
1 b b gbs
7/ / / g(x1, T2, x3)dx1drods
3 Jay Jaz Jas
=L
— 53 g(x1, 22, x3)(F1 (21, 22, 3)
2‘/32 al a as

+ Fo(21, 32, 23)) + f(21, 22, 33)(G1 (21, 2, 73) + G231, T2, 23)) | dv1 dwodas
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b1 b2 b3
=~ 2V / / Mg(xl,xg,xg HH xj dxldxgdxg (26 22)
3 j=1

Comment 26.9. Theorem 26.5 clearly generalizes Theorem 26.1 of [200], that is
for n = 2 the corresponding inequalities coincide.
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Chapter 27

Chebyshev—-Griiss Type Inequalities on
Spherical Shells and Balls

We present Chebyshev—Griiss type inequalities over spherical shells and balls by
extending some basic univariate results of Pachpatte. This chapter is based on [46].

27.1 Introduction

For two absolutely continuous functions f, g: [a,b] — R consider the functional

T(f /f dm—( /f da:)( / (a:)da:), (27.1)

where the 1nvolved integrals exist.
In 1882, Chebyshev [88] proved that if f’, ¢’ € L[a,b], then

T(f9)| < %(b—a)QHf’Hong’lloo- (27.2)
In 1935, Griiss [150] showed that
T(f,9)| < 4(M (T — A), (27.3)
provided 8, M, A, T" are real numbers satisfying the condition —oo < 6 < M < oo,
—00 < A<T < o0 for z € [a,b].

The purpose of this chapter is to extend above fundamental results over spherical
shells and balls in RY, N > 1. For that we need the following machinery from
Pachpatte [206] which also motivates this chapter.

Let f: [a,b] — R be differentiable on [a,b] and f’: [a,b] — R is integrable

n [a,b]. Let w: [a,b] — [0,00) be some probability density function, that is, an
mtegrable function satisfying fb t)dt =1, and W(t) = flf w(z)dx for t € [a,b],
W(t) =0fort <a,and W(t) =1 for t > b. In [213] Pecari¢ has given the following
weighted extension of the Montgomery identity:

b b
f@) = [ woswde+ [ o or @ (214
where P, (z,t) is the weighted Peano kernel defined by

W (t), a<t<uz,

Pu(z,t) = {W(t) —1, z<t<b (275)

331
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For some suitable functions w, f, ¢: [a,b] — R, we define

7w, f9) = [ " (o) ) — ( / bw(m)f(x)dx) ( / bw(m)g(z)dm), (27.6)

and || - [ the usual Lebesgue norm on Lo |a, b] that is, [|h|cc := esssup,¢(q 4 [R(2)]
for h € Loola, b]. Pachpatte Theorems 2.1, 2.2 ([206]) follow.

Theorem 27.1. Let f,g: [a,b] — R be differentiable on [a,b] and f’,¢": [a,b] = R
are integrable on [a,b]. Let w: [a,b] — [0,00) be an integrable function satisfying
f: w(t)dt = 1. Then

b
70, £.9) < 17 ol o [ (o) () 1.7
where
b
H(z) = / |Po(x,t)|dt (27.8)

for x € [a,b] and P, (z,t) is the weighted Peano kernel given by (27.5).

Theorem 27.2. Let f, g, f',g',w be as in Theorem 27.1. Then
b

T (w, f,9)] < %/ w(@)[lg(@)[ 1 oo + [ (@)1 119 lloc] H () da, (27.9)

a

where H(x) is defined by (27.8).

27.2 Main Results

We make
Remark 27.3. Let A be a spherical shell C RV, N > 1, ie. A := B(0,R,) —

B(0,R;), 0 < Ry < Ry. Here the ball B(0, R) := {x € RY: |z| < R}, R > 0, where
|-| is the Euclidean norm, also SV ~! := {x € RY: |z| = 1} is the unit sphere in R
27|'N/2
(%

with surface area wy := . For x € RY — {0} one can write uniquely = = rw,

where 7 > 0, w € SN—1,
Let F,G € C'(A). First we suppose that F, G are radial, i.e. F(x) = f(r),
G(z) = g(r), where r = |z|, Ry <r < Ry. Of course f,g € C1([R1, Rs)).

‘We notice that
N Rz
RN RN / sM s =1,
RQ - Rl Ry

ie. w(s): Nt

= ZN—RN> Ry < s < Ry, is a probability density function.
2 1
Thus

s N _ pN
W(s):= ‘/R w(T)dr = ﬁ, for s € [Ry, Ra],
1 2 1
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also W(s) =1, for s > Ra; with W(s) =0, for s < R;. That is W is the associate
distribution function here.
We introduce
W{(s), Ry <s<m,
Py(r,s) =
(r s) {W(s)—l, r<s<Rs.

Pecari¢ in [213], proved a weighted extension of Montgomery identity, see (27.4),
which in our case is

(27.10)

R2 N N—-1 Ro
CEA (ﬁ)ﬂsmw [ R s, (711)
and
R> N—-1 R2
o) = [y Jotts + [ Pt ) (27.12)

Here we observe that
wn (R — RY)

Vol(A) = N

(27.13)
We denote by

7 6) = 105 Vol(A) ® (/ F (x)dx> </AG(W>
N [ et

—Gaaiﬁm><AF o) (f o). o

the Chebyshev functional in this setting.
We notice that

1 1 R fa
— | F(x)dx = — < f(r)rN_ldr> dw = fr)yrN=tdr.  (27.15)
s¥-1\JR, Ry

WN JA WN

Similarly we find

Ro
ﬁ AG(;v)dac = /R1 g(r)yrN"Lar, (27.16)
and
1 fiz
— | F(x)G(z)dx = F()g(r)yrN=tdr. (27.17)
WN JA Ry

Consequently we have

- N fa N-1
T(F,G>:<W) [ gt

(o) [ 1o s) [ s
(27.18)



334 ADVANCED INEQUALITIES

as in Pachpatte [206], see (27.6).
By Theorem 2.1 of Pachpatte [206], see Theorem 27.1, we obtain that

. N Rao
TG < 1 el o (g ) [ P 20 (27.19)
RQ - Rl Ry
where
R2 r R2
H(r):= / | Py(ry s)|ds = W(s)ds —|—/ (1 —W(s))ds.
Ry Ry T
That is
1 2rVH + N(RYT + R
H — 1 2 _ RN RN
= (=) |( Lo ) rrY )|
(27.20)
re [Rl,RQ].
In general it holds
15| <roe-.
1% H < VG, (27.21)
with equality in the radial case.
So we derive that
NI
F, < 27.22
o< |5 | |5, mrmrer (27.22)

where
Ra2
I ;:/ PNU[2eN L N(RVHL 4 RV (N + 1)(RY + RY)2dr. (27.23)
Ry
One calculates the above integral to find

3N+2 3N+2
I=14 u

3N +2
(N +1)?
(N +2)

4N
_|_ < )(RN+1 +RN+1)(R2N+1 R%N+1)

) + N(RY 4+ RYTHA(RY — RY)

+ (RY + RY)*(RY ™ — RY™?)

2N +1
—2(N + 1)(RY + RY)(R3N T2 — R2N+2, (27.24)
We have established the first main result.

Theorem 27.4. Let F,G € C1(A) that are radial functions. Then

NI

T(F,)| < IVF |l IVG] oo
IT(F,G)| < |VF|<|IVG] BY —RNP(N +1)2

(27.25)



Chebyshev-Griiss Type Inequalities on Spherical Shells and Balls 335

We continue from Remark 27.3.

Remark 27.5. By Theorem 2.2 of Pachpatte [206], see Theorem 27.2, under the
same terms and assumptions. We get

- 1 N R
TEG <5 (g ) [ Lo e+ ') )
2 — tu Ry
(27.26)
We have derived the following result.

Theorem 27.6. Let F,G € C'(A) that are radial functions. Then

T(F,G) < ﬁ/A[IG(@I IVFlloo + [F(@) IVGlloc] H(2])d,  (27.27)

1 20N + N(RI*! 4+ R
RY — R} N+1

where

— |z|(RY + Rgv)], r € A (27.28)
We continue from Remark 27.5 to transfer our results over the ball.

Remark 27.7. Here we set R := Ry and let R > R; — 0. We suppose
F,G € C*(B(0, R)) that are radial. Inequality (27.25) is clearly true when ||V F|| ,
VG|l are taken over B(0, R) which is a larger set containing A. We consider here
this modified form of (27.25).

Let now 0 < Ry, | 0, as n — oo, i.e. B(0,R11) D B(0,R12) D -+ D

B(0,R1,,) ..., with () B(0,R1,) = {0}. That is, as Ry — 0 then B(0,R;) | {0}.
n=1

Hence
Rlﬂo
XB(0,R1) —— X{0}-
Let h be Lebesque integrable on B(0, R). Le. |hxp(o,r,)| < |h]. Consequently
hXB(0,R1) im0 hx{o}, pointwise over B(0, R).

Thus, by Dominated convergence Theorem we get

L / hxBo.ryde 220 L / hx oy dz.
B(0,R) B(0,R)

That is
/ hdz =0 0. (27.29)
(0,Ry)
Applying (27.29) we obtain
F(x)G(x)dx
lim T(F,G) = Js.m F(@)C(@)
R1—0 Vol(B(0, R))

- ECT </B<O,R) Fr) </B<O,R) i)
(27.30)
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We also notice that

. B NR? 1 (N +1)2
A, (RHS8.(27.25)) = IV Flloc IV Glloo T2 [(3N+2) T N2
AN
T ET (N”)} (27:31)

So based on (27.25) and the above we derive
Theorem 27.8. Let F,G € C*(B(0, R)) that are radial functions. Then

IB‘%’ZLB((?%?W B (Vol(B(107 R)))? (/B<0,R> F(x)dx) (/B<0,R> G(x)dx)

NR? { 4 (N +1)2 AN
(

S ) +(2N+1)_(N+2)]

< VF[leol VG0

(27.32)
Similarly from (27.27) we obtain
Theorem 27.9. Let F,G € C*(B(0, R)) that are radial functions. Then

IB(()\}};i(B((Z),?%()J;)dx - (Vol(B(10,R)))2 (/B(O,R) F(ﬁ)dx) </B(O,R) G(ﬁ)dx)

1 *
= m/B(OyR)UG(x)I||VF||oo+IF($)|IIVG||oo}H (|z[)dz, (27.33)

where

(| |) 1 2|$|N+1—|—NRN+1
x

RN N +1
Next we treat not necessarily radial functions in our setting. We give

Theorem 27.10. Let F,G € C'(A). Then

/AF(x)G(x)dx - (RQNiz_VR{V)/SNl [(/RR F(rw)rN_ldr)

) - |a:|RN] , x € B(0,R). (27.34)

1
Vol(A)

R
X ( G(rw)r N_ldr)]dw (27.35)
< NI
B so (RY = RY)3(N +1)2
< |VF||OO||VG||OO all (27.36)

(RY — RNV)3(N +1)2
where I is given by (27.24).
Proof. The functions F(rw), G(rw) are considered radial in r, Vw € S¥~1. Also
there exist
OF (rw) 0G(rw)
or 7 or

€ C([R1,Ra]), Vwe SNTL
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As in (27.18), (27.19) and (27.22), (27.25) we get

‘ <L) - F(ro)G(ro)r " dr

Rév - R{V Ry
N 2 Ra Ro

- <7RN — RN) </R F(rw)erdr> ( : G(rw)erdr> (27.37)

H@F rw ‘ 8G(rw)H NI

R, Ra] oo (R R (27— RY)P(N 4 1)2
NI

S el | I v : 27.38
<\ ooHar o (B RNV + 17 (27:38)

Consequently we have

N fiz N-1
_—— Fro)G(rw)r™ ~ dr | dw
wy(RY — RYY) /SN1< Ry (rw)Gi(re) )

1 N ? fiz N—-1 fiz N—-1
E<7R§V_RN> /SN?1 </R1 F(rw)r dr)( . G(rw)r dr) dw

NI

oF
< . 27.39
|55 ar=mrrer (2759
But it holds
Ro
/ ( F(Tw)G(rw)rN_ldr> dw = / F(x)G(z)dz. (27.40)
SN-1\JR, A
That is completing the proof. O
Next we generalize Theorem 27.6.
Theorem 27.11. Let F,G € C'(A). Then
N Fa N
v () o K/R i)
Ro
X < G(rw)erdr> dw (27.41)
Ry
< 3 ool +een|5E]_Jene
1
<3 /A (G IVE e + [F@)] VGlloc] H(lal)d, (27.42)

where H is given by (27.20).
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Proof. Acting similarly as in the proof of Theorem 27.10 and by (27.26) we have
N " N-1
‘(RéV—R{V) /R1 F(rw)G(rw)r dr
N e N-1 fia N-1
—| = F(rw)r™ dr errdr)
(e~ 7) (f, 7o) (), e
(N /32 N
-2 Rév —R{v Ry
Therefore we derive
N " N1
_— Frw)G(rw)r™ " dr | dw
et Jo [, Focer )
1 N 2 R R>
-—\ 5= / / F(rw)rN=tdr G(TL«J)TN_ldT dw
WN R2 - Rl SN-1 R
1 N fe o
< = (-
S Zom <R§V = R{V> /SN_l l/R l'G () 'H H

el |

|G (rw |H—

vl

(27.43)

dr} dw, (27.44)

which proves the claim. O
Next we give general results over the ball.

Theorem 27.12. Let F,G € C'(B(0,R)). Then

m / AR
- % . [< /0 RF(rw)rN_ldr) ( /O " G(rw)rN_ldr>]dw (27.45)
<Haa H N+1) [(3]\744—2) ((]jvilz))z (213]1 0 _(N“)]
= v ”°°'VG”°°<NN+R;2[<3N4+2) e+ v - o)
(27.46)

Proof. Here put R := Ry. The functions F(rw), G(rw) are considered radial in
r €10, R], Vw € SN~1. Also there exist
OF (rw) 0G(rw)
or 7 or

€ C((0,R]), VYwe SN



Chebyshev-Griiss Type Inequalities on Spherical Shells and Balls 339

Then as in (27.37) and (27.38) we obtain

<L) ()G e

N ’ f N-—1 R N—1
~\RN - R} d o ~ld 27.4
(RN—RN> ( R (rw)r T)( " G(rw)r T) (27.47)
H@F TW) ‘ 3@ H NI
/(0.5 (0.7 (BN = RY)3(N + 1)
NI
_7" oo HE (RN — RNM)3(N +1)2 (27.48)

Taking the limit as Ry | 0 to both sides of (27.14), (27.48) we find

% /OR F(rw)Glro)r™ 1 dr— <R£N)2 (/ORF(rw)erdr> (/OR G(rw)erdr>
<|F]. 1%

Consequently one obtains that

w% /5 . ( /O " F(rw)G(rw)rN_ldr> du

LG L e ) [

NR? 4 (N +1)2 AN
_Nrie {(3N+2)+ (N +2) +(2N+1)_(N+2)}

(27.49)

NR? 4 (N +1)2 4N }
—(N+2)|.
<|F . |5, oo [ov e + e e - 0+
(27.50)
But it holds
R
/ </ F(Tw)G(rw)rN_ldr) dw = / F(z)G(z)dx. (27.51)
syv-1\Jo B(0,R)

That completes the proof. O

We end chapter with
Theorem 27.13. Let F,G € C'(B(0,R)). Then

N < /O F(rw)TNldr) ( /0 ’ G(W)TNldT)] dw

/B(O)R) F(2)G(z)dr — oy -
’ H + |F(z |H 'H dr  (27.52)

1
< - / |G(x
2 JB(o,R)

<5 [ UG@IIVFI + F@I VGl (e, (2759
B(0,R)
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where H* is given by (27.84).

Proof. Here put R := Ry. The functions F(rw), G(rw) are considered radial in
r €10, R], Vw € SN~1. Also there exist

OF (rw) 0G(rw)
or 7 or
Then as in (27.43) we derive

‘ (ﬁ) /RR F(rw)G(rw)r™ ~tdr
() (o) ()
< 3w )| feea5

H(r)dr. (27.54)
" lloo,B(0,R)

Taking the limit as R; | 0 to both sides of (27.54) and after simplification, we find

/O * P )Gyt — (%) ( /O ’ F(rw)erdr) ( /O ’ G(rw)erdr)
ol ool s o

where H* is given by (27.34). Consequently one obtains

/S . < /O " F(rw)G(rw)rN_ldr) du
- (% /SN_1 l</ORF(7w)rN_1dr) (/OR G(rw)rN_ldr)]dw
AL [ ol | 2] o]

(27.56)

€ C((0,R]), Ywe SN

c0,B(0,R)

1
-2

which proves the claim. O



Chapter 28

Multivariate Chebyshev-Griiss and
Comparison of Integral Means Inequalities
Using a Multivariate Euler Type Identity

In this chapter we present tight multivariate Chebyshev—Griiss and Comparison
of Integral means inequalities by using a general multivariate Euler type identity.
The results involve functions f, g and their high order single partials and are with
respect to || - ||p, 1 < p < co. This chapter relies on [34].

28.1 Background

Here we mention the following motivating results.

Theorem 28.1. (Chebyshev, 1882, [88]) Let f, g : [a,b] — R absolutely continuous
functions. If ', g’ € Loo([a,b]), then
b
/ g(:v)dx>‘

e (1 o)

< 50— a1 el (28.1)

Also we mention

Theorem 28.2. (Griiss, 1935, [150]) Let f,g integrable functions from [a,b] into
R, such that m < f(z) < M, p < g(z) < o, for all x € [a,b], where m, M, p,o € R.

_a/ fl dx—(b_a/ fla )( /abg(a:)da:>

(M —m)(o — p). (28.2)

u>|>—~

Here Bg(z), k > 0, are the Bernoulli polynomials, By = By(0), k > 0, the
Bernoulli numbers, and Bj(z), k > 0, are periodic functions of period one, related
to the Bernoulli polynomials as

Bj(z) = Bp(z), 0<z<1, (28.3)

341
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and
Bi(z+1)=Bj(z), xze€R. (28.4)

Some basic properties of Bernoulli polynomials follow (see [1, 23.1]). We have

1 1
Bo(x) =1, Bi(z) =23, BQ(x)=x2—x+E, (28.5)
and
B (z) = kBg_1(z), k€N, (28.6)
Bp(z +1) — Bi(z) = kz*1, k>o0. (28.7)
Clearly By = 1, Bf is a discontinuous function with a jump of —1 at each

integer, and B;, k > 2, is a continuous function. Notice that By (0) = By (1) = By,
k> 2.
We make

l

0
Assumption 28.3. Let f and the existing a—{, all=1,...,m;j7=1,...,n, be
€T .
J

n
continuous real valued functions on H[ai, bil; m,n €N, a;,b; € R.

i=1
In [29] we proved a general Multivariate Euler-type identity, see next.

Theorem 28.4. All as in Assumption 28.3 for m,n € N, z; € [a;,b;], i =
1,2,...,n. Then

1
f(xl,xg,...,a:n)—nifn f(s1,...,8,)ds1 .. .dsy,
11 [ai,bi]
H(bz — 0,1') i=1

i=1
F_ f
-2 45=2 B}, (28.8)
j=1 j=1
where for j =1,...,n we have
m—1
1 (bj —aj)F 1 Tj — a;
F Af (0 o _ J J J J
Aj = Aj (xjaxj+1a---a33n) =74 { A By, b,
k=1
[T - ai))
<z‘—1

ak—l
X </1 <TJ1C(81,SQ,...,Sj_l,bj,$j+1,...,$n)
1 laibi] \ 975

i=1

8k—1f
- W(51,SQ, sy S5—1,Q5, L5415 - ,Jin) dSl . ..de_l (289)
J
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[T —ai)

=1

bj —aj;)m! Tj—a;

B = B (ay,2p01, . ) = 1 / By | 72—

i j (25 %415 Tn) <J1 ){ 1 [as.b:] bj —a;
m! i=1

— B <m> ) ax;n (81, 825y Sy Ljtlyens {En)> dsidss . .. ds]} (2810)

When m =1 thenAsz,jzl,...m
A general set of suppositions follow.

Assumption 28.5. Here m € N, j = 1,...,n. We assume
n
1) f: H[ai, b;] — R is continuous.
5l
2) —— are existing real valued functions for all j =1,...,n; 1 =1,...,m — 2.

3) For each j = 1,...,n we suppose that

8m_1f
3x}"71

(xl,.. .,xj_1,~,xj+1,.. .,a:n)

is a continuous real valued function.
4) For each j = 1,...,n we suppose that

87nf
g]() = &E—m(xl, ceey Hfj_l, ',$j+1, . ,an)
exists and is real valued with the possibility of being infinite only over an at most

countable subset of (aj, b;).
5) Parts #3, #4 are true for all

n
(irla"'axjflaxj+17"'a Haza i
;:e
6) The functions for j =2,...,n;l=1,...,m —2,
j—1 j—1
— . alf ——
qj(aav) = W('v'v "7'7xj7xj+1a"'amn)
T
-1
are continuous on H[ai, bi], for each (zj,zj11,...,2,) € H[ai, b;]
i=1 i=j
7) The functions for each j = 1,...,n,
oo ’
Spj('fa"'?')::%—m('ﬂ'a"'7'7$j+17"'7 E-Ll Hazaz
J =1
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for any (2j41,...,%n) € H (@, by].
i=j+1
We give (see [29])
Theorem 28.6. All as in Assumption 28.5. Then (28.8) is valid again.
Some weaker general suppositions follow.

Assumption 28.7. Here m € N, j = 1,...,n and only the Parts #1, #2, #6, #7
of Assumption 28.5 remain the same. We further assume that for each j =1,...,n
and over [aj, b;], the function

8m_1f

m—1
oz}

(xl,.. .,xj_1,~,xj+1,.. .,a:n)

is absolutely continuous, and this is true for all

(xl, ey L1, Ty e ,Jin) S H[ai, bz]
i=1
1#]
We give (see [29])
Theorem 28.8. All as in Assumption 28.7. Then (28.8) is valid again.
In this chapter based on Theorems 28.4, 28.6, 28.8 we present Chebyshev—Griiss

type and comparison of integral means multivariate inequalities involving f, g and
their high order single partials with respect to || - ||, 1 < p < 0.

28.2 Main Results

We present the first main result regarding Chebyshev—Griiss type multivariate in-
equalities, see also [27], [201].

Theorem 28.9. Let f,g as in Assumptions 28.3 or 28.5 or 28.7.
Here A?,AJQ as in (28.9), j =1,...,n. Denote by

+g(7)<iA§(a;j,...,a;n))]dz’], (28.11)
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n

— ((El,. ..,$n) < H[aivbi]'

345

i=1
mg 8mf n
Then we have: 1) By assuming that —, —= € L H[al, bil |, for j =
oz Ozl b
n, it holds
[Ar.9)] <17 {
Jj=1

i Wz )
il

oz’
1 1 .
2)Let pj,q; >1: —+ —=1;5=1,...,n. We further suppose that
p; Gy

amg o f T
5z g < Lo <H[al,bl]> :

(AP + llglloc

am.

oo

It holds

Al < ~9m! Z{{ (bj — a;) "

([ ()

Mg
l|f||pj 9xm + ||9||pj
q;

When p; =q; =2, all j =1,...,n, it holds

Mﬂ_%,i{{b )

(1 (ot (=) )}

[|f||2 A H
2

ox™
3) By assuming again that

J
5mg 5mf n o
83:}”’ ox € Loo <H[a1,b1]> ;o J=1...,n,

B,, (u) — Bn(t;)
b;

i

oy
83;}”

g

m

+ llgll2
2

(28.12)

s q;/P; 1/q;
dtj> d(EJ> }

(28.13)

(28.14)
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it holds:
i) Case of m = 2r, r € N, then

1 n

=1

(1= 272)|Boy| + ||272 Boy — Boy | 2 =Y
b _aJ Oo)[aj’bj]

27
[|f|| il H (28.15)

ax?T
it) Case of m =2r 4+ 1, r € N, then

1 n
A < - b: —a: 2r+1
| (fag)|2(2r+1)|;{(.7 a’])

2(2r 4 1)! H (%-%)H
+ B2'r 1
l(%)z’”“(l —277) BRUETTVA N

82r

l 82’r +g 2r 1 ¢
[yt 2r+1 + gl || =t . (28.16)
o - oz .
iii) Case of m =1, then
9
< . .
1Atr.0)] 42{ )1+ b; — )l J’OO o J}

(28.17)
When m =1 thenAsz?zO,jzl,...m

Proof. Since f,g are as in Assumptions 28.3 or 28.5 or 28.7 by (28.8) we obtain

1
f(x17x27"'7xn)_n7/n f(817"'78n)d81"~d8n
H(bi—ai) il;ll[ai’bi]

i=1
—ZA;(xj,ajj_,_l,...,xn Z (X, Tn),s (28.18)
J=1 =1

and

1
g(mla---ax71)_n7/n g(sl,...,sn)dsl...dsn
H(b1 _ ai) il;ll[ai7bi]

=1
=Y A wign, ) = By, w). (28.19)

J=1 Jj=1
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Consequently it holds

f(xl,...,xn)g(xl,...,a}n)

1
I g(xla 7x’n) /n f(817 7Sn)d81 dsn
H(bl —az) i];[l[a“b]
i=1
g X, , L ZA; irja , L )
=g(z1,..., Zij (Tjy- s ) | (28.20)
and
flay,. . xn)g(zr, ..., zn)
1
—nif(gcl,...,xn)/n 9(S1,.-.,8n)dsy ...dsy
H(bz _ a'i) I1 [ai,b:]
i=1
— f(=q, .. ZAQ (zj,...,2n)
= f(x1,...,Tn ZBg (5, 2n) | - (28.21)

By integrating the last identities we derive

/n flza, ... zn)g(x, ..., xn)dey .. day

1
_n7</n g(ﬁl,...,xn)dgcl...dxn>
) ) il;ll[ai:bi]

i=1

< n f(ﬂfl, .- 73777,)51331 dxn>
1;[ [@i,bi]

-/, g(w1,...,xp) ZAJ (Tjy.eoyan) | doy ... dzy,
il;ll[ai’b] Jj=1

:/n g1, san) | S B, | das . da, (28.22)
j=1
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and

/n flxe,.. . xn)g(z1, ..., zn)dey .. . day

—%(/n f(;vl,...,xn)dxl...d;vn>
H(bl — ai) il;ll[ai’bi]

=1

(/n g(x1,. .., xp)dry ...dxn>
[ [ai,bs]

i=1

—/n f(z1,. . ) ZA?(xj,...,xn) dxy ...dz,
[1 [ai,bi] j=1

i=1

[ [ai,bs]

i=1

:/n f(x1, .. x) ZBJg(xj,...,xn) dzq ...dz,,. (28.23)
j=1

Adding and dividing by 2 the latter two identities we get (7 := (x1,...,,))

Mg = [y @)z

i1

- [/ fi 000 [f @) <¥A<x - m)

+9(7) (iAj(mJ, m")ﬂ o

:%Un i [ﬂ?)(éBﬂxﬁ...,xn))

() (Z Bl(a..... x)ﬂ d;»] . o

st
That is

B =T (28.25)

Next we estimate I'.
1) Estimate with respect to || - ||oo-
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We have

1 .
<32 [IfHoo/n B (a0 w07

[ai,b;
=1

+ ||9||oo/n B (2. affn)|d?1
I1 [ai,b:]

i=1

I [y
= 5{ Z ( H(bl - Cli)) l||f||oo /n |BY (2, ..., an)|dzj ... dwy,
j=1 [ [as,b:]

=1 L1
i=j

+ ||g||oo/n B (zj,...,20)|da; ... dw,

i5bi
=j

} =: (%) (28.26)
By Lemma 1 of [29], see there (58), we find

(bj —a;)™ | (m!)? iy
B (zj,...,2n)| < — w( )|B2m|+B <bj_aj>>

am
Wrr{(/\’ Tjt1y--- ,$n)

x , (28.27)

J
0o, [] [ai,bi]
i=1

for all 7 =1,...,n. Similarly for g.
Using (28.27) into (28.26) we derive

n j—1
IT| < (x) < %m,{ > <H(bi - ai)) (bj —az)™

j=1 \i=1

b m!)? 5 [ xj — a;
(a2

omg  J
ML e . 11 fos b
amf
+||g||oo</n 3 m(" \x]+1,...,xn) _ d$j+1...d$n>‘|}
I1 [aub] Zj ]
i=i+ oo7i1;[1[ai7b¢]
[Tei-a)
< o {Z(bj —a;)" !
! =
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b m!)? Tj — a;
(L (e (52 )

8777,
l|f||oo |l gl Do 1 }7 (28.29)
proving the claim (28.12).
1 1
2) Estimate with respect to || - ||p, 1 < p < co. Here pj,q¢; > 1: — + — = 1;
pj aj
j=1,...,n.
We have
1 n
<33 [|f||pj|B§||q,- + gl 1B Ny |- (28.30)
The assumption implies
8mg J
8x;n(...,$j+1,.. , Ty GLqJ<HCL1, Z),
=1
for almost all (zj41,...,2,) € H a;,bi], 7 =1,...,n. Then as in Lemma 2 of
_J+1
[29], see (62) there, we obtain
m—L /-1 —1/q; , 1/p;
bj —aj) ! ! Ti— a; Pi
9 (4 P 27 ) ) .
|BY| < . <H(bl al)> </O B, T— B (t;)| dt;
i=1
87ng
695’,” ( <y L1y - .,a:n) ; 5 (2831)
J aj, 1 [ai,bi]
=1
true for almost all (z;41,...,2,) € H a;,bil, 7 =1,.

i=j+1
Thus we derive

1/q; ® )m—; j—1 —1/q;
P q;
/n IB’?|‘”d?> < <%<H(bi—ai)> )
< il;[1[a'“bi] ! m! i=1
/ /1 Tj—aj Y »
" B, — Bn(t;)|  dij
11 [@,bi] 0 bj —a; ! !
i=1

g 1/q;
_ }d?) (28.32)
4 ’ili[1[ai 7bi]

oMg

%—m(...,xj+1,...,$n)
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mf(%j j—1 7‘1_11' Uity Y
= (%(H(@—m)) ) <H(bi_ai)>
: i=1 =1
), ) pj 45/Pj 1/g;
(L (i) o))
aj 0 bj -4

J

om qj 1/q;
/n g(...,xj+1,...,$n) ) d$j+1...d$n .
T [a:,bi] 833j J
izjr qgwil;[l[aubi]

That is we find

m—L
1B, < (bj—a;) %
7 1a;

m!
(/bj (/1 B (xj _aj> — Bp(t5) pjdt,>qj/pjdx,>l/qj
a o | "\ bj—aj e / J
j=1,...,n. Similarly for f.
Using (28.34) into (28.30) we find

Z {{ b - CLJ _%
Pj 4 /pj 1/q;
T —
Bm ( bj — aj) — Bm(tj) dtj> d(EJ> }
87ng mf
l|f||pj o ]}
qj
proving the claim (28.13).
When p; = ¢q; =2,all j =1,...,n, then
1 i
Tl <5 Z {{ 2
b, 1 = a; 2 1/2
By, — Bn(t;) | dt; |dx;
Aj /0 b] o aj ( ]) J J
[ j}

Mg

m
ox j

3

a;

(1 (f

J

+llgll, ||

a5

omf
83:}”

"g

+ llgll2
2

8

(by [98], p. 352)

351

(28.33)

(28.34)

(28.35)

(28.36)
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Ly mot [ %[ (m})? N ET— 1/2
:ﬁ; (bj —a;)" > /aj W|Bgm|+3m b a dz;

a™g omf
[IfIIz P +lgllz)| 5w 1 } (28.37)
2 I 1l2

proving the claim (28.14).
3) Estimate with respect to || - ||1.

We see that
T < li " |F()|BY (x5, - . wn)|d
2
j=1 11 [as,bi]
i=1
+/ﬁ - l9(@)| B (... ,xn)m’] (28.38)
<L . 1A BY (25, -y zn)| n + gl B (x5, an)  w :
-2 o JNTI ’ oo7i£[j[ai,bj] A ’ oo7i1;[j[a,i7b¢]
(28.39)
By Lemma 3 of [29], (70) there, we have
(b _ a‘)mfl
|Bf(mjaxj+lv---7x71)| < jj,1 .
m! < H(bl — al)>
i=1
‘ 8xm(...,xj+1,...,xn) ; Bm(t)—Bm<b7_a7> (28.40)
J LT [ai 0] T ) llso,j0,1]

The special cases follow:
1)) When m = 2r, r € N we have (see again Lemma 3 of [29], (71) there)

(b —a;)* "

1B (zj,...,2n)| <

< =
(2r)! < [1®: - ai)>

=1

o _or _or xT; — a;
‘8—2{(“,x]‘+17-~-,$n) ) l(1—2 2)|BQT|+2 ZBZT_B2r<bj_ j>‘|
mJ 1, ﬁ [a'hbi] I aj
i=1
(28.41)
Consequently, when m = 2r, r € N, we have
b _a4)2r 82rf
Bl(zj,...,za)| = (b —a;
H j (mja y L )”OO,vHV[ahbi] = (27‘)' aﬁir
i=j
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272TB2T _ B2r <x1 — a’j)
bj — aj

2) When m = 2r + 1, r € N (see again Lemma 3 of [29], (72) there)

] . (28.42)
[%717 ]

[(1 —272)|Bar| +

(b _ a()Qr
|B{(mﬂ)7x7l)| S : j_lj
(2r +1)! ( [T - ai)>
i=1
o2+t 2(2r +1)! zj —aj
/G T ma)|| [ i gz | |Prri| :
‘ Ox; 1T (i) (27) (1—2727) bj —a;
i=1
(28.43)
Consequently, when m = 2r + 1, » € N we have
(b —a ,)2r+1 82r+1f
1B (-l < T
oo, I [ai,bi] (2r+1)! o} .
2(2r +1)! xT; — a;
Bs,. J J . 28.44
l(zw)wlu “go TP (bj - aj> ] (28.44)
007[a'j7bj]
3) When m = 1, we get again from Lemma 3 of [29], (73) there, that
1 af
Flo. = )
|Bj(xj,...,xn)|§j71 8mj(...,xj+1,...,xn) ;
[1®: - ai) R
i=1
1 i +b;
5+ |- <aJ . J)H (28.45)
Thus it holds
bj —aj) || Of
Bl(zj,...,x)|  » <Gz a) 0P |y 28.46
| J(xjv ) L )H 1;[[111; § 2 aﬁj Oo[ + b Clj] ( )

Similar conclusions follow for g.
Using (28.42), (28.44) and (28.46) into (28.38)—(28.39) we derive:

1)" Case of m = 2r, r € N, then

Tl < ,Z{b—%

Jj=1

272TB2T _ 32T <x1 — a’j)
bj — aj

Oo)[aj7bj]‘|

[(1 —272)|Bar| +



a2rf

2r
ox :
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+ [lgllx
oo

1 } (28.47)
2)" Case of m = 2r + 1, r € N, then

n
2r+1
1< gy 3o {
j=1

82r

2(2r + 1)! v —a
+ || Bar J __J
[(ZW)QT+1(1 ) 2r+1 (bj —a; ) 1
00,[aj,bj]
(‘)2T+lg 2r+1f
l|f||1 921 + llgllx Fyes) . (28.48)
3)"” Case of m =1, then
1 n g af
I'<- bj —a;)(1+b; — — — . 28.4
| |4;{<J a;)(1+b; - )lllfll el IR 01 e H (28.49)
That is proving all the claims. t

When m = 1 our basic assumptions are simplified to

0
Assumption 28.10. Let f and the existing 8—f, 7 =1,...,n, be continuous real
T
. J
valued functions on H[ai, bi].
i=1

Assumption 28.11. Here j =1,...,n. We assume

1) f: H ai,b;] — R is continuous.
2) For each j=1,...,n, we suppose that
of

gj(-)I 83} (xl,...,$j,1,-,xj+1,...,$n)
J

exists and is real valued with the possibility of being infinite only over an at most
countable subset of (aj, b;).
3) Part #2 is true for all

(xl,...,xj_l,xj+1,. EHCL“ i

4) The functions for each j =1,...,n,

J Pl J
SDJ(A) = 8%{( [R) 7xj+17 '7xn) S Ll (H[al7b1]> )
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for any (2j41,...,%n) € H (@, by].

i=j+1
Assumption 28.12. Parts #1, #4 of Assumption 28.11 remain the same. We
further suppose that for each j =1,...,n and over [a;, b;], the function
f(irla cee 7xj717 '7xj+17 e 7xn)

is absolutely continuous, and this is true for all

(xl, ey L1, Ty - - ,Jin) S H[ai, bz]
i=1
i#j
We give
Corollary 28.13. Let f,g as in Assumptions 28.10 or 28.11 or 28.12. Denote by

1
K= [, f(@)(@)iz
I1 [a:,bi]

H(bl — ai) i=1

g(Z)dT | . (28.50)

1 1
- ni/n f(@)dz ni/n
H(bl — ai) i=1[ai7b¢] H(bl — ai) il;ll[ai’bi]

i=1 =1

Then we have:

1) By assuming that %gj, 88—3{] € Leo <i1:[1[ai,bi]>, forj=1,...,n, it holds

K (f,q)] < %{ i(bj - aj){4\/§ —In[3a; + 2\/§(bj — aj) — 3b;]

=1

+1In[—3a; + 2V3(b; — a;) + 3bj]}

of ] } (28.51)

[FAIPS T
1 1 .

2)Let pj,q; >1: —+ —=1;j=1,...,n. Suppose also that
pj j

99
833j

+ llglloc

oo

8xj
4a;

dg  Of T
8xj’ 8xj < qu <H[a“bl]> :

=1

It holds

(K (1.9 <
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b; 1 p; 45 /P; 1/q;
’ T —a;
STl aty dz;
(1 (o) "))
Jg of
lllfllp,- 3 + [lgllp, or; H (28.52)
a5 qj

When p; =q; =2, all j =1,...,n, it holds

=1

1 n
K. < - Z{ b, — aj)*?
48 <H(bl - a”) !

{4v3 —n[3a; + 2V3(b; — a;) — 3b;] + In[—3a; + 2v/3(b; — a;) + 3b;]}

dg of
[Ilfll g |+l 7 | } .
3) Assume again
89 3f n -
axj axj ELoo <H[azabl]> ) ] = ].,...7’)7,,
It holds
(1+0b; —aj) of
fg)| 4 Z{ ] [”f” H z; + gl a—% ‘| } (28.54)

H[a b;

i=1
i#]

Proof. By Theorem 28.9 and
b 1 z;—a; 1\° (b —aj)
J 4 j — 4y
_ = P 28.
/aj <\/12 * (bj p 2) de; 24 (28.55)

{4v3 — n[3a; + 2V3(b; — a;) — 3b;] + In[—3a; + 2v/3(b; — a;) + 3b;]},
j=1...,n. O

Remark 28.14. In the Assumptions 28.3 or 28.5 or 28.7. We further suppose that

! !
Ay
J J
forall j=1,...,nand alll=0,1,...,m — 2.
In that case A; =0,j=1,...,n, see (28.9). So if we consider f, g as above, we
also find A =0, j=1,...,n

(.ovajy...), (28.56)
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In that case, see (28.11), it collapses to

Aifg) = /n f(@)g(Z)da
11 o bl

1 o -
_m </ﬁ1[ai,b4 f(:t)dx) </ﬁ [ahbi]g(x)dx), (28.57)

i=1
that is simplified a lot, etc.

Remark 28.15. Let [¢;,d;] C [a;,b;], i =1,...,n. Let u be a probability measure

on (H[ci, d;], P < H[ci, dl]> ), P stands for the powerset.

i=1 i=1
Let f as in Assumptions 28.3 or 28.5 or 28.7. Then by Theorem 28.4, see (28.8),
we have

M:=| / F(@)ldT) - / F(T)T
il;ll[cudi] o 11 [as,bi]

-> / . Aldp (28.58)
J=1 il;ll[Ci7di]
= ) Bldu| < / ., \B |dp. (28.59)
jzl~/il_[1[c«;,di] J J:Zl Hl[ci,di] J
When conditions (28.56) are valid then
1
M= [ H @@ - [ p@aE| (2860
[T [ai,bi]

il;[1[6i’di] H(bz - CL@) i=1

i=1
When m =1 then again M is given by (28.60).

We present the second main result, now is regarding comparison of integral
means, see also [30].

Theorem 28.16. Let f as in Assumptions 28.3 or 28.5 or 28.7. Let p and M as
in Remark 28.15, see (28.58). Additionally assume that

uELOO (H[ai,bi]>, j=1,...,n; meN.

ox™
J i=1

Then
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1)
1 - m amf
M<%Z{(b.7_ J) ox™
j=1 J [e%e]
(m!)? 2 (xj _aj> s
. Bom| + B:, du(x =: L.
( /H » <\/ 1B Pt Jaucw) 1
i=1
1 1 . .
2) Let pj,q; > 1: p_+q_ =1,j=1,...,n, it holds
J J

n j—1 —1/4q;
<mi2{b—aj §<H(b1—al)>

i=1
< < |
A les,ds] A

B, <$j &j) - Bm(tj)
b —a;
i=1

4 1/aq;
X </n ) d,u(?)) } = Lg.
,il;[1[c’i7di] qj7i1i[1[a'i7b’i]

When p; =q; =2,j=1,...,n, it holds

3

amf

8mm(...,$j+1,...,xn)

/ )" |+ B2 (xj _aj) dp() "
" | P2m m\ 7
i=1
2 1/2
» (/ du@’)) } - L.
il;ll[crndi] 2, l;ll[ai,bi]

3) (i) Case m = 2r, r € N, it holds

amf

8mm(...,$j+1,...,xn)

( /H » dum)

J
1, [ [ai,bi]
=1

(28.61)

(28.62)

(28.63)
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[(1 —27%)|Bar| +

2*27‘B2T B, (b H ‘| } =: Ly4. (2864)
J

(i) Case m =2r +1, r € N, it holds

52r+1f
W(...,$j+1,...,xn)

du@’))

< /ﬁ leisdi]
i=1

l 2(2r +1)!

J
LT [ai 0]

1 } =: Ls. (28.65)

(27.‘-)2r+1 (1 _ 2—27")

(i) When m = 1, it holds

< /ﬁ [ci,di]
=1

Proof. We rely on (28.59).
1) Estimate with respect to || - ||co. From (28.27) we obtain

_ du(?)> } =: L. (28.66)
1’¢1j1[ai ’bi]

b —ay)" || o s (m)? z —
Bf e x| < ( J J Bom B2 .
| J(mJa » L )| = m) 8x;n <\/( ) | 2 |+ b — aj ’
(28.67)
all j=1,...,n, any (z;,...,2 EHazaz
Thus
1 & o f
f M
Z/ [e1.di) By = {(b] )" oy
q,aq J:]_ J [e'e)

w 2 (T —aj z
</ﬁl[ci,dd <\/(2m)! [Bom| + B (bj —a; ))du( )> }’ (28.68)

proving the claim (28.61).
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. . 1 1 .
2) Estimate with respect to [|-||,. Herep; > 1,¢; > 1: —4+—=1;j=1,...,n.
pj gy
By Lemma 2 of [29], see (28.62) there, we derive
P 1/p;
dtj>

o= (e[ (T g
< bia (H(bz ) (/ B (222 - Bty
, (28.69)

Pl bj —aj;
J
q;j, I [ai,bi]
i=1

o f
@(...,l'jq,l,...,xn)

n
true for all (z;,2j41,...,2Zn) € H[ai,bi], ji=1,...,n.
i=j

Hence we have
n n j—1 *1/‘11'
f 1 m—-L 2
Z ” |Bj |dp < oo} Z (bj —aj;)" % H(b1 - a;)
i=1 '

,il;[1[6i’di] ’ J=1
P; /ps
dtj)

[( |
/ﬁl[cudi] /0
A ] d,u(?)} (28.70)
qjyll[ [@i,bi]

T — s
B, (3% _p «,
<bj—aj) &

i=

—(...,$j+1,...,xn)

[y

B, <xj — ‘”) — Bu(t))

bj — aj
qj 1/q;
A ) dum) } (25.71)
4. 11 [as,bi]

i=1

</ﬁ o] </0

i=1

" (/n (
I1 les,di]
i=1

proving the claim (28.62).
When p; =¢; =2, j=1,...,n, it holds (see p.352 of [98])

n 1 n I
Z/ﬁ[ d]|B{|dﬂ<%Z{(bj_aj) 2
j=1 2 Ci,di

Cim

87?’7. f

O™ (...,ij_,_l,...,xn)
J
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j-1 —-1/2 (m1)? v 1/2
v-a)) (/. B+ B2 (P22 ) Jau(#)
<11:[1 1 fes.d] (2m)l? bj — a;
2 1/2
: ( I J_ dum) }
11;[ ci,d;] Qvil;ll[aiabi]

proving the claim (28.63).
3) Estimate with respect to || - ||1. The special cases follow:
(i) When m = 2r, r € N, by (28.4) we obtain

- Loy~ ) eyt
;/ﬁl[wi] ' (zr)!;{(l(b- ’)

87?’7. f

895 ("'amj+1a---7x77,)

aQrf

8$2T ( sy L4l - -axn)

(/ﬁ feo.d]
i=1

A dﬂ(7)> [(1 — 27| By |
LT fa i)

] } (28.72)

(ii) When m = 2r + 1, r € N, then by (28.43) it holds

n 1 (b —a‘)QT
Bf < J J
j—zlfﬁ [ci,di] | / |d'u o (27‘ + 1)! Z { <j—1 )

+{|272" By, — B, <xj — aj)
bj — aj

=t H(bz —a;)
i=1
52r+1f
</n W(...,$j+1,...,xn) ; du(?)
AL fessdsl 111 facb]

) = 27 ] } (28.73)
(iii) When m = 1, from (28.45) it holds

I~ | (14b; —ay)
E: f }: J J
/ lei |B]|du§§ {jl

( Ji _ dum) } (28.74)
il;Il ciydhi] 17‘1j1[aiabi]

proving all claims. O

l 2(2r + 1)!

of

5%( amj+1a---7x77,)
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We give

Corollary 28.17. All as in Theorem 28.16.
1) Let m = 2r, r € N. Then

M S min{Ll, LQ, L3, L4}

(28.75)
2) Letm=2r+ 1, r € N. Then

M S min{Ll,Lg,Lg,L5}. (2876)

Next we compare means when m = 1.

Corollary 28.18. Let f as in Assumptions 28.10 or 28.11 or 28.12. Let u as in
Remark 28.15. Additionally suppose that

Then

L L. (28.77)

(f F Wl—g (= %>2>CW)>}

1 1
2) Let pj,q; >1: —+ —=1,j=1...,n. It holds
pj q;

j—1 -1/,
M<Z{b—aj 1J<H(b1—az)>

=1
1 P 1/p;
L] dt; ) dyu(F)
I fec.di] \ Jo
q;

1/q5
) du(?)> } =:L,. (28.78)
a5, ﬁ [@i,bi]

i=1

Tj — Ay

bj—aj J

of

%j(...,x‘rﬂ_,...,fn)

(/.
I leidi]
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When p; =q; =2,j=1,...,n, it holds

n

Proof. By Theorem 28.16.
We end chapter with
Corollary 28.19. All as in Corollary 28.18. Then
M < min{L}, L}, L}, Lg}.

Proof. By Corollary 28.18 and (28.66).

363
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(28.80)
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Chapter 29

Multivariate Fink Type Identity Applied
to Multivariate Ostrowski, Comparison of
Means and Griss Inequalities

We present a general multivariate Fink type identity which is a representation for-
mula for a multivariate function. Using it we derive general tight multivariate high
order Ostrowski type, comparison of means and Griiss type inequalities. The esti-
mates involve L, norms, any 1 < p < co. This chapter is based on [39].

29.1 Introduction

The article that motivates the most this chapter is of A. Fink (1992), see [141],
where he presents among others a representation formulae for a univariate function.
We generalize this to multi-dimension, see Theorem 29.6. Using this multivari-
ate representation formula we derive multivariate Ostrowski type inequalities, see
Theorems 29.9-29.12. We continue the comparison of general multivariate integral
mean to Riemann integral average, see Theorem 29.15. Then we present multivari-
ate Griiss type inequalities, see Theorems 29.17, 29.19, 29.20. At the end we apply
the general results to the cases: of a two dimensional function involving partials of
order one, see Corollaries 29.23, 29.25-29.33, and of a three-dimensional functions
involving second order partials, see Corollaries 29.36, 29.38-29.46. The results here
are also motivated by the works of Ostrowski [196], Griiss [150], and of the author
[16], [17], [24], [38]. We would like to mention the following inspiring results.

Theorem 29.1 (Ostrowski, 1938, [196]). Let f: [a,b] — R be continuous on [a,b]
and differentiable on (a,b) whose derivative f': (a,b) — R is bounded on (a,b), i.e.,
[f'llec = sup [f'()] < +o0. Then

te(a,b)

b r — atb)?
[ s < i+%} (b~ a)l 7l

for any = € [a,b]. The constant 1/4 is the best possible.

Theorem 29.2 (Griiss, 1935, [150]). Let f,g integrable functions from [a,b] into
R, such that m < f(x) < M, p < g(z) < g, for all x € [a,b], where m, M, p,o € R.

365
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b—a/f dl“—( /f )(b_a/bg(x)dx)

< T —m)(o — p).

Then

29.2 Main Results

m
Here [][as;,bi] CR™, m,n € N.
i=1
We mention

General Assumptions 29.3. Let f: H [ai, b;] — R. We assume

1) for j =1,...,m we have that
8n_1f
n—1

3xj

is absolutely continuous in s; on [a;, b;], for every

(331,332,.. <3 Lj—1,85,Lj+1,- - .,ﬂfm)

(3}1,%2,...,xj_1,$j+1,..., E H CL“ 1
1753
2) for j =1,...,m we have that
877.f
al.n(sl,...,Sj,$j+1,...,$7n)
J

J
is continuous on [] [as, b;] for every

i=1
m
(Tj41,--,Tm) € H la;, bj]
i=j+1
3) for each j =1,...,m, and for every £ = 1,...,n — 2, we have that
o'f
W(Sl,SQ’ .. .,sj_l,xj, e ,a:m)
J
i1 m
is continuous on [] [as, b;], for every (z;,...,zm) € []la;,b;].
L Ll
7 . =]
4) f is continuous on [] [a;, b;].
i=1

‘We mention

Brief Assumptions 29.4. Let f: H[al, b;] 1.
=1

m
i=1,...,m, are continuous on H [a;, b;].
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‘We mention

Definition 29.5. We put

ks, ) = {

We present the representation result of Fink type.

si—ai,  a; <s; <xp < by,

i=1,...,m.
s; —biy,  a; <y <85 < by, Y

Theorem 29.6. Let f as in General Assumptions 29.3 or Brief Assumptions 29.4,

(331, . ,ﬂim) S H[az,bz]
j=1

Then
f(xl,...,xm):mni/m f(s1,.0y8m)dsy - dsm—i-ZTl, (29.1)
(0 — a) 7 fh o0
j=1
where fori=1,...,m we set

T =T o ni1 n—k
i = i(xi,...,xm) = 7 Z %l
_Hl(bj —ay) | k=1
J:

ak 1f b
X iﬁl[aj,bj] W(Slvs%---aSi—labiaxi—&-lv---amm)('xi_bi)
j=1

8k—1f
9kl

ni—l

+ - / (i — s0)" k(i x3)
(n =1 1] (b —ay) Jfests

=

877. f
ox?

k
(51,82, -+ 8im1, @iy Tig 1, -+, Tn) (T7 — a5) )d81d82 : -'d8¢1}

X (51,82,...,si,3:¢+1,...,mm)d51d$2~-~dsi>. (292)

n—1
When n =1 the sum > in (29.2) is zero.
k=1
For the proof of Theorem 29.6 we need Fink’s identity.

Theorem 29.7 (Fink, [141]). Let any a,b € R, f: [a,b] — R, n > 1, f*~1 s
absolutely continuous on [a,b]. Then

f@) = /f Bt — Zl( .)(f“”(a)(w—a)z—ﬂk1><b><x_b>k)

—a

e T — n—1 T (n) .
e g T VIO (203)
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where

t—a a<t<zxz<b
k(t = ’ - ==
(t,) {t—b, a<z<t<b.

n—1
When n =1 the sum »_ in (29.3) is zero.
k=1

Proof of Theorem 29.6. Here we apply (29.3) repeatedly. We have

by

n JTm)dst + Ti(@1, ... o), (29.4)

foseeim) = = | o

where

n—1
1 n—k OFLf (b, 2o, .. o)
T1(331, e ,l‘m) = m E < %l ) ( ax’ffl (331 - bl)k

k=1

8k—1
f(al,xg, ces ) (1 — al)k>

_ax’f_l
1 by . 8nf
— n= —_— e T . 29.
+(n—l)!(b1 ) /a1 (1 — s1) k(51,3}1)6$?(51,3}2, s T )dS1 (29.5)
But it holds
ba
f(s1, @, ..., o) = 0 ﬁag f(s1,82, @3, ... %y )dss
n—1
1 n—k\ [0 Lf
+ S1,bo, T3, ... T ) (e — bo)F
(bg—az)kz_l< Kl )(ax’;—l(l o @2 =b)
akfl .
— ———=f(s1,0a2,73,...,2p) (22 — az)
dxk—1
1 b L
* (n—1)!(ba — ag) / (w2 = 52)" " h(s2, 2)
X ggci (S1,82,%3, ..., Tm)ds2. (29.6)
2

Combining (29.4) and (29.6) we obtain

n2 b1 b2
ey D) = ,82,%3,...,Tm)ds1d
f(@1, 22, m) B a0 s —a2) /a1 . f(s1,82,@3,..., @ )dsids;

—|—Tg(xg,xg,...,a:m)+T1(a:1,...,x,n), (297)
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where

To(wo, T3, .., Tyy) 1= ( n )ZZi(n/;k)

b1 — 0,1)([)2 — ag

b k—1
1 a f &
X <L1 (W(Sl,bg,xg,.. .,xm)(xg —bQ)

8k—1
- T{(sl’ a2,X3, ..., Tm)(T2 — ag)k>d51>

0%
n by by 1

+ To — 82)" "k(s2,x
T TG L, ), ) o)

X (81,82, 3, ...,Tm)ds1dss. (29.8)
ozl

Next we observe that
n bs
f(sla 52,L3,... ,l’m) = b f(817827 53,24, .- 7xm)ds3
3 — a3

n—1
1 n—k\ (o Lf &
+m <; <T) (W(Shsg,bg,x% ey Tm) (T3 — b3)

akfl
_—aa:k_{ (51,52,a3,%4,. .., Tm)(23 — a3)k>>
3

1 bs .
_ g1
D) — ) / (25 = so)" ™" klss, )
5(51,52,33@4,...,a:m)d53. (29.9)
* 0wy
Combining (29.7) and (29.9) we derive
n3 b1 pba b3
flxi, e, ... xm) = 37/ / f(s1,82,83,%4,...,2%m)ds1dsadss
as
i=1
+ T3(23, 4, ...y 2m) + 11 + T3, (29.10)
where
n? ik
Ts3(x3, Ty, Ty) = <37> (Z( i >
[1(bj —a;)/ ‘=t

j=1

bi b2/ gk— 1 )
/ / (8 —7(51,82,b3, %4, ..., T ) (23 — b3)
k—1

o f(81782,a3,$4, e T (T3 — a3)k>d81d82>>

T g k1
Oxs
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) </3 (3 — s3)" 'k(s3, x3)
(b — aj ) jl;ll[aj7bj]

X 5(51,52,83@4,...,mm)dsldSst?,). (29.11)
Oxy

We also observe that

TL2
o (—
(n—l)'H

an

by
f(s1,82,83,84, 5, ..., Tm)dss

n

f(81,82783,$4,...,$m) = b4 g

8k—1f
- Z( ) <6xk1 (51,82, 83, 04,5, ..., Tm) (24 — bg)"
4

8k—1f -

_ leil(sl, 592,83,04,T5, ... ,a:m)(g;4 _ &4)k>

1 ba L

+ Ty — 84)" “k(sg,x
T , (s e
877.
3 ——-(51, 52,53, 84, T5, ..., Tm )ds4.

(29.12)
Combining (29.10) and (29.12) we obtain

f(xl,xg,...,a:m)

4
= 4n7/4 f(s1,82,83,84,Z5, ..., Tm)ds1dsodssdsy
l:ll(bj —aj) jl;ll[aj’bj]
+ YT, (29.13)

n-1,
Ty(wa, @5, Tm) 1= (ﬁ) {];( k! k) [/j]i[l[aj,bj]

j=1

where

51@ 1 .
<axk_1 (817 52,53, b47 T5y .- 7xm)(x4 - b4)
4

g f(sla 52,53,04,T5, ... 7xm)(334 — a4)k>d51d82d83‘| }

( ) </4 (24 — 54)" " k(54,24)
(n—1)! b —aj) JINCR

13

8 —(81,52,53,84,T5, ..., Tm)ds1 dsy ds3 d54> . (29.14)
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etc. proving the claim. O
We make

Remark 29.8. For i = 1,...,m denote

nit Sk
Ai(xiaxi+17"'7xm) = - Z k!

[1(bj —a;)/ k=1
7j=1
8k—1
X {/1[ | <a$—k_.]1c(sla 82,4, 8i—1, bia Lid1ye-- 7xm)(xi - bl)k
IT [a;,b; i
k—1
—%(81, 82,00y Si—1,Q5, Li41y- .- ,$m)($i — ai)k>d81d82 .. .dSil}.

(29.15)

When n=1then 4; =0,i=1,...,m.
Also we denote

i-1
Bi(@i, Tit1,- - ) 1= < ni ) (/ (@i —s0)" k(si, )
(n= D! T] (b — ay)/ \7 Lo 0]

j=1
X Lf(sl, 82,y Siy Litly--- ,xm)dsl s dSi . (2916)
ox?
That is

Thus by (29.1) we derive

Ef(z1,...,zm) = f(z1,...,2m)

nm m m
“m /m f(sla s 75m)d31 <o dsy — ZAZ = ZB1 (2918)
(bj — ay) 7 1 lanbil i=1 i=1

jif=

Thus
|Ep(1,. . xn)] <Y |Bil. (29.19)
=1

Next we estimate F/; via some Ostrowski type inequalities, see Theorems 29.9 —
29.12.
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Theorem 29.9. Assume all as in Theorem 29.6. Then

nifl

o'f (= _n
oo (bi —a;)

Ox™ '7xi+17~'~7xm)H
%

|Ef(z1,. .. 2m)| < ﬁ{‘

y [(bi(bi — ;)" ;ai(xi - ai)”)
I B e

_( 335‘&?7>\+1 N x?)\lb;\+2>
(n—A+1) (A+2)

Proof. We observe that

i—1
|Bi| < < ni ) </ |2y — i "k (si, 24
a;) [T [a5.;]

(n—1! T (b — i=

}, V(Jil, .. .,a:m) S ﬁ[aj,bj]. (2920)

j=1

j=1
X g—m;(sl,s%...,Si,$i+1,...,$m) dSl'--dSi>
ni—l 8nf —i—
< - - o Tig1s e Tm
== Db — ay) 696?( Tt ¥m)
b;
x/ lz; — s4|" " Hk(si, i) |dsi =2 (%). (29.21)

We find tha‘z
/ |$l — Si|n_1|k(8i, x1)|dsl

Z; bi
= / |$l - Si|n_1|k(8i, x1)|dsl + / |$l - Si|n_1|]€(8i, x1)|dsl

i ers

Z; bi
/ ({EZ‘ — Si)n_l(si — al)ds@ + / (51‘ — (Ei)n_l(bi — sl)dsl

i ers

(bi(bi — )" — ag(z; — ai)")

n

O e e s

_ ((?ﬁyxfll) N x?(:;’;‘; ”)} o (29.22)
Therefore we get L

(x) < m gz; (77 a:m,...,a;m)Hoo%. (29.23)
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Finally we find

m i*l
| f(mla y L Z n—l b _az)

i (29.24)

oo

‘anf (;;

ﬁ ',$i+1,...,$m)
i

proving the claim. O

We continue with

Theorem 29.10. Assume all as in Theorem 29.6, and

8 H aj,b; =1,...,m.
j=1
Then
>
- onf
i=1
|Ef($1,$2,-..,xm)|§ (n_1)|Hasz -
nifl bl(bZ — (Ei)n — ai(xi — ai)”
X
(b1 — ai) n
n—1 _ 7'7,+1 )\ 7'7,—)\+1
+ Z n 1 (_l)nf)\fl (n+ 3)1‘1 _ Zia;
— A A+2)(n—X+1) (n—XA+1)
x(L—A—lb}+2 m
R ) . 29.25
+ (}\_’_2) >} ’ v(3:17 y L Ha‘ ( )
Jj=1
Proof. From Theorem 29.9. (]

Next we give

Theorem 29.11. Suppose all as in Theorem 29.6, and let p,q > 1 such that
% + % =1. Then

o

= n1—1

n—1)! izl

(bi —ai) (T (b; — aj))l/p

j=1

% { (2 — @)™ + (b — )" B((n — 1)g + 1, ¢ + 1)}/
O

" H o (7

|Ef(z1,. .. zm)| < (

7xi+17-"7mm)

, Y(x1,. .. 2m) € Haj, . (29.26)
P j=1
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Proof. We notice that

1—1 n
|B7f| < ( ni >‘ %(Aaxi+la ~7xm)
(n =!I (b — ay) ’ b
Jj=1
by YVa (i1 /e
X </ |zi — Si|q("_1)|k(5ia$z')|qd3i> 115 —ay)
a; j=1
(by [242], p. 256)
B ni—1
| i—1 1/p
(n — 1)(1)1 - 0,1)(1_[1([)] - aj))
=

s (2 — )" + (b — 2)" T B((n — g+ 1,q+ 1)}/

of

8x"( "7xi+1;---7$m) s
7

r

proving the claim.

We also present

Theorem 29.12. Suppose all as in Theorem 29.6. Then

Z: Tli_l n
|Ef(x1,...,xm)| < ( =1 Z (max(xi—ai,bi—xi))
I

}, V(l‘l,...,ﬂim) (S H[aj,bj].

Proof. We observe that

i—1
1B < - (L aum, fos =l ko2
5:€[ai,bq
(n—1)! .Hl(bj — a;)
=
onf =
a?( ,$i+1,...,$7n)

1
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i—1
< ni (max(mi —a;, by — xl))n
(n =!I (bj — ay)
j=1
O f o
%{:(---,xﬁl,...,xm) 5 (2929)
’ 1

proving the claim. O

We give
Corollary 29.13. Assume all as in Theorem 29.6. Then
|Ef(z1,. .., zm)] < min{R.H.S.(29.20),R.H.S.(29.26),R.H.S.(29.28)},

where p,q > 1: %—!— % =1,Y(x1,...,2m) € [][as bi].
i=1
Proof. By (29.20), (29.26) and (29.28). O

We proceed with the comparison of integral means. For that we make

Remark 29.14. Let [¢;,d;] C a4, b], i = 1,...,m. Let u be a probability measure

(H[Ci, di], P (H[Ci, dJ)) )

P stands for the powerset. Then

nm

/m f(irla...;xm)dﬂ_mi/m f(817'~'78m)d81"'d8m

Hfevtd [1(b; —a;) 7 1o

j=1

-Y e A

i=1 7 Il [ci di]

i=1
= /m E¢(z1,...,2m)dp S/m |E¢(21,. .., Tm)|dp. (29.30)
11;[1[01',%] i];[l[ci,d,i]

We conclude

Theorem 29.15. Suppose all as in Theorem 29.6, and %{f € Loo(l_[l[aj,bj]),
j=
i=1,...,m. Let [¢;,d;] Clas,bi], i =1,...,m and u be a probability measure on

(H[ci,di],P (H[q,di]» :
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Then

/m f(a:l,...,xm)d,u—mni/m f(s1, ..y 8m)dsy - dsp,
I [ej.d;] I [a;,b;

i=1 [ [ci,di]
i=1
z:: 5”f ni=1 1
T =i [.. (b — i)™ dp
(bi = aa) [\ "] fey.y
j=1
- a; /m (z; — al)”d,u>
11 [ej.d5]
Jj=1
n+1
i, 1 (W43 [ 1 a7
+ Z <TL— ) nf)\fl j=1
= A+2)(n—A+1)
n—A+1 by A+2 n—A—1
a; rid b: m z! d
fj I1 [ej.d;] o ! fjlill[cj;dj] ! a
— + — . 29.31
(n—=XA+1) (A+2) ( )
Proof. We use (29.25) and (29.30). O

Similar results to (29.31) can be derived by integrating against u the inequalities
(29.26) and (29.28).
We continue with Griiss type inequalities

Remark 29.16. Let f,g: [][ai,bi] — R as in Theorem 29.6. Then by (29.1) we

=1
obtain
nm
f(irla"'axm):mi/m f(S]_,...,Sm)dS]_---dSm
I (6 — a;) /o0
j=1
+ ZTif(wi,le,...,xm), (2932)
i=1
where Tif as in (29.2), and
nm
g(irla"'axm):mi/m g(sl,...,sm)dsl---dsm
T (b5 — aj) * [l 12502

j=1

+

'MS

T-g(xi, Tigtty--- ,xm),V(xl, . 71'771) S H[aj, bj] (2933)
1 i=1

3
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Therefore

flar,..xm)g(@r, ..., Tm)
= 79(331,...,33,71)/7,1 f(s1,. ..y Sm)dsy - dsm
1T [a;,b;]

+ g1, x) <ZTif(a:¢,...,a:m)> , (29.34)

and

= 7f($17...7$m)/m 9(s1,-. -, Sm)ds1 -+ dsm,
H [a‘j’b']

+ f(@1,. s Tm) <Zﬂg(xi,...,xm)> : (29.35)
i=1
Consequently after integration we get

/m f(irla"~7xm)g(l'1,...,$m)d(£1---dgt,m
[ajvbj]
1

j=

nm

= m /m g(mla"'vx’ln)dxl"'dx’ln
[T (b —ay) \” 1L, lesb5]

=1

X /m f(irl,...,xm)dgyl...dxm
Hl[aj:bj]

j=

+ /m [g($17-~-axm) <ZTif(xia~'~axm)>‘|dfl"‘dxm. (29.36)
i1 (a1

; i=1
j=1

Similarly we have

/m flxr, . . xm)g(@e, .. xm)day - - - day,
[ajabj]
1

j=

3
S

= & /m f(xlv"')mm)dml"'dx'yn

(bj — a;) \” 11 las.bs]
j:
X /m g(fl,...,xm)dgyl...dxm
1 [a5.b;]

+
—

lf(xl, ey Tm) <Z T (x,. .. ,xm)>] dzq - dzy,. (29.37)
[a;,b;] i—1

J



378 ADVANCED INEQUALITIES

By (29.36) and (29.37) we obtain

/m flxy,...,2m)g(x1, ... 2p)dzy -+ - dopy,

II [a;,b;]
j=1

_mni (/m f(xl,...,a:m)dajl---da:m)
jHl(bj —az) \" 1ot

X (/m g(xl,...7xm)d(p1...d$m
[a;,b)]
j=1

:/m lg(xl,...,xm)<21}f(xi,...,xm)>]dx1---d;vm
I1 [aj,b;] i=1

= /m [f(a:l, e Ty) (Z T (x4, - .. xn))] dey - daep,.  (29.38)
,lill[awbj] i=1

We conclude that

: (/ﬁ [amﬂg(?)d?) - % Vﬁ 051 F(?)(iﬁ(% ’mm)>
+ f(?)<§:7; (a:l,...,mm))]d?] (29.39)

Remember by (29.17) for ¢ = 1,...,m that
T @iy oy wm) = Al (@i, ) + Bl (i, ), (29.40)

and

T @iy xm) = AV (@iy .. xm) + B (24, ..., ). (29.41)
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379
We call and observe that
— n'" —
As,9) ¢=/ f9d@ — /m fdz
1:[1[‘1_7 ,b5] H b — Q. ) H [a;,b;]
1= J: ji=
X gd@ | — = m {g(?)(ZA{(a:“,a:m))
H [a17 ] aJ7 J] =1
J_
f(?)(ZAf(xi,...,xm) d?]
i=1
1 / - ( SNy
=35 m g(x) B’L(xi7"'7xm)
2 l J_Hl[aj,bj]l ;
+ f(T) (Z B (xi, ,xm))] d 1 (f,9) (29.42)
i=1
Clearly we obtain that
A9 < glloo{Z<H bj — aj)
i=1 \j=1
x/m |Bif(xi,...,xm)|d;vi---d;vm>}
[T [a;,b;]
j=1i

m i—1

+||f||oo{z (H(bj —aj) /m |BY (2, ...y &) |d; - - .d$m> }‘| .

i=1 \j=1 jl;[i[aijj]
(29.43)

We state the established Griiss type result.

Theorem 29.17. Let f,g: [][ai, bi] — R as in Theorem 29.6. Then
i=1

/ . fod® — — / N fdz
JUACEN

jl;[1(bj — ) jl;[l[a,-7bj}

1 m
ST ——[/m [g(?)( Al

IRCER) 2 IRERE ;
£(7) <ZA9 (... m))}ﬁ]
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1 m

m 1—1
+ ||f||oo{z <H(bj — a;) /m \BY (i, ..., Tpn)|da; - - .dxm> H (29.44)
i=1 \j=1 jl;[i[%bj]
We make

Remark 29.18. Let p,q > 1: % = 1. Suppose

1
p

_|_
m
Bif,Bg (Haj, =1,...,m.

From (29.42) and Hélder’s inequality we obtain

IC(f,9)l
1 m / . s .
<3 m lgC|B] (23, -+ 2 |dT
2 [2( {1 a3

+/m |f(7)||3f($i,---Jhn)ld?)]
[1 [a;,b;]
l{i[| || B yeaz)
<5 gP(/m B@ TiyevoyTm qu)
2|z {1 la;.0;]

=1
1/q
+||f||p</m |Bf<xi,...,xm>|qd?) (29.45)
AH[aj’bj]
j=1
1 m 1—1 1/q
— 5 |(T6s =)l
i=1L Nj=1
1/q
x / \Bf (i, ..., xm)|%dz; - - - day,
E‘[G‘j’b]‘]

1/q
—|—||f||p</m |Bf(xi,...,xm)|qd;vi---dxm> }1 } (29.46)
H»[aj’bj]

We have established the following Griiss type result.

Theorem 29.19. Let f,g: [[;~;[ai,bi] — R as in Theorem 29.6. Let p,q >
1: %4— % =1. Assume

B/, B! c L, laj,b] |, i=1,...,m.

e

j=i
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Then
’ . L o — /m fdz
jl;[ [a;,b;] jl;ll(bj —a ) jl;[l[aj:bj]
1 m
<\ [z ——Vm [gm( Al
1 [a5.b;] 2 1 fas,b;] 12:;

(ﬁ(bj - a»)l/q{mnp

i=1 [ \j=1

1/q

—|—f(?)<§Af(m¢,...,mm))]d?] < %{i

QU

Lm

X /m |Bf (xi,...,xm)|%dz; - --
I [a;,b5]

j=i

1/q
v ||f||,,</m BY (2, )| - -dxm> H } (29.47)
I1 [a;,bs]

We derive the last Griiss type result.
Theorem 29.20. Let f,g: [[i~,[ai,b;] — R as in Theorem 29.6. Assume %,

g%ﬁ, i=1,...,m are continuous. Then
/m fgd?—mni / fdw
I fe.bs] jl;[l(bj —aj) \" L, [%bs]
1 . m f
X /nr gd? __l/m [g(x)< Aq,(x'H?x’ln))
11 laj,b3] 2 I [a;,b;] ;
+ f(?)<ZAf(xi,...,xm)> d?”
i=1
1 T o f a"g
< (b — a)" — — . (29.48
< 5= 1)!{;71 o= |lalh| 52|+ 070 52 J } (29.48)
Proof. Use of (29.45). O

29.3 Applications

I) We treat the case of n = 1, m = 2. Let [a1, b1] X [ag, ba] C R2.

General Assumptions 29.21. Let f: a1, b1] X [az,b2] — R.
‘We assume
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1) for j = 1,2 we have that f(s1,x2), f(z1,s2) are absolutely continuous in s €
[a1,b1], s2 € [ag, ba], for every a2 € [ag,ba], x1 € [a1,b1], respectively.

2) azfl (s1,x2), aazé (s1,82) are continuous on [a1, 1], [a1, b1] X [az, ba], respectively,
for every g € [ag, ba].

3) f is continuous on [a1, b1] X [ag, ba].

‘We mention

Brief Assumptions 29.22. Let f: [a1,b1] X [a2,b2] — R with f, 2 Bwl’ 80@ being
continuous on [a1, b1] X [az, be).

We give
Corollary 29.23. Let f as in General Assumptions 29.21 or Brief Assumptions
29.22, (1’1,x2) S [al,bl] X [ag,bg]. Then

1
f Xr1,T9) = f 81, S9)ds1dss + 11 + T, 29.49
( ) (bl - al)(bQ - a2) [a17b1]><[a2,b2] ( ) ( )
where
1 b1 of
T =T = K .
1 1(331, 332) (bl — al) o (51, 331) D1 (81, 332)6151
= Bl(ﬁl,xg), (2950)
Ty = To(s) = : /bl * Ks2,02) 2 (o1, 52)ds1d
2 = 12(X2) = (bl —al)(bg—ag) . 52,12 Oy S1,52)051452
Proof. By Theorem 29.6. (]
‘We need

Remark 29.24. Denote here
b1 b2
Ef(xl,xg) = f(xl,xg) — (bl — bg — 0,2 / f 81, 82)d81d82

= By + Bos. (29.52)

That is
|Ef(z1,22)| < |Bi| + [Bal. (29.53)

We give the following special Ostrowski type inequalities.

Corollary 29.25. Suppose all as in Corollary 29.23. Then

1 b1 bo
E - -
|Ep(z1,22)| = | f(21, 22) =) (b —a2) /a1 ’ f(s1,52)ds1ds2
< ﬁ(-,xg) [a] + b3 — @1 (a1 + b1)]
83;1 oo,[al,bl] (b1 — al)
8f ’ [a% + b% — X9 (ag + bg)]
+ _(.7. ,
axQ OO,[al,bl]X[ag,bQJ (b2 - aQ)
V(xl,xg) S [al,bl] X [U,Q,bg]. (2954)

Proof. By Theorem 29.9. t
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We continue with

Corollary 29.26. Suppose all as in Corollary 29.23, and 2 € Loo([ay,b1] x

8%1 ’ 8&?2
[az,b2]). Then
of of a3 + b} — x1(ag + b1)
< = It
Eylar.a)] < max{\ AR w}{( .
2, 12
+ (‘LQ 05 — wa(as + 62)) } V(x1, ) € [ar, bi] X [az, ba). (29.55)
bg — a9
Proof. By (29.54). O

Next we have

Corollary 29.27. Suppose all as in Corollary 29.23. Then

b pbs
fx1,22) — O —ar) b2 ~ ) / f(s1,82)ds1dsz
< 7 i — \/(:cl —ay)? ;)F (b1 —a1)? g_ai(.,m) "
N 1 \/mg—a23+(b2—x2)3 ﬁ(’) ’
(b2 — az2)vb1 —ar 3 Oy 2,[a1,b1] x [az,ba]
(29.56)
for all (x1,22) € [a1,b1] X [az, ba].
Proof. By (29.26). O
We present
Corollary 29.28. Assume all as in Corollary 29.23. Then
b pba
fz1,22) — o= b2 o) / f(s1,82)ds1ds2
< B ial max(z1 — a1,b1 — x1) g—xfl(-,xg) .
1 0
+ 1 —a1) (s —a2) max(ze — ag, ba — 2) 8—3{12(, ) 17[a17b1]x[a2’b2]7
(29.57)
for all (z1,x2) € [a1,b1] X [az, ba].
Proof. By (29.28). O

We finish Ostrowski type inequality applications for n = 1, m = 2 with
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Corollary 29.29. Assume all as in Corollary 29.23. Then

flx1,22) —

b1 bo
(bl - al bQ — ClQ / f 817 SQ)dS]_dSQ
< min{R.H.S.(29.54), R.H.S.(29.56), R.H.S.(29.57)}, (29.58)

for all (x1,22) € [a1,b1] X [az, ba].
We proceed with the related comparison of means.

Corollary 29.30. Suppose all as in Corollary 29.23, and 2 Bw , awg € Lo ([al, b1] x
[az,b2]). Let [c;,d;] C [ai,b;], i = 1,2 and p be a probability measure on ([c1,d1] %

[CQ’dQ])7 P([Clvdl] X [CQ,dQ]). Then

1
»@2)dpl1, @2) = 2 ,82)ds1d
“/ﬁ [ci,di] f(:vl xQ) N(xl 952) (bl — al)(bQ — Cl2) /H laj,b;] f(81 82) 1

=1

b T1dp | —a T1dp — a
83:1 { bl B Cl1 [ b ‘/2 [cj.d;] ' N) ' <‘/2 [cj.d;] e 1>‘| }
by — / xgdu) —as </ Todu — a2> .
83:2 { by — az) [ v2 [cj.d;] v2 [cj.d;]
(29.59)
Proof. By (29.31). O

We present the Griiss type inequalities for n =1, m = 2.

Corollary 29.31. Let f,g: [a1,b1] X [a2,b2] X R as in Corollary 29.253. Then

25 (fy 0
a] 5] H(b —a;) jl;[l[ambj]

1
X /2 gd@ || < 3 [|9||oo{/2 |B] (w1, x2)|dz1dzs
l;[l[aﬁbj] _l;ll[aj’bj]

b2
+(br-ar) [ 1B <x2>|dx2} + IIfIIOO{ /. Bl a) ey
as I1 [a;,b;

b2
+ (b — ar) / |B§(x2)|dx2H. (29.60)

2
Proof. By (29.44). O

We continue with
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Corollary 29.32. Let f,g: [a1,b1] X [az2,b2] — R as in Corollary 29.23. Suppose

2
B!, B} € Ly | [[las.05] | . i=12
j=i
Then
— 1 —
2 b fgda: T o - 2 . fdx
jl;ll[‘”’ 5] l:ll(bj —a;) jl;[l[aj, 5]

1 1/2
[ )< —{ l|9||2< R Ry
jl;[l[aj,bj] H la;,b;]

+||f||2(/2 (BY (w1, 22)) dmld@) ]
11 [aj,b;]

7

1/2 b2 1/2
+¢b1—a1{|gn2(/ (B (22)) dxz) +||f||2< <B§<x2>>2dx2) H}
(29.61)
Proof. By (29.47). O

We also give
Corollary 29.33. Let f,g: [a1,b1] X [az,b2] — R as in Corollary 29.23. Suppose

of g
Ox;’ Ox;’

|/ fgdx —

i =1,2 are continuous. Then

/ . fdT
T o551
j=1

2
1] (b; - ay)
IRV of o
< Z _ . I
) ‘/,2 [a;,b;] )| = 2{(b1 al)l ez o0
of dg
+ (b2 — az) [ 325 Hoo ! 9 HJ } (29.62)
Proof. By (29.48). O
3
IT) Here we treat the case of n =2, m = 3. Let [] [a;,b;] C R3.
j=1

3
General Assumptions 29.34. Let f: [][a;,b;] — R.
j=1
We assume
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1) that g—g{l(sl,xg,xg), grj; (21, $2,23), gri (xl,x2,83) are absolutely continuous in

S1, S2, Ss3, respectively, for every (x1,x2,x3) € H laj,bj].

7j=1
2) We have that (sl,xg,xg), grf (s1,82,23), grf (s1, 82, 83) are continuous on
3 3
[a1,b1], [a1,b1] X [az,bs], _Hl[aj,bj], respectively, for any (x2,z3) € ,HQ[aj’bj]'

j= j=

3
3) f is continuous on [] [a;,b;].

j=1

‘We mention

Brief Assumptions 29.35. Let f: H[aj, ] — R with % for £ = 0,1,2;
=1 i
3
j =1,2,3, are continuous on [] [a;, b;].
j=1
We present

Corollary 29.36. Let f as in General Assumptions 29.34 or Brief Assumptions
3

29.85, (x1,x2,x3) € [][a;,b;]. Then
j=1

3
8
f(l‘l, 33‘2,.233) = /3 f(Sl, S2, 83)d81d82d83 + ZTZ (2963)
[T () /L) =
Here fori=1,2,3 we put

_
(b1 —a1)

X{(f(bh@,%)(xl - bl) - f(al,xz,ﬂis)(xl - al))

Ty =T (21, 22,23) =

b1 82f
+ / (331 — sl)k(sl, 331)6 3 (51, To, ﬂig)dsl (2964)

2 b
(b1 — a1)(b2 — a2) {»/m (F(on, b2, z2)(@2 = bo)

— f(s1,a2,23)(x2 — ag))dsl

Ty = To(xe,z3) =

M)

52
+ / ) b.](x2 — SQ)k(SQ,xQ)a J;(Sl, 82,x3)d81d82} (2965)

J
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T3 = T3($3) = %{/2 (f(sl, 527b3)(x3 - b3)
I1 (b, — aj) Hl[aj;bj]
j=1

j=
- f(S]_, 52, CLB)(:EB - a3))d81d82

82
+ /3 (333 - Sg)k(Sg, 333)—']; (81, S92, 83)d$1d$2d$3 . (2966)
‘1:[1 [G‘j ’bj] 8x3

‘We need

Remark 29.37. We denote
(b1, 22, 23) (21 — b1) — fla1,x2, 23)(x1 — a1)

Ay = Ay(21, 22, 73) = ,(29.67)
b1 — a
By = Bi(21, 72, x3)
1 b 0% f
= m /al (:El — sl)k(sl,xl)a—x%(sl,xg,xg)dsl, (2968)
also
2 b
Ay = Ag(x0,23) = / $1,ba,x3)(xe — b
2 2(x2, 23) (b1 —an) (b2 —a2) /o, (f( 1,02, 23)(w2 2)
— f(s1,a2,23)(22 — az))d51, (29.69)
2
By = By(w2,x3) = ) T — So)k(s2,x
2 2( 2 3) (bl — al)(bg — a2) /H [aj’bj]( 2 2) ( 2 2)
2
x 8—£(81752;$3)d81d527 (29.70)
O0x3
and A
A3 = Ag(xg) = = /2 (f(sl, Sg,bg)(l‘g - bg)
[1(b; —aj) jl;ll[aj’bj]
j=1
— f(s1,82,a3)(x3 — a3))dsidsa, (29.71)
4
B3 = B3(z3) = 50— /3 (z3 — 83) K (s3,73)
(bj — aj) jl;ll[aj7bj]
j=1
0% f
X —2(51, S2, 83)d81d82d53. (2972)
Ox3
Clearly here
T,=A;+B;, i=1,2,3. (29.73)
We also denote 8
Ep(z1,22,23) := f(x1,22,23) — —
(bj — a;)
j=1

3 3

X /3 f(Sl, S92, S3)d81d82d83 — Z Ai = Z Bi. (2974)

jl]l[aj ,b5] i=1 i=1
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Therefore
3
|E¢(x1,22,23)] < Z | Bi].
i=1
We give
Corollary 29.38. Assume all as in Corollary 29.36. Then
02f —i— 9i—1
|Ey(21,22,23)| < ;{ ( % w3) (b; — a;)

b (b; _xi)z —a;(x; _@i)Q - 1— 5%3
X l( B )+2_:(_1) A{(/\_’_2)(3_

a3 gl A2 -
_ i _,L)\ + 1A+12 ) V($1,$2,$3) € H[aj’b-]]

Proof. By (29.20).
We continue with

Corollary 29.39. Suppose all as in Corollary 29.36, and

2 3
g;; € Loo (H[aj,bj]) , i=1,2,3.

7 j=1

2i—1
o | (bi —ai)

Then

3 82f
|Ef(x1, 22, 23)| < ; 922

(29.75)

X [(bi(bi_fci)ggai(xi —“i)2) +21:(_1)1/\{( 5)5C(§ 5
A=0

a:)‘aB A gl ApM2 3
3= + 1)\+l2 . V(x1,22,73) H

Jj=1
Proof. By (29.25).

Next we give

Corollary 29.40. Assume all as in Corollary 29.36. Then

3 i—1
|Ef(a:1,332,333)|§2{< i—21 1 2)
=1 U\ (b — ) (TT (0 — a)) "

Jj=1

(331' - 0,1')5 + (bl - xi)5
8 <\/ 30 )

for all (x1,22,23) € H?Zl[aj, bj].
Proof. By (29.26).

S
)
o]~
—
w
~—
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We also present

Corollary 29.41. Suppose all as in Corollary 29.36. Then

i—1
|Ef(x1,22,23)] < Z{#(max(xi —a;,b; — xl))z
[1(b; —aj)

j=

—

82 3
X .]20 (A’ 3:3) ? x17x27x3 H a], (2979)
j=1

Proof. By (29.28). O
We give
Corollary 29.42. Assume all as in Corollary 29.36. Then
|Ef (21,72, 73)|] < min{R.H.S.(29.76), R.H.S.(29.78), R.H.S.(29.79)}, (29.80)
for all (x1,2z2,23) € szl[aj, b;].
Proof. By Corollary 29.13. t
Next we do the comparison of means.
Corollary 29.43. Assume all as in Corollary 29.36, and
2 3
g—ét € Loo H[aj,bj] . i=1,2,3.
Let [¢;,d;] C [a,bi],1=1,2,3 and,f; be a probability measure on

(IH%¢LP<IH%@O>,

8

Then

/3 f(l‘l,xz,%)dli - /3 f(Sl, S2, 83)d81d82d53
IT [ej.d;] IT [a;,b;]

3
[T —a) "=
j=1

3
_Z/g Ai(xia'axB)du
= e
j=1
/3 (bi — x:)*dp
1T [ej.d;]

2 L,
00 (bi—ai) 2 !
5f3 x3dp
d.

CJ 5]
—a; [, —a;)%dp ) + _—
/H [cmﬂ( M) Z { A+2)(3—A)

3 €; 3
jl:[l[%dj] jl:[l[cwdj]

— — . 29.81
BN i ) (29.81)

Proof. By (29.31). O

o°f
— 0z?
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We continue with the Griiss type inequalities for the case of n = 2, m = 3.

3
Corollary 29.44. Suppose all as in Corollary 29.536 for f,g: 1] |a;,b;] — R. Then
j=1

/3 fgd? R i - /3 fd?
jl;[l[aﬁbj] .Hl(bj —a;) jl;[l[aj’bj]
j=

3
1
X /3 gd T ——[/3 [g(?)<§ A{(l’i,',ﬂ??,))
A [aj,bj] 2 l;ll[aﬁbj] i=1

(ZAQ fzaa )‘|d$‘|
1 3 i—1

i=1 j:l
i—1
i=1 j:1 l;ll[aj7bj]
Proof. By (29.44). -
It follows
Corollary 29.45. Let f,g: H?:ﬂ%‘ﬁj] — R as in Corollary 29.36. Suppose
3
BifﬂBig € Lo H[aj,bj] . i=1,2,3.
j=i

Then

— 8 -

/3 fgdxw — —— /3 fdx
jl;ll[aj’bj] Hl(bj — aj) jl;[l[aj,bj]
j=

X (/3 (B{(xz,,xg))2d$1d$3
[aj7bj]

j=i

1/2
+||f||2</ﬁ[ vbv](Big(%'axB)Vd%'"divB) H } (29.83)

J=i
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Proof. By (29.47). O

We also have

3
Corollary 29.46. Let f,g: [][aj,b;] — R as in Corollary 29.36. Suppose %,
=1 ;

oy i=1,2,3 : Th
oo7: 1= 1,2,3 are continuous. Then
— 8 —
/3 bfgdx—:;i /3 bfda:
jl;[l[aj’ 5] H (bj _ &j) j];[l[aj, il
j=1
1 3
< [, waw) -3 V lg(m (Al Gian)
Al;Il[aj,bj] _l;ll[awbj] i=1

3
+ f(?)<z Al (i, -,553))1 dy}
i=1
3 92 02
< %{ZQZl(bi_ai)2[|g||l / 5—;20

K3

+ 171

oo

> o7 J } (29.84)
Proof. By (29.48). O

Finally we give a second inductive proof of Theorem 29.6.
Another Proof of Theorem 29.6.
We have that

f(xla---ammax7n+l)
= mni/ﬁ oo f(s1ye ey Smy Tma1)dst -« dSm, +ZTZ" (29.85)
b; —a;) 1 1a5:55 =1
jl;ll( J J) j=1
where for 4,...,m, we put

n:nmw”%an:<_ﬁi_>§X@ﬁ@>

[1(b; —a;)” +=1
j=1
5k71
{/ﬁl[ ] <Wk_{(sla ceey Si—1, bia Lid1ye-- 7xm7x’m+l)(xi - bz)k
11 laj,b; i
akfl
— W]J(Sl’ ey Si—1,Q5, Tj41y - - - ,$7n,$m+1)($i — ai)k>d51 . 'dSi_l}
nifl 1
+ P i , (331 — SZ) k(Si, 331)
m_nqy%—%) JIRCR
i=
am
(933{ (81, ey Sy Lit1y oy Limy {Eerl)dSl ‘e d8i> . (2986)
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But by Fink’s identity, see (29.3),we have

f(817 SM7xM+1)

n bm41
= m/ f(sla"'asmastrl)dSerl
m m a

m—+41
n—1
1 n—k\ [OF1f
s ms bm m - bm k
+ —— ;( 7l ) (5:chn+11 (81,0-4,8 +1)(Tm1 +1)
8k—1f
- Ozk 1 (517 <oy Smy am+1)(33m+1 - a/m+1)k>
m—+1
1 [ =t
+ Tm — Sm n
(0= D) (b1 — ams1) Japoy T
k of
Sm+1s Tm1 | 5 (81, Smy Smt1)dSm41- (29.87)
m+1

Next we put (29.87) into (20.85). We obtain

f(ﬁl, ey {Eerl)

n b1
N / f(317 sy Smy 3m+1)d5m+1

(ber]_ - a’m+1) Am 41

__n /
[T (b —a;) 7 ILles:b3}
j=1

n—1
1 n—k\ /o1
+ ) g < k' ) ( k_{l (817"'78m7bm+1)(xm+1 _bm+1)k

(b1 = am1) {= o

8k—1f

_T(sla <oy Smy aerl)(merl - aerl)k)

aftm 1
b
] m—+41
—1
(mm+1 Sm-‘rl)n

(n - ].)!(ber]_ - a’m+1) Am 41

a” “
k (Sm+1, $m+1) Tf(sl, ey Smy, Sm+1)d5m+1 }dsl .. .dSm + Z Ti.
i=1

merl
Therefore
f(xla . ;xm-i-l)
nerl m+1
- F/M Fs1,- s Smya)dsy . dsmir + »_ T,
I1 (b —aj) jl;ll 1230s] i=1
j=1
where
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8k—1
/ﬁ { ]<8x"—‘{(81’ s 8my bt 1) (Tt — bngr)”
a;,bj m+1
1

78k—1f
afﬁzﬁl
n™ —
+ m+1 %H»l . (xm—i-l - 5m+1)
=11 (5, — a1

Jj=1

o
k Sm+1; Tm+1 T(Sh ey Sm, Sm+1)d51 .. .dSm+1.
merl

(81, Sm, @mt1) (Tmy1 — am+1)k)dsl ...dsm,

That is proving the claim. t
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